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PREFACE. 


X  HB  present  work,  which  forms  the  Second  Yo^ 
i     Ivme  of  a  Course  of  Mathematios»  is  the  fruit  of 
persevering  application.    Owing  to  various  acci* 
dents,  it  has  been  repeatedly  interrupted  and  re- 
sumed ;  and  I  feel  now  relieved  by  the  discharge 
!^   of  a  task,  which  nothing  but  the  anxious  desire  to 
0  promote  a  juster  taste  in  the  cultivation  of  Ma- 
thematical Science  could  have  induced  me  to  un* 
dertake. 

This  volume  includes  three  distinct  treatises, 
which  may  be  thus  enumerated. 

L  Geometric  AX.  Analysis.— This  tract,  in  a 
less  finished  state,  was  annexed  to  the  first  and 
second  editions  of  the  Elements  of  Geometry.  It 
consisted  of  a  series  of  choice  Problems,  rising  in 
gradation,  and  spreading  into  the  rich  and  ampl^ 
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fields  of  the  Ancient  Analjrsis*  In  collecting, 
disposing,  and  sometimes  framing  the  materials, 
I  spared  no  exertion.  The  Essay  was  accord- 
ingly well  received  both  at  home  and  abroad,  and 
has  conspired  to  advance  the  study  of  Geometry, 
by  reviving  the  fine  models  bequeathed  by  the 
Greeks.  It  has  been  translated  into  the  French 
and  German  languages,  an  honour  which  very 
few  of  our  mathematical  works  have  obtained. 

In  finally  committing  this  Treatise  to  the  Pub- 
lic, I  have  endeavoured  to  render  it  as  complete 
as  possible.  I  have  carefully  revised  the  whole, 
and  pruned  some  excrescences }  but  I  have  filled 
up  other  important  parts,  jud  extended  consider- 
ably the  chain  of  propositions.  .  The  study  of  such 
a  digest  appears  admirably  fitted  to  improve  the 
intellect,  by  training  it  to  habits  o£  precision,  ar- 
ranlgement,  and  dose  investigation.  The  spirit 
of  Geometrical  Analysis  may  be  carried  with  the 
happiest  effect  into  the  domains  of  Inductive 
Philosophy,  which  are  explored  by  a  similar  pro- 
cedure. 

II.     GxtoMBTRY  OF  LiKES  OF  THE   SeCOKP   Or* 

DEiu — These  curves,  discovered  by  the  imintdiat)^ 
successors  of  Plato,  drew  theit  origin  fidm  the 
section  of  a  plape  perpendicular  to  another  which 
touched  the  side  of  a  regular  cone,  their  different 
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iqpe^ies  being  detenmned  by  the  angle  of  ito  ajpeau 
The  ntfabola  was  forined  by  the  section  of  ^ 
i^lt'-axigled  craie;  and  the  Ellipse  and  Hypeibo-^ 
fat  generated  by  a  like  section  of  the  acute  and  of 
the  obtuse  cones.  ApoUonius  showed  that. the 
sam^  curves  would  be  produced  from  a  regular 
cone  of  any  angle,  if  dissected  by  planes  at 
diSerent  inclinations.  The  moderns  have  ex- 
tdided  the  property  to  the  oblique  cone,  or  tbe 
oone  defined  by  radiants  ^om  a  fixed  poilit  of 
apex  to  a  circular  base^  which,  being  cut  in  var 
rious  ways  by  the  same  plane, '  ^ves  the  several 
spedes  of  the  curve. 

But  although  the  dissection  of  the  cone,  gave 
birth,  to  these  lines,  they  still  decidedly  belong  to 
Plane  Geometiy.  Several,  eminent  authors,  how^ 
e^Q3r,  have  preferred  the  mode  bf  deducing  theii: 
properties  from  ISm  solid.  Yet,  notwithiatanding 
some  incidental  advantages,  the  difficulty  of  repre* 
aenting  or  conceiving  the  intersections  of  *planes, 
perplexed  too  by  a  inultiplicity  of  lines,  renders 
ihe  progress  of  the  student  extremely  tedious  and 
irksome.  The  author  himself  appears  always  glad 
'tQ  esciEiping  as  soon  as  possible  from  that  intricate 
path,  to. follow  the  smooth  road  of  Plane  Geome* 
try. 

The  direct  aqd  luminous  method  of  treating 
these  curves,  therefore,  is^  to  transfer  them. at 
once  to  a  pltoe  surface,  selecting  as  a  definition 
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some  simple  property  from  which  the  other 
perties  are  the  most  easily  evolved.  The  adop- 
tion of  a  generic  character^  instead  of  a  definition 
of  each  species  of  curve»  likewise  abridges  great- 
ly the  train  of  demonstration,  and,  while  it  pre* 
serves  the  unity  of  design,  it  afibrds  all  the  %ht8 
of  contrast. 

I  have  chosen  as  the  Grenesis  or  Fundamental 
relation  of  the  lines  of  the  Second  Order,  the 
beautiful  property  noticed  by  Pappus  in  his  Ma* 
(hmnatical  CoUeetionSj  and  investigated  by  Newton 
himself  in  his  Ariikmetica  UmoersaUs^^—ibsit  the 
distances  of  any  point  in  the  curve  from  the  focus 
and  from  the  directrix,  have  always  a  constant  ra- 
tio.  The  celebrated  Boscovich  was  the  first  who 
composed  a  Treatise  of  ^Conic  Sections  on  this 
principle  in  1744 :  It  consisted  of  only  a  few 
propositions,  but  drawn  out  into  a  string  of  co- 
rollaries. After  the  lapse  of  half  a  century, 
Mr  Newton  of  Cambridge  condensed  and  modified 
that  excursive  composition  into  a  system,  which 
has  the  merit  of  being  clear,  neat,  and  concise. 
Nearly  about  the  same  time,  Mr  Walker  of  Not- 
tingham, apparently  without  any  knowledge  of 
what  Boscovich  had  done,  fell  upon  a  similar 
mode  of  investigation }  but  his  Conic  Sections,  of 
which  the  first  part  was  printed  in  1795  in  a 
quarto  volume,  though  ingenious  and  strictly 
geometrical,  is  unfortunately  so  prolix  and  pon* 
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derouSt  as  to  damp  the  ardour  of  the  most  reso* 
lute  student. 

In  the  composition  of  the  treatise  now  laid 
before  the  Public,  I  have  sought  to  ^void  the 
o|^osite  extremes  of  brevity  and  diffiision  j  and 
pursuing  an  uni£>rm  plan,  I  .have  endeavoured 
to  exhibit,  in  a  fuU  light,  the  properties  and  mu- 
tual  relations  of  those  curves.  The  multifarious 
labours  of  former  writers  have  lefl  scarcely  any 
room  for  invention;  but  the  learned  reader  will 
perceive  the  pains  I  have  taken  in  arranging  the 
materials,  and  in  improving  the  simplicity,  clear- 
ness, and  degance  of  the  demonstrations.  The 
common  principle  which  unites  those  curves, 
has  enabled  me  to  reduce  into  a  very  moderate 

compass  their  leading  properties.  The  First  Booh 
comprises  a  more  copious  assemblage  of  interest- 
ing propositions  than  are  usually  found  in  ele« 
mentary  systems.  But  the  Second  Book  con- 
tains a  selection  of  the  higher  properties,  which 
peculiarly  claim  the  attention  of  those  who  cul- 
tivate dynamics  and  physical  astronomy. 

III.  Gbohetrt  of  the  Higher  Curves.— A 
Treatise  formed  on  a  regular  plan,  to  embrace 
the  chief  properties  of  all  the  remarkable  curves 
above  the  Lines  of  the  Second  Order,  has  long 
been  wanted,  for  completing  the  course  of  mathe- 
matical instruction.    Some  works,  indeed,  on  Co- 
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nic  Sections^  have  bestowed  a  glance  over  this 
subject ;  but  their  notices  are  scanty  and  confineld 
to  a  very  few  curves.  The  properties  of  the  high- 
er curves  lie  scattered  through  volumes  of  difift- 
cult  access,  and  are  only  brought  occasional^ 
into  view  as  exemplifications  of  the  rules  of  the 
method  of  fluxions  or  of  the  differential  and  inte- 
gral calculus.  But  the  beautiful  relations  of  those 
curves  expand  our  prospects,  and  a^ord  wide 
scope  for  the  applicati(Mi  of  a  refined  geometry. 
To  avoid  circuitous  demonstratioq,  it  became 
expedient,  on  this  occasion,  to  depart  somewhat 
from  the  ancient  manner  of  proceeding ;  but  such 
deviations  nowise  impair  the  accuracy  of  the  rea- 
soning. I  have  only  followed  up  the  successive 
improvements  of  Roberval,  Cavalleri,  Des  Cartes, 
and  Barrow.  The  principles  applied^  are  in 
fact  substantially  the  same  as  those  of  the  differ 
rential  and  integral  calculus,  which  really  derives 
its  main  advantage  from  its  algorithm,  or  that 
clear  and  compact  form  of  notation  invented  by 
Leibnitz,  and  improved  on  the  Continent  by  his 
followers,  the  Bernoullis,  Euler,  and  Lagrange. 

The  superior  elegance  and  perspicuity  with 
which  the  geometrical  process  unfolds  the  pro- 
perties of  those  higher  curves,  may  show,  that 
the  fluxionary  calculus  should  be  more  sparingly 
employed,  if  not  reserved  for  the  solution  of 
problems  of  a  more  arduous  nature.     1  have 
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drawn  the  materials  from  various  sources,  but 
chiefly  from  the  writings  of  Huygens  and  the  two 
Bemoullis.  But  the  value  of  the  treatise  will  con- 
sist in  the  symmetry  of  the  structure,  and  the 
beauty  and  importance  of  the  propositions  which 
it  has  combined.  In  filling  up  the  outline,  it  may 
be  perceived  that  I  have  been  led  to  make  some 
contributions  to  the  common  stock. 

It  only  remains,  for  completing  my  plan,  to  pro- 
duce a  volume  on  Descriptive  Geometry  and  the 
iTieory  of  Solids,  comprehending  Perspective,  the 
Projection  of  the  Sphere,  and  Spherical  Trigonor 
meiry.  feut,  in  the  meantime,  I  must  devote  my 
whole  attention  to  the  composition  of  a  work  of 
greater  urgency  and  of  higher  interest— The  Ele- 
ments of  Natural  Philosophy. 
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BOOK  I. 
DEFINITIONS. 

1.  Quantiiiee  are  said  to  be  given^  which  are  either  ex- 
hibited, or  may  be  found. 

2.  A  rcUio  is  said  to  be  given^  when  it  ig  the  same  as 
that  of  two  given  quantities. 

S.  Points^  linesy  and  spaces^  are  said  to  be  given  in  posi^ 
tiony  if  they  have  always  the  same  situation,  and  are  either 
actually  exhibited,  or  may  be  found. 

4.  A  circle  is  given  in  position^  when  its  centre  is  given : 
it  is  given  in  magnitude^  if  its  radius  be  given. 

5.  Rectilineal  Jlgures  are  said  to  be  given  in  species^ 
when  figures  similar  to  them  are  given. 
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_  PROP.  I.     PROB. 

Through  a  given  point,  to  draw  a  straight  line 
at  equal  angles  with  two  inclined  straight  lines 
given  in  position. 

Let  A  be  the  given  point,  and  CB,  CD  the  inclined 
atraight  lines  which  are  given  in  position. 

ANALYSIS. 

Let  those  inclined  lines  meet  in  C;  draw(L  23.  EI.)  CH 
parallel  to  FE»  and  produce  DC. 
The  exterior  angle  GCH  (I  22. 
El.)  is  equal  to  CFE,  and  ECH 
18  equal  to  the  alternate  angle 
CEF;  but  the  angle  CFE  is  e^ 
qual  to  CEF,  and  consequently 
GCH  is  equal  to  ECH,  and 
the  angle  GCE  is  thus  bisected 

by  the  straight  lineCH.  Wherefore  (L  5.  El.)  CH  is  given 
ID  position,  and  hence  (L  2i.  El.)  the  parallel  £F  is  also 
given. 

COMPOSITION. 

Bisect  (L  5.  EL)  the  adjacent  angle  GCB  by  the  straight 
line  CH,  and  parallel  to  this  draw  £F  (L  23.  EL)  through 
the  given  point  A;  the  angle  CEF  is  equal  to  CFE.  For 
these  angles  are  equal  respectively  to  the  exterior  and  to 
alternate  angles  GCH  and  ECH  of  the  parallels  CH  and 
AF,  and  are  consequently  equal  to  each  other. 

It  is  obvious,  that  if  BC  and  CD  become  less  inclined, 
GCH,  half  the  exterior  angle,  will  approach  to  a  right  an- 
gle; whence,  in  the  extreme  limit  of  parallelism,  HC,  and 
therefore  AF,  will  be  perpendicular  to  CD  or  CB. 
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PROP.  II.    PROB. 

I 

Through  a  given  pointy  to  draw  a  straight  line, 
such  that  the  segments  intercepted  by  perpendi- 
culars let  fall  upon  it  from  two  given  points,  shall 
be  equal. 

The  points  A9  B,  and  G  being  given>— -to  draw  a 
straight  line  FE  through  C,  so  that  the  parts  CF  and  CE, 
cut  off  by  the  perpendiculars  AF  and  BE,  let  fall  from  A 
and  B,  shall  be  equal. 


The 
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Produce  AC  to  meet  the  extension  of  BE  in  D. 
right  angled  triangles  AFC  and  ^. 
DEC,  having  the  vertical  angle 
ACF  equal  to  DCE,  and  the  side 
CF  by  hypothesis  equal  to  CE, 
are  (I.  20.  £1.)  equal,  and  hence 
the  side  CA  is  equal  to  CD.  But 
CA  is  evidently  given;  wherefore 
CD  and  the  point  D  are  given  ; 
BD  18  consequently  given,  and 
hence  the  line  CE  at  right  angles  to  it  is  given. 

COMPOSITION. 

Join  AC,  and  produce  it  till  CD  be  equal  to  it ;  join  BD, 
on  which,  from  C,  (I.  6.  £1.)  let  fall  the  perpendicular 
FCE4  which  is  the  line  required.  For,  draw  AF  parallel 
to  BD,  and  the  triangles  FAC  and  EDC,  having  the 
angles  ACF,  AFC  equal  to  DCE,  DEC,  and  the  side  AC 
equal  to  CD,  (I.  20.  £1.)  are  equal,  and  consequently  CF 
is  equal  to  CE. 
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-      PROP.  111.    PROB. 


From  two  given  pointed  to  draw  straight  lined^ 
making  equd  angles  at  the  same  point  in  a  straight 
line  given  in  position. 

Let  At  B  be  two  given  points,  and  CD  a  straight  line 
given  in  position  ;  it  is  required  to  draw  AG  and  OB  to 
some  point  in  it,  so  that  the  angles  AGC  and  BGD  on  ei* 
ther  side  shall  be  equal. 

ANALYSIS. 

From  B,  one  of  the  given 
points,  Jet  fall  the  perpendi- 
cular BE,  and  produce  it  to 
meet  AG,  or  its  extension 
inF.    The  angle  BGE,  be- 
ing equal  to  AGC,  is  equal 
to  the  vertical  angle  FGE^ 
the  right  angle  BEG  is  equal 
to  FEG,  and  the  side  G£  is 
common    to   the   triangles  . 
GB£  and  GFE,  which  (L 
20.  El.)  are  therefore  equal, 
and  hence  the  sfde  BE  is  e- 
qual  to  FE.     But  the  per- 
pendicular BE  is  givta,  and 
consequently  FE  is  giveii ' 
both  in  position  and  magnitude ;  whence  the  point  F  is 
given,  and  Uierefore  O  the  intersection  of  the  straight  line 
AF  with  CD. 
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COMPOSITION. 

Let  fall  the  perpendicular  BE,  and  produce  it  equally 
on  the  opposite  side,  join  AF  meeting  CD  in  G ;  AG  and 
BG  are  the  straight  lines  required. 

For  the  triangles  GBE  and  GFE^  having  the  side  BE 
equal  to  FE,  GE  common,  and  the  contained  angle  BEG 
equal  to  PEG,  are  (I.  3.  El.)  equal ;  and  consequently  the 
angle  BGE  is  equal  to  FGE  or  AGC. 

When  the  points  A  and  B  lie  on  the  same  side  of  the 
line  CD,  the  problem  will  always  admit  of  a  solution,  since 
AGF  roust  cross  CD.  If  those  points  lie  on  opposite  sides 
of  CD  and  equidistant  from  it,  AFG  will  become  parallel 
to  CD,  and  consequently  the  problem  will  fail  unless  they 
range  in  the  same  perpendicular,  or  the  point  F  coincide 
with  A,  and  the  solution  is  indefinite^  and  every  point  in 
CD  answers  the  conditions. 

PROP.  IV.    PROB. 

Between  two  given  circles  to  place  a  given 
straight  line  with  a  given  inclination. 

Let  it  be  required  to  place  a  given  straight  line  CD  at 
a  given  inclination  to  the  line,  joining  the  centres  A  and 
B  of  two  given  circles. 

ANALYSIS. 

Draw  AE  (I.  23.  El.)  parallel  and  equal  to  CD,  and 
complete  the  rhomboid  ACDE. 

Because  CD  has  a  given  inclination  to  AB,  the  angle 
BAE  of  its  parallel  is  given,  and  consequently  AE.is 
given  in  position ;  but  A£»  being   equal  to  CDj  is  gi- 
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ven  also  in  magnitude^  and 
hence  the  point  E  is  given. 
Again,  ED,  being  equal 
to  AC»  is  given  in  magni- 
tude, and  the  point  D  lies 
in  the  circumference  of  a 
circle  described  from  K 
Wherefore  D  is  given^  and  consequently  CD,  which  is  pa* 
railel  to  A£. 

COMPOSITION. 

Draw  (I.  4.  El.)  AE  at  the  given  inclination,  and  equal 
to  the  given  straight  line,  and  from  the  centre  E,  with  the 
radius  of  the  circle  of  which  A  is  the  centre,  describe  another 
circle  cutting  the  circle  of  which  B  is  the  centre  in  the 
point  D,  join  ED,  and  parallel  to  it  draw  AC ;  CD  being 
joined  is  the  line  required. 

For  AC  and  ED  being  by  this  construction  made  equal 
and  parallel,  CD  (I.  27.  £1.)  is  likewise  equal  and  parallel 
to  AE,  and  this  fulfils  the  conditions. 

The  point  D  will  have  two  positions,  unless  the  circle  de- 
scribed from  E  touch  the  circle  w^ose  centre  is  B.  If  the 
points  E  and  B  coincide,  and  the  circle  become  equal,  the 
problem  will  evidently  become  indeterminate,  or  any  pa- 
rallel CD  will  fulfil  the  conditions. 

PROP.  V.     PROB. 

From  a  straight  line  given  in  position  to  draw, 
equal  to  a  given  line,  a  tangent  to  a  given  circle. 

Let  it  be  required  in  the  straight  line  AB  to  find  a 
point  B,  from  which  the  tangent  BC,  drawn  to  the  circle 
having  O  for  its  centre,  shall  be  equal  to  D« 
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ANALYSIS- 

Through  the  ceutre  O,  draw  BOOH,  the  square  of  BC 
is  equivalent  (III.  26.  cor.  2.  £1.)  to  the  recungle  BG, 
BH>  or  to  (II.  17'  El.)  the  excess  of  the  square  dT  OB 
above  that  of  OG,  whence  the 
square  of  OB  is  equivalent  to 
the  squares  of  OC  and  BC,  and 
isthereforegiven.  Consequent- 
ly, OB  itself  is  given,  and  the 
point  B,  being  the  intersection 
of  AB  with  a  given  circle,  is 
likewise  given.  d'  ' 

COMPOSITION. 

From  O  draw  any  radius  0£,  erect  the  perpendicular 
£F  equal  to  D,  join  OF,  and  from  O  ai;  a  centre,  de« 
scribe  through  F  a  circle  meeting  AB  in  B,  from  which  the 
tangent  BC  drawn  to  the  interior  circle  is  equal  to  D. 

For  (III.  26  cor.  2.  El )  BC>=GB.BH  =OB*-OG*, 
or  OB*  =  BC»+OG*;  but  OF*  or  OB*  =  OE»+EF% 
and  BC»  +  OG*=OE»+OF*,  or  BC*=EFS  and  conse- 
quently BC  is  equal  to  EF  or  D. 

PROP*  VL    PROB. 

In  a  given  arc  of  a  circle,  to  inflect  two  chords 
that  shall  be  together  equal  to  a  given  straight 
line. 

Let  AFB  be  a  given  segment,  it  is  required  to  inscribe 

the  chords  AC  and  BC,  whose  sum  shall  be  equal  to  the 

line  E. 

ANALYSIS. 

Produce  AC  till  CD  be  equal  to  BC,  and  join  BD. 
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The  triangle  BCD  is  evidently  isosceles^  and  consequent- 
ly (I.  "iO.  El.)  the  exterior  an- 
gle ACB  k  double  of  CDB  ; 
but  ACB  »  given,  and  there- 
fore its  half,  or  ADB,  is  gi- 
ven. Whence  ADB  is  con- 
tained in  a  given  segment, 
and  the  inflected  line  AD, 
being  equal  to  £,  is  given  in 

position ;  wherefore  the  point  C  and  the  chords  AC  and 
BC are  given. 

COMPOSITION. 

Bisect  the  arc  AFB  in  the  point  F»  from  which  centre, 
virilb  the  chord  FA  or  FB  as  a  radius,  describe  a  circle, 
and  inflect  ACD  equal  to  E ;  AC  and  BC  being  joined, 
are  the  chords  required. 

For  join  BD.  The  angle  AFB  at  the  celhtre  (III.  15. 
£1.)  is  double  of  ADB  at  the  circumference,  and  conse- 
quently ACB  is  likewise  double  of  ADB  or  CDB ;  but 
ACB  is  equal  (I.  30.  El.)  to  the  two  angles  CDB  and 
CBD,  which  are  hence  equal  to  the  double  of  CDB,  and 
therefore  CDB  and  CBD  are  mutually  equal,  and  contain 
an  isosceles  triangle.  Whence  BC  is  equal  to  CD,  and 
AC  and  BC  together  are  equal  to  AD  or  E. 

It  is  evident  that  £,  tlie  sum  of  the  inflected  chords,  can 
never  exceed  the  diameter  of  the  exterior  circle,  or  the  a- 
mount  of  the  equal  chords  AF  and  BF.  In  other  cases, 
the  point  D,  and  consequently  C  will  have  two  positions. 

Cob.  Hence  if  a  segment  ADB  of  a  circle  be  constitu- 
ted on  the  same  base  with  another,  but  containing  only 
half  the  vertical  angle,  any  chord  ACD  will  have  its  inter- 
cepted portion  CD  equal  to  the  chord  BC  drawn  from 
the  other  side  of  the  interior  segment 
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-  PROP.  VII.      PROB. 

To  bisect  a  given  triangle,  by  a  straight  line 
drawn  from  a  given  point  in  one  of  its  sides. 

Let  it  be  required,  from  the  point  D,  to  draw  DF,  bi- 
secting the  triangle  ABC. 

ANALYSIS. 

If  D  be  the  middle  of  AQ  the  line  DB  drawn  to  the 
vertex  will  obviously  (II.  2.  EL)  divide  the  triangle  into 
two  equal  portions.   But,  if  not,  bisect  (I.  7.  El.)  the-side 
AC  in  E,  and  join  tB,  EF  and  BD.    The  triangle  ABE 
is  equal  to  EBC,  and  is  consequently  the  half  of  ABC^ 
wherefore  ABE  is   equal  to  AFD» 
and,  taking  AFE  from  both,  the  re- 
maining  triangle  EFB  is  equal   to 
EFD  ;  and  since  these  triangles  stand 
on  the  same  base,  they  must  (II.  3.  EL) 
have  the  same  altitude,  or  EF  is  pa- 
rallel to  BD.     But  the  pointe  B  and  "^  ^  ^      C 
D  being  given,  the  straight  line  BD  is  given  in  position^  . 
and  consequently  EF  is  also  given  in  position. 

COMPOSITION. 

Having  bisected  ^C  in  E  and  joined  BD,  draw  EF  pa- 
rallel to  it,  meeting  AB  in  F ;  the  straight  line  DF  di- 
vides the  triangle  ABC  into  two  equal  portions. 

For  join  BE.  Because  BD  is  parallel  to  EF,  the  tri- 
angle EFB  (II.  1.  EL)  is  equal  to  EFD ;  and,  adding  AFE 
to  each,  the  triangle  AFD  is  equal  to  ABE,  that  is,  to  the 
half  of  the  triangle  ABC. 
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PROP.  VIIL    PROR 

To  find  a  point  within  a  given  triangle,  from 
which  straight  lines  drawn  to  the  several  comers 
will  divide  the  triangle  into  three  equal  portions. 

let  F  be  the  required  point,  from  which  the  linea  FA, 
FB|  and  FC  trisect  the  triangle  ABC. 

ANALYSIS. 
Draw  FD,  FE  parallel  to  the  sides  BA,  BC,  and  join 
BD,  BE.     Since  FD  is  parallel  to  AB,  the  triangle  ABF 
(II.  1.  £1.)  is  equal  to  ABD,  which  is  hence  the  third  part 
of  ABC ;  and,  for  the  same  rea^ 
son,  the  triangle  BFC  is  equal  to 
B£C>  which  is  also  the  third  part 
of  ABC.     Wherefore  the  bases 
AD  and  EC  are  each  the  third 
part  of  AC,  and  consequently  the 
points  of  section  D  and  £  are 
given;  hence  (I.  28.  EL)  the  pa- 
rallels DF  and  EF  are  given  in  position,  and  their  point 
of  concourse  is  therefore  given. 

But  the  point  F  may  be  otherwise  investigated.  For 
produce  AF  and  CF  to  G  and  H.  The  triangle  DFE  is 
eridently  (I.  22.  El.)  similar  to  ABC,  and  therefore  AC  : 
AB: :  DE  :  DF,  but  AC=3DE,  and  consequently  (V.  8: 
and  5.  El.)  AB=SDF.  Again,  because  AH  and  DF  are 
parallel,  AC  :  AH  :  :  DC  :  DF,  and  (V.  IS.  EL)  2AC : 
2AH  : :  SDC :  3DF ;  but  2AC=6AD=3DC,  and  2AH 
=8DF= AB.    Hence  AB  is  bisected  in  H;  and,  for^e 
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same  reason^  BC  is  bisected  in  G.  Wherefore  the  points 
H  and  G  being  thus  giv^n,  the  intersection  F  of  the 
straight  lines  CH  and  AG  is  likewise  given. 

COMPOSITION. 

Bisect  AB  and  BC  (I.  7.  El.)  in  H  and  G,  join  CH 
and  AG,  and,  from  their  point  of  intersection,  draw  FA^ 
FB,  and  FC ;  the  triang)e  ABC  will  thus  be  divided  into 
three  equal  portions. 

For,  from  the  points  A  and  B  let  fall  the  pefpendica* 
lars  AI  and  BL.  The  triangles  HAl  and  HBL,  Wving 
the  angles  AHI  and  AlH  equal  to  BHL  and  BLH,  and 
the  side  AH  equal  t»  BH,  are  (1.  20.  £1.)  equal,  and  con^ 
sequently  AI  =  BL.  The  triangles  AFC  and  BFC,  stand- 
ing on  the  same  base  CF,  and  having  equal  altkodes  Ai 
and  BL,  are  equal  (II.  2.  £].)•  And,  in  the  same  mon* 
ner,  it  is  shown  that  the  triangles  AFC  and  AFB  are  e- 
qual.  Wherefore  the  whole  triangle  ABC  is  divided  into 
three  equal  triangles,  having  their  common  vertex  at  thm 
point  F, 

PROP.  IX.    PROB. 

From  a  given  point  in  the  side  of  a  given  trian- 
gle, to  draw  a  straight  line  to  the  opposite  side, 
such  that  the  rectangle  under  its  segments  inter- 
cepted by  the  base  shall  be  equivalent  to  the  rect- 
angle under  the  segments  of  the  base  itself. 

Let  it  be  required  from  D  in  the  side  AB  of  the  tri- 
angle ABC,  to  draw  DF  to  the  opposite  side,  so  that  the 
reciangle  D£,  £F  shall  be  equivalent  to  the  rectangte 
AE,EC. 
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ANALYSIS 

Since  DE.EF=AEEC,  it 
Mows  diat  (V.  6.  El.)  DE :  AE 
: :  EC  :  £F  ;  but  the  vertical 
angles  AED  and  CEF  are  equal, 
and  consequently  (VI.  19.  El.) 
the  triangles  E  AD  and  EEC  are 
similar.  Wherefore  the  angle 
ADE  or  ADF)  being  equal  fo 
ECF,  18  given,  and  hence  DEF 
is  gif en  in  porition. 

COMPOSITION. 

From  D  (I.  4.  El,)  draw  DEF,  at  an  angle  ADF  equal 
to'ACF,  and  the  problem  is  solved.  For  the  tnanglea 
£AD  and  EFC,  having  their  vertical  angles  equal,  and 
the  angles  ADE  and  ECF  by  construction  equal,  ^re  (VI. 
1 1.  El.)  simikr.  Whence  DE :  AE : :  EC :  EF,  and,  there- 
fore,  (V.  6.  EL)  DE,EF=:AE.EC. 

PROP.  X.    PROa 

To  inscribe  a  square  in  a  given  triangle. 

Let  ABC  be  the  triangle  in  which  it  is  required  to  in- 
scribe a  square  IGFH. 

ANALYSIS. 
Join  AF,  and  produce 
it  to  meet  a  parallel  to  AC 
in  £,  and  let  fall  the  perpen- 
diculars BD  and  EK. 

Because  EB  is  parallel  to 
FG  or  AC,  AF  :  AE  :  ; 
FG :  EB  ( VI.  2.  El.)  $  and 
since  the  perpendicular  EK 
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is  parallel  to  FH,  AF :  A£  :  :  FH  :  &K.  Wherefore 
FG  :  £B  : :  FH  :  £K ;  but  FGzFH,  and  consequents 
ly  (V.  8.  and  5.  El.)  £B=£K.  Again,  £K,  being  equal 
to  BD,  the  altitude  of  the  triangle  ABt)  is  given,  and^ 
therefore,  £B  is  given  both  in  position  and  magnitude ; 
whence  the  point  £  is  given,  and  the  intersection  of  AE 
with  BC  is  given,  and  consequently  the  parallel  FG  and 
the  perpendicular  FH  are  given,  and  thence  the  square 
IGFH. 

COMPOSITION. 

From  B  draw  BD  perpendicular  and  B£  parallel  to 
AC,  make  BE  equal  to  BD,  join  AE^  intersecting  BC  in 
F,  and  complete  the  rectangle  IGFH. 

Because  BE  and,  EK  are  parallel  to  GF  and  FH,  AE  : 
AF  : :  BE  :  GF,  and  AE  :  AF  : :  EK  :  FH  ;  wherefore 
BE  :  GF  : :  EK  :  FH-,  but  BE=rEK,  and  consequently 
GFrsFH.     It  is  hence  evident  that  IGFH  is  a  square. 

PROP.  XL     PROB. 

To  construct  a  triangle,  of  which  the  three 
straight  lines  drawn  from  the  angular  points  to 
bisect  the  opposite  sides,  are  given. 

Let  the  straight  lines  AD,  BE,  and  CF,  bisecting  the 
opposite  sides  of  the  triangle  ABC,  be  given ;  to  construct 
that  triangle. 

ANALYSIS. 
Through  the  vertex  B  draw  BG  and  BH  parallel  to 
AD  and  CF,  and  meeting  the  base  produced ;  extend  BE 
to  an  equal  distance  beyond  E,  and  join  GI  and  HL 
From  the  property  of  parallel  and  diverging  lines,  it  is 
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obvious  that  BG  is  the  double  of  AD,  and  BH  the  double 
of  CF ;  for  the  same  reason,  DA  bisects  CG,  and  FC  bi- 
Bccte  AH,  or  AC  is  equal  both  to  GA  and  to   CH| 
and    consequently 
GEisequaltoEH. 
Wherefore  the  tri- 
angles    GEI    and 
BEH,  having  their 
vertical  angles    e- 
qual,  likewise   the 
contaiDing      sides 
GE,  £1,  equal  to 
EH,  EB  are  (I.  S.  EL)  equal.   Hence  the  base  GI  is  equal 
to  BH  or  the  double  of  CF.     All  the  sides  of  the  trian- 
gle  BGI  are  thus  given,  and  consequently  E,  the  middle 
point  of  BI,  is  given.     But  AE  or  EC,  being  the  th»d  part 
of  GE,  is  given ;  and  the  two  points  A  and  C,  with  the 
vertex  B,  determine  the  triangle. 

COMPOSITION. 

With  the  doubles  of  the  given  straight  lines  for  its  sides, 
construct  (I.  1.  EI.)  the  triangle  BGI,  and  complete  the 
rhomboid  BGIH :  Draw  the  diagonal  GH,  which  tri- 
sect  (I.  36.  El.)  in  the  points  A  and  C,  and  join  BA  and 
BC.     Then  ABC  is  the  triangle  required. 

For  join  BI,  which  must  consequently  bisect  GH  in  E. 
Since  AD  bisects  both  CG  and  CB,  the  line  AD  (VI.  2. 
El.)  must  be  parallel  to  BG,  and  equal  to  half  of  it.  In 
the  same  way  it  is  proved  that  CF  is  the  half  of  BH  ;  and 
BE  is  evidently  the  half  of  the  diagonal  BI ;  so  that  the 
conditions  of  the  problem  are  fulfilled. 
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PROP.  Xll.    PROB. 


,  Given  the  perpendiculars  from  the  angles  of  a 
triangle  on  the  opposite  sides,  to  construct  the 
triangle. 

Let  ABC  be  a  triangle  of  which  the  perpendiculars 
drawn  from  A,  B  and  C,  the  opposite  angles,  are  express* 
ed  by  L,  M  and  N,  to  determine  the  triangle. 

ANALYSIS. 
Since  the  area  of  a  triangle  is  equivalent  to  half  the  rect- 
angle under  any  side,  and  the  perpendicular  let  iall  on  if^ 
(IL  5.  El.)  the  sides  themselves  must  be  reciprocally  as 
the  several  perpendiculars.  Wherefore  the  ratio  of  A B  to 
BC,  being  the  same  as  that  of  AF  to  QE^  is  given  :  again, 
the  ratio  of  BC  to  AC»  or  that  of  BD  to  AF,  is  given;  conse- 
quently the  mutual  ratios 
of  the  sides  of  the  trian- 
gle ABC  being  given,  the 
triangle  itself  is  given  in 
species.  But  it  is  likewise 
given  in  magnitude ;  for 
the  right  angled  triangle 
ABD  having  its  acute  an- 
gles and  its  perpendicular 
BD  given,  is  evidently 
given  ;  and  the  hypote- 
nuse A  B  being  hence  given,  the  other  two  sides  of  the  trian- 
gle ABC,  which  have  a  given  ratio  to  it,  are  hence  also 
given. 
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COMPOSITION. 

Make  M :  N  : :  L  :  O,  draw  AG  equal  to  O,  and  on 
this  base^  construct  a  triangle  having  the  sides  AH  and 
6H  equal  to  L  and  N ;  produce  AH  till  it  meet  a  Kne  at 
the  distance  M  from  AC  in  the  point  B,  draw  BC  parallel 
to  HG,  and  ABC  is  the  triangle  required. 

For,  from  the  properties  of  parallel  and  diverging  lines, 
AH  is  to  AG  as  AB  to  AC,  or  (II.  5.  and  V.  25.  cor.  3.  El.) 
as  the  perpendicular  BD  to  CJi:  $  that  is,  L  :  O : :  BD :  CK 
For,  by  construction,  M  :  N  :  :  L  :  O ;  and,  therefore, 
M  :  N  :  :  BD  :  CE;  but  BD  was  made  equal  to  M, 
and  consequently  (V;  4.  EL)  C£  must  be  equal  to  N. 
Again,  because  HG  :  AG  :  :  BC  :  AC  : :  BD  :  AF,  or 
N:  0::BD:AF,  therefore  M:L::BD:AF;  but  BD=M, 
whence  AF=L.  The  triangle  ABC  thus  fulfils  the  con* 
ditions,  having  all  its  perpendiculars  AF,  BD,  and  CE 
equal  respectively  to  L,  M  and  N. 

PROP.  XIII.     PROB. 

To  describe  a  triangle  whose  sides  are  given  in 
magnitude,  and  pass  through  three  given  points. 

Let  it  be  required  to  construct  a  triangle,  of  which  the 
sides  GI,  GH  and  HI  are  given,  and  moreover  pass 
through  the  given  points  A,  B  and  C. 

ANALYSIS. 
Join  AB,  BC  and  AC.  Since  the  sides  of  the  triangle 
GHI  are  given,  its  angles  are  likewise  given.  The  given 
angle  AGB,  standing  on  a  given  base  AB,  is  therefore 
contained  in  a  given  segment  of «  circle,  of  which  the  cen- 
tre is  D.  For  the  same  reason,  the  angles  BHC  and  AIC 
are  contained  in  gives  segments  of  circles,  having  their 
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centres  in  E  and  F.  Let  &I1  the  perpendiculars  DK, 
EL,  EN,  FO,  FQ  and  DR,  and  draw  the  parallel  DM, 
£P  and  FS.  Those  perpendiculars  (IIL  4.  £1.)  bisect  the 
chords  BG,  BH,  CH,  CI,  AI  and  AG ;  and  BK  and  BL, 
being  the  halves  of  BG  and  BH,  KL  or  DM  is  the  half 
of  the  side  GH,  atid  is  consequently  given.  But  the  right 
an^e  DME  is  contained  in  a  given  semicircle,  and  there- 
fore DM  and  the  parallel  GH  are  given  in  position*  In 
like  manner,  it  is  shown,  that  HI  and  GI  are  given  in  po- 
sition ;  whence  the  triangle  GHI  is  given  both  in  position 
and  magnitude. 

COMPOSITION. 

Join  the  points  A,  B  and  C ;  and  having  formed  a  trU 
angle  having  sides  equal  to  the  given  lines  GI,  GH  and 
Hi,  on  AB,  BC  and  AC  construct  (III.  25.  £1.)  arcs  con- 
taining the  angles 
G,  H  and  I,  and 
whose  centres  are 
D,  Eand  F;  on 
DE,  EF  and  DF 
describe  semicir- 
cles, in  which  in- 
flect DM,  EP  and 
FS  respectively  e- 
qual  to  the  halves 
of  GH,  HI  and 
GH  ;  and'through  the  points  B,  C  and  A,  but  parallel  to 
DM,  EP  and  FS,  draw  GH,  HI  and  GI,  which  will  com- 
pose the  triangle  required. 

For  having  joined  EM,  FP  and  DS,  produce  them  to 
GH,  HI  and  GI,  and  draw  the  parallels  DK,  EN  and  FQ. 

It  is  evident  (III.  i.  £1.)  that  GH  or  BG  and  BH  is 
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ajual  to  twice  BK,  and  twice  BL,  twice  KL ;  whence  OH 
is  double  of  DM.  And,  in  the  same  manner,  it  is  shown 
that  HI  is  the  doable  of  £P,  and  GI  the  double  of  FS. 
The  triangle  GHI  is  therefore  contained  by  the  given  sides, 
and  it  passes  through  the  given  points  A,  B  and  C. 

PROP.  XIV.     PROB. 

Given  two  sides  of  a  triangle,  and  the  distance 
of  their  vertex  from  the  centre  of  the  inscribed 
circle,  to  construct  the  triangle. 

Let  the  sides  AB  and  CB,  together  with  the  straight 
line  BD  drawn  from  the  vertex  B  to  D  the  centre  of  the 
inscribed  circle  be  given,  to  construct  the  triangle  ABC. 

ANALYSIS. 

Join  AD  and  DC,  about  the  triangle  ADC  (III.  9.  cor. 
EI.)  describe  a  circle,  produce  BD  to  E,  and  join  A£« 

Because  D  is  the  centre  of  the  inscribed  circle,  the  an- 
gle ABE  (IV.  10.  El.)  is  equal  to  CBD;  but  AEB  or  AED 
(III.  15.  EL)  is  equal  to  A  CD, 
that  is,  (IV.  10.  El.)  to  DCB. 
Wherefore  the  triangle  BAEis 
similar  to  BDC,  and  BE  :  BA 
: :  BC  :  BD ;  whence  the  rect- 
angle under  BE  and  BD,  being 
(V.  6.  £1.)  equivalent  to  the 
rectangle  under  AB  and  BC>  u 
given ;  but  BD  being  given,  BE 
and  the  point  E  are  likewise  gi- 
ven.   Again,  the  angle  DAE 
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consitU  of  DAC  and  CAE  or  (III.  15.  EI.)  CDE;  of 
which,  DAC  is  half  the  angle  BAC,  (IV.  lO.  £1.)  mxl 
CDE  is  (I.  30.  £1.)  equal  to  the  angles  CBD  and  DCB, 
or  to  half  the  angles  ABC  and  ACB;  consequently  the 
angle  DAE  is  half  of  all  the  angles  of  the  triangle  ABC, 
and  is  therefore  a  right  angle,  and  (HI.  19.  El.)  stands  on 
the  diameter  DE.  The  circle  CDAE  is  hence  given,  with 
the  points  E,  D  and  B,  and  therelore  BA  and  BC  being 
given,  the  points  A  and  C  are  likewise  given,  and  thence  the 
triangle  ABC. 

COMPOSITION. 

Produce  BD  to  E,  so  that  BD  :  BC  : :  BA  :  BE ;  on 
DE  as  a  diameter  describe  a  circle,  and  from  B  inflect  to 
the  circumference  lines  equal  to  BA  and  BC;  then,  AC 
being  joined,  ABC  is  the  triangle  required. 

For  produce  BC  to  meet  the  circumference  again  in  Fy 
and  join  OA,  OF.  From  the  property  of  a  circle,  the  rect- 
angle BF,  BC  is  equivalent  to  BD,  BE;  but, by  construc- 
tion, this  rectangle  BD,  BE  is  equivalent  to  BA,  BC^ 
which  is  therefore  equivalent  to  BF,  BC,  and  consequent- 
ly BA  is  equal  to  BF.  Wherefore  the  triangle  ABO  has 
all  its  sides  respectively  equal  to  those  of  EBO,  and  these 
triangles  are  hence  equiangular.  I'he  line  BD  conse- 
quently bisects  the  angle  ABC ;  but  since,  by  construction^ 
BD  :  BC  :  :  BA  :  BE,  apd  the  angle  ABt.  is  equal  to 
CBD,  the  triangles  BAE  and  BDC  are  (VI.  13.  El.)  si- 
milar ;  wlu'Oce  the  angle  AED,  which  (III.  15.  El.)  is  equal 
to  ACD»  is  likewise  equal  to  DCB,  and  CD  bisects  the 
angle  ACB.  The  point  D  is,  therefore,  by  its  position  the 
centre  of  a  circle  inscribed  within  the  triangle  ABC. 
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PROP.  XV.    PBOa 

To  draw  a  straight  line  tiirough  a  given  point, 
«o  that  its  portions,  terminated  hy  two  straight 
^  lines  given  in  position,  shall  have  a  given  ratio. 

Let  A  be  a  given  point,  and  BC,  BD  two  straight  lines 
given  in  position  }  it  is  required  to  draw  £AF,  such  that 
£A  shaU  be  to  AF  as  M  to  N. 

ANALYSIS. 

Draw  AG  parallel  to  BC  and  meeting  BD  in  the  point 
O,  which  is  thus  given.  The  diverging  lines  F£,  FB  are  cut 
proportionally  by  the  parallels  B£,  GA,  (VI.  1.  £1.),  and 
consequently  £A  :  AF  : 
B6:GFi  but  the  ratio  of 
£A  to  AF  is  given,  and 
dierefore  likewise  the  ratio 
of  BG  to  GP;   and  BG 
being  given,  GF  is  given, 
and  the  point  F;  whence 
the  straight  line  £AF  is 
given  in  position. 

COMPOSITION. 

Draw  AG  parallel  to  BC,  nkike  (VL  3.  £1.)  BG  :  GF :  : 
M:  N,  and  join  FA£}  this  is  the  line  required. 

For,  B£  and  AG  being  parallel,  (VL  I.  £1.)  £A  :  AF : : 
BG :  GF ;  but  by  construction  BG :  GF  :  :  M  :  N,  and 
therefore  £A :  AF : :  M :  N. 
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aEOHETRIOAL  ANALYSIS. 


-  PROP.  XVI.    PROB. 

From  the  vertex  of  a  given  triangle,  to  draw  a 
straight  line  which  shall  be  a  mean  proportional 
between  the  segments  of  the  base. 

CASE  I. 
When  the  section  is  internal. 

» 

Let  ABC  be  the  given  triangle,  from  the  vertex  of 
which  it  is  required  to  draw  BD  a  mean  proportional  to 
the  segments  AD  and  DC  of  the  bas6. 

ANALYSIS. 

Describe  a  circle  about  the  triangle  (III.  9.  cor.  £1.}, 
and  produce  BD  to  meet  the  circumference  in  E.  Since 
BD  is  a  mean  proportional  between  AD  and  DC,  its  square 
is  (V.  6.  El.)  ecjuivalent  to  the  rectangle  under  AD 
and  DC ;  but  thb  rectangle  is  equivalent  (III.  26.  Eh) 
to  the  rectangle  under  BD  and  DE,  which  is  therefore  equi- 
valent to  the  square  of  BD,  and  consequently  BD  itself 
is  equivalent  to  DE.  Where* 
fore  (IIL  5.  El.)  FD  be- 
ing  joined,  is  perpendicular 
to  BE,  and  the  right  angle 
FDB  (Hi.  19.  El.)  is  con- 
tained in  a  semicircle^  whose 
intersection  with  the  base  of 
the  triangle  determines  the 
position  of  the  point  D. 
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COMPOSITION. 

About  the  triangle  ABC  (III.  9.  cor.  El.)  describe  a 
circle,  join  its  centre  F  with  the  vertex  B,  and  on  this 
straight  line,  as  a  diameter,  describe  another  circle  cutting 
the  base  of  the  triangle  in  the  point  D.  Join  BD,  and  it 
is  the  line  required. 

For  produce  BD  to  the  circumference,  and  join  FD. 

The  angle  FDB  (III.  19.  El.)  is  a  right  angle,  and  con- 
sequently BD  is  equal  to  D£.  But  the  rectangle  AD,  DC 
(III.  26.  £i )  is  equivalent  to  BD,  DE,  or  to  the  square  of 
BD.  Whence  BD  is  a  mean  proportional  between  AD 
and  DC,  the  segments  of  the  base. 

CASE  11. 

When  the  section  is  external. 

Let  it  be  required  from  the  vertex  B  to  draw  to  a  point 
bejond  the  base  the  straight  line  BD,  a  mean  proportional 
to  the  s^ments  DA  and  DC. 

ANALYSIS. 
Describe  a  circle  about  the  given  triangle.     And  since, 
by  hypothesis,  the  square  of  DB  is  equivalent  to  the  rect- 
angle under  DA  and  DC,  DB 
(III.  26.  cor.  2.  El.)  must  touch 
the  circumference.  But  this  tan- 
gent BD  18  given  in  position, 
consequently  is  likewise  its  in- 
tersection D  with  the  produced 
base. 

COMPOSITION. 

Having  described  a  circle  about  the  triangle^  the  tan- 
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» 

gent  BD  applied  at  the  vertex  B*will  be  a  mean  propor* 
tional  between  DA  and  DC ;  for  (111.  26.  cor.  2.  £1.)  the 
square  of  BD  k  equivalent  to  the  rectangle  DA,  DC. 

SCHOLIUM. 

In  the  first  case,  if  the  vertical  angle  be  acnte,  the  centre 
of  tbe  circumscribing  circle  will  lie  within  the  triangle,  and 
consequentlj  tbe  interior  circle  not  intersecting  the  base,  the 
oonstruotion  fails,  and  the  problem  becomes  then  impossi- 
ble. When  the  vertical  angle  is  right,  the  centre  F  (III.  19* 
£L)  will  bisect  the  base,  and  the  interior  circle  will  pass 
through  that -point,  and  again  cut  the  base  at  D,  forming 
the  perpendicular  chord  BD.     But  when  the  vertical  angle 
is  obtuse,  the  centre  *F  will  always  fall  below  the  base,  and 
the  interior  circlie  will  assign  two  different  positions  BD 
and  Biy  of  the  mean  proportional.     In  the  second  case, 
the  line  BD  can  have  only  a  single  position  ;  but  when  tbe 
triangle  becomes  isosceles,  the  problem  will  fail. 

PROP.  XVII.     PROB. 

Through  a  given  point,  to  draw  a  straight  line 
that  shall  be  cut  in  a  given  ratio,  by  the  circum- 
ference of  a  given  circle. 

Let  A  be  the  given  point,  and  BDCEthe  given  circle; 
it  is  required  to  draw  BC,  so  that  BA  shall  be  to  AC  as 
the  line  M  to  N.  i 

ANALYSIS. 

Draw  the  diameter  DAE,  join  DB»  CE,  and  draw  CF 
parallel  to  DB.     Because  the  point  A  and  the  centre  of 
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the  circle  are  given,  the  diame- 
ter DK  18  given  in  position,  and 
con^equendy  its  extremities  D 
and  E  are  given.  But,  DB  and 
CF  being  parallel,  BA  :  AC  : : 
DA  :  AF  (VI.  1.  El.),  where- 
tore  the  ratio  bf  DA  to  AF  is 
given,  and  since  DA  is  given, 
AF  is  also  given.  Again, 
BA.AC  =:  AD  AE  (III  96. 
EL^and  consequently  A E :  AC 
::  BA:DA;  but  BA:  DA:: 

AC:  AF(VI.  1.  El.),  whence 

AE:  AC::  AC:  AF;  or  AC 

IS  8  mean  proportional  between 

AF  and  A£,  and  is,  therefore,  given.  The  point  C 

given,  and  consequently  BC. 


is  thus 


COMPOSITION. 

Having  drawn  the  diameter  D£,  make  DA:  AF:  :M:  N, 
find  (VI.  16.  £1.)  AG  a  mean  proportional  between  AF  and 
AE,  and  inflect  AC  equal  to  it  ;  BAC  is  the  straight  line 
required.  « 

For  join  DB,  CF,  and  CE.  Since  (III.  26.  El.)  the 
rectangle  BA,  AC  is  equivalent  to  the  rectangle  DA,  AE, 
it  follows  that  AE  :  AC : :  BA :  DA ;  but,  by  construction, 
AE :  AC : :  AC :  AF,  and  therefore  AC :  AF : :  BA  :  DA ; 
hence  (VI.  I.  cor.  1.  El)  CF  is  parallel  to  DB,  and  conse- 
quently, BA  is  to  AC,  as  DA  to  AF,  that  is,  as  M  to  N. 
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PROP.  XVIII.    PROB. 

I 

From  two  given  points  in  the  circumference  of 
a  given  circle,  to  inflect,  to  another  point  in  that 
circumference,  straight  lines  which  shall  have  a 
given  ratio. 

From  the  poiats  A  and  B,  let  it  be  required  to  inflect 
AC  and  BC  in  a  given  ratio. 

ANALYSIS. 

Draw  (I.  5.  El.)  CE  bisecting  the  vertical  angle  ACB. 
Therefore  (VI.  10.  El.)  AC  :  CB  : :  AD  :  DB,  and  conse- 
~  quently  the  ratio  of  AD  to  DB  is 
given,  and  thence  (VI.  4.  £1.)  the 
point  D  is  given.  But  since  the  an- 
gle ACE  is  equal  to  BCE,  the  arc 
AE  is  (III.  16.  cor.  El.)  equal  to  the 
arc  EB,  and  therefore  the  point  E 
is  given.  Whence  the  points  E  and 
P  being  given,  the  straight  line 
EDC  is  given  in  position,  and  consequently  the  pomt  C 
and  the  chords  AC  and  BC  are  given.  • 

COMPOSITION. 

Bisect  (III.  13.  El.)  the  arc  AEB  in  E,  divide  AB(VL 
4.  El.)  in  the  given  ratio  at  D,  join  ED,  and  produce  it  to 
meet  the  opposite  circumference  in  C;  the  chords  AC  and 
CB  are  in  the  given  ratio. 

For  since  the  arc  AE  is  equal  to  BE,  the  angle  ACD 
is  (III.  16.  cor.  El.)  equal  to  BCD,  and  consequently  (VI. 
10.  El.)  AC  :  CB :  :  AD  :  DB,  that  ia,  in  the  given  ratio. 
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PROP.  XIX.    PROB. 


Through  a  given  point,  to  draw  a  straight  line 
to  a  circle,  so  that  the  rectangle  under  the  part 
limited  by  the  circumference  and  the  segment  in- 
cluded within  the  circle,  shall  be  equal  to  a  given 
space. 

Let  it  be  required,  through  the  point  A,  to  draw  ABC, 
nicb  that  the  rectangle  AB,  BC,  shall  be  equal  to  a  given 
space.  • 

ANALYSIS. 

Through  the  centre  O  draw 
AF,  and  (II.  8.  EL)  find  AE, 
which  forms  with  AD  a  rect- 
angle equal  to  the  given  space* 
Because  (III.  26.  El).  AB.AC 
=  AD.AF9  and,  by  constrac- 
tjoii,  AB.BC  =  AD  AE;  it 
follow«(V,  6.  El.)  that  AD:  AB 
:  :  AC  :  AF  :  :   BC  :  AE; 
whence  (V.  19.  cor.   I.  El.) 
AD :  AB : :  AC  v/5  BC,  that  is 
AB:AFy>  AEorEF.  Where- 
fore AB  is  a  mean  proportional  between  AD  and  EF;  but 
AE  being  given,  KF  is  also  given,  and  consequently  AB  is 
given  both  in  magnitude  and  position. 
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COMPOSITION. 

Draw  AF  through  the  centre  of  the  circle,  make  (XL  8* 
EL)  the  rectangle  AD,  AE  equal  to  the  given  space,  find 
(VL  16.  El.)  a  mean  proportional  to  AD  and  EF,  and  in- 
flect this  from  A  towards  B;  the  rectangle  AB,  BC  is  e« 
qual  to  the  given  space. 

For  (V.  6.)  AD  :  AB  : :  AB  :  EF,  and  (V.  6.  and  III. 
26.  El.)  AD  :  AB  : :  AC  :  AF,  whence  (V.  19.  cor.  1. 
EL)  AD :  AB  :  :  AC=t=AB  or  BC  :  AF=pEF  or  AE, 
and  consequently  AD.AE=:  AB.BC. 

PROP.  XX.    PROB. 


Through  two  given  points,  to  describe  a  circle 
bisecting  the  circumference  of  a  given  circle* 

Let  A  and  B  be  two  points,  through  which  it  is  requir- 
ed to  describe  a  circle  ADGEB,  that  shall  bisect  the  cir- 
cumference of  the  circle  HDFE. 


ANALYSIS. 

Join  D,  E,  the  points  of  intersection, 
by  hypothesis,  a  semicircumie- 
rence,  D£  is  a  diameter,  and 
must,  therefore,  pass  through  the 
centre  C.  Join  AC,  and  produce 
it  to  F.  Since  DC  =  CE,  it  is 
evident  (III.  26.  El.)  that  AC.CG 
=  DC*  =  HC.CF;  but  the  rect- 
angle  HC,  CF  is  given,  and  con- 
sequently the  rectangle  AC,  C6 
is  also  given ;  and  AC  being  given. 


Because  DFE  is, 
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CG  is  bence  given,  and  tbe  point  O.  Wherefore  the  three 
poiou  A,  G,  and  B  being  given,  the  circle  AGB  is  (HI. 
9.  £L)  given. 

COMPOSITION. 

ITirough  C,  the  centre  of  the  given  circle^  draw  ACF, 
nake  ( VL 3. £1.}  AC:  HC : :  CF  or  HC  :  CG,  and  through 
die  three  points  A,  G,  and  B,  describe  (III.  9.  cor.  EL) 
the  circle  AGB :  This  will  bisect  the  circumference 
HDFE. 

For,  through  one  of  the  points  of  intersection,  draw  the 
diameter  DCI,  and  produce  it  to  meet'the  circumference 
of  the  circle  AGB  in  K.  Because  AC :  HC  : :  HC :  CG, 
tbe  square  of  HC  ia  (V.  6.  £1.)  equal  to  the  rectangle  AC 
and  CG  i  but  (III.  S6.  £1 )  HC^s  DC.Cl,  and  AC.CG 
=DC.CK :  wherefore  DC.CI  =  DC.CK,  and  (II.  S.  cor. 
£1.)  CI  =  CK,  or  the  points  I  and  K  are  one^  and  the  cir- 
cle AGB  passes  through  both  extremities  of  the  diameter 
of  HDF£. 

PROP.  XXI.    PROB. 

Two  arcs  of  different  circles  being  constituted 
on  the  same  chord,  to  draw  from  its  extremity  a 
straight  line,  of  which  the  portion  intercepted  by 
those  arcs  shall  be  equal  to  a  given  line. 

Let  the  arcs  ACB  and  A£B  stand  on  the  same  base 
AB ;  it  is  required  to  draw  ACD,  such  that  CD  shall  be 
eqaal  to  F. 
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ANALYSIS. 

Join  BC  and  BD.  The  angle  CDB  contained  in  the 
arc  AEB  is  given ;  and  so  is  ACB,  and  consequently 
its  supplement  BCD ;  wherefore 
all  the  angles  of  the  triangle 
CBD  are  given,  and  the  triangle 
itself  is  given  in  species.  But 
jt  is  likewise  given  in  magnitude) 
for  the  side  CD  is  given.  Hence 
BD  is  given,  and  therefore  the 
point  D  and  the  Ime  ACD  are  al- 
so  given. 

COMPOSITION. 

Draw  the  tangent  AE  and  join  BE ;  make  AE  to  BE 
as  F  to  G,  and  in  the  exterior  segment  inflect  G  from  B 
to  D ;  ACD  being  drawn  in  the  line  required. 

For  join  BC  and  BD,  the  angle  AEB  UH.  16.)  is  equal 
to  ADB  or  CDB,  and  the  angle  EAB  is  equal  to  the  an- 
gle in  the  segment  alternate  to  ACB,  or  to  the  exterior 
angle  BCD ;  consequently  the  triangle  AEB  is  similar  to 
CDB>  and  AE  :  BE  : :  CD  :  BD  ;  but,  by  construction, 
AE  :  BE :  :  F :  G,  and  hence  CD  :  BD:  :  F :  G;  where- 
fore (V.  4.  El]  since  BD  was  made  equal  to  G>  CD  must 
be  equal  to  F. 

PROP.  XXIL    PROB. 

Through  a  given  point  in  the  interior  circum* 
ference  of  two  given  concentric  circles,  to  draw 
a  straight  line  which  shall  intercept  chords  in  a 
given  ratio. 
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IM  it  be  reqpifedL  tbrougb  the  poini  A>  to  dwam  the 
itve^ht  Uii»  CASK  such  that  the  Gber4»  AR  aod  CD  of 
the  ooQoeQtric  circles  shall  have  a  given  ratio. 

ANALYSIS 

From  the  common  centre  O  lei  fall  tbepeipendioolar  OE| 
and  draw  CF  parallel  to  this,  meeting  OA  produced  in  F. 

The  perpendicubK  OE  (III.  4.  £1.;  bisects  both  the 
chords  AB  and  CD;  wherefore  the  ratio  of  A£  to  CE, 
beingibiis  the  same  aathat 
c^ABto  CD,  is  given;. 
bat  (VI.  I.  El.)  the  ratio 
is  likewise  the  same  as  that 
ofOAtoOF,  whichiscon- 
•equentij  given;  whence 
OF  and  the  point  F  are 
given.  Now  ACF  being 
a  right  angle,  is  contain- 
ed in  a  semicircle  descri* 
bed  o«  the  give, 
tion  C  is  given. 


AF9  a»d  therefore  its  intersec- 


COMPOSITION. 

Join  the  common  centre  O  with  the  point  A^  and  im>- 
dace  the  line,  till  O  A  be  to  OF  in  the  given  ratio ;  on  AF 
tt  a  diameter  describe  the  circle  ACF,  cutting  the  exte* 
rior  circle  in  C  or  C ;  the  compound  chord  CAD  or 
C^Aiy  is  the  line  required. 

For,  let  fall  on  CD  the  perpendicular  OE.  The  fm<* 
gle  ACF  being  (III.  19.  El.)  a  right  angles  it  is  evident 
that  OE  is  paralld  to  CF^  and  consequently  that  O A  is 
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to  OF  as  AE  to  CE,  otfA  their  doubles  AB  to  CD,  whicb 
are  chords  therefore  drawn  from  the  poinc  A  ia  the  given 
ratio.  .        *  • , 

The  compound  chord  has  obviously  two  positions,  ex- 
cept when  AF  is  equal  to  AC.  But  if  AF  be  less  than 
AF>  the  problem  is  impossible; 


PROP.  XXIII.    PROR 

To  cut  a  given  straight  line,  such  that  the 
square  of  one  part  shall  be  equivalent  to  the  rect- 
angle under  the  remainder  and  another  given 
rtraight  line. 

Let  AB  be  a  straight  line,  from  which  it  is  required  to 
cut  off  a  segment  AG,  whose  square  shall  be  equivalent  to 
the  rectangle  under  the  remainder  and  the  straight  line  Cr 

ANALYSIS. 

Produce  BA  till  AD  be  equal  to  C,  on  DB  describe  a 
semicircle  and  erect  the  perpendicular  AF.  Because  AG^ 
=  C  X  GB,  it  follows  (V.  6.  El.) 
that  DA  :  AG  :  :  AG  :  GB ; 
wherefore  (V.  19.  El)  DA :  AG 
: :  DG  :  AB,  and  consequently 
DA.AB  =  AG.DG;  but  (III. 
26.  cor.  J.  El.)  DA.AB  =  AF*; 
and  therefore  AG.DG  =  AF* ; 

wh^'nce  AF  is  equal  to  a  tangent  drawn  from  G  to  a  semi- 
circle described  on  DA.  Bisect  DA  in  E,  and  join  EFj 
and  because  AG.DG  =  AF*,  add  EA*  to  each,  and 
AaDG  +  EA*,  or  (11.  17.  cor.  2.  EL)  EG*,  is  equivalent 
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to  AF*+EA*  or  (II.  10.)  EF^  (  whence  EG  is  equal  to 
£F,  and  k  therefore  given* 

COMPOSITION. 

Having  produced  AD  equal  to  C,  and  described  on  BD 
a  semicircle,  erect  the  perpendicular  AF,  bisect  AD  in  E» 
join  EF  and  make  EO  equal  to  it  s  the  square  of  the  seg- 
ment AG  thus  formed  in  AB  is  equiTalent  to  the  rectan« 
gle  under  the  remaining  part  GB  and  the  given  line  C. 

For-  EFA  being  a  right  angled  triangle  EF^  =  E A'  + 
AF*  (II.  10.  El.),  and  consequently  AF*i=EF*— EA*, 
or  EG*  —  EA* ;  and  since  (II.  17.  El)  EG*  —  EA*  =3 
(EG  +  EA)  (EG  —  EA),  or  DG.AG,  therefore  AF»=: 
DG.AG.  But  (III.  26.  cor.  1.  El.)  AF*  s=  DA.AB; 
whence  DG.AG  =  DA.AB,  and  AG  :  AB  : :  DA :  DG 
(VI.  6.  EL);  wherefore  (V.  1 1,  and  V.  7.  EL)  AB^AG, 
or  GB :  AG : :  DG-DA  or  AG :  DA,  whence  (V.  6.  El.) 
AG*  =  GB.DA. 

Cor.  If  DA,  or  C,  be  equal  to  AB,  then  AG*=:  AB.BG» 
or  AB :  AG : :  AG  :  BG,  and,  therefore,  the  line  A  B  is 
now  divided  in  extreme  and  mean  ratio,  at  the  point  G. 
The  construction  also  becomes  evidently  the  same  with 
that  which  ^as  given  in  Book  11.  Prop.  19.  of  the  Ele- 
ments, for  the  medial  section  of  a  line^  and  which  is  reaUy 
a  simple  case  of  the  same  problem* 


PROP.  XXIV.    PROB- 


To  divide  a  straight  line,  such  that  its  segments 
shall  have  the  subduplicate  ratio  of  those  formed 
by  another  ^ven  section  of  it; 
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liet  it  be  required  to  difide  the  straigiyt  line  AB  in  19^ 
such  that  the  segments  AD,  DB  shall  be  in  the  sabdupli- 
cate  ratio  of  other  s^ments  AC»  CB. 

1  •  Let  the  given  section  he  internal, 

ANALYSIS. 

On  AB  describe  a  semicircle,  erect  the  perpendicular 
€E,  and  join  AE,  BE  and  ED  or  ED'.    Becanse  (III. 
19.  El.)  AEB  is  a  right  angle,  the  ratio  of  A£  to  BE  (VI* 
15.  cor.  i.  £1.)  is  the  sub* 
duplicate  of  that  of  AC 
to  BC,  and  consequently 
AE  :  BE  : :  AD  :  BD,  or 

Ajy  :   BD' ;     wherefore  jjf^     acSiti 

(VI.  10.  cor.  El.)  the  ver- 

tical  angle  AEB  is  bisected  internally  or  eztemally  by 
£D  4>r  Ely.  But  the  perpendicular  and  the  semicircle 
being  both  given,  the  vertex  E,  the  straight  line  ED  or  EIV^ 
and  the  point  of  section  D  or  D^  are  likewise  given. 

COMPOSITION. 

Having  on  AB  described  a  semicircle,  erect  the  perpen- 
dicnlar  CE,  join  EA,  EB,  find  draw  ED  or  ED'  bisecting 
the  angle  AEB  or  its  adjacent  angle  AEF ;  the  internal 
segments  AD,  DB,  or  the  external  segments  AD',  lyB, 
are  in  the  subduplicate  ratio  of  AC  to  CB. 

For  (VI.  10.  El.)  AE :  BE : :  AD :  DB,  or  AIV :  lyB  ; 
but  the  triangle  AEB  being  right-angled,  AE  is  to  BE 
(VI.  15.  cor.  El.)  in  the  subduplicate  ratio  of  AC  to  CB, 
and  consequently  AD  is  to  BD,  or^AD'  to  IXB,  in  the  same 
subduplicate  ratio* 
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SL  lAt  He  gvoentecHon  be  external. 

ANALYSIS. 

Oo  AB  dcicribe  a  seviicirclei  Avpm  the  tangent  CE*  «imI 

joi»  A£t  R£»  and  £1)  or  £D'.     Tbe  tria0gii»  ACE  and 

ECBate8i)iitar»ibr(UI/il.  £L)  the  angle  CEA  isequaJ  te 

CB£  in  the  alternace  legmenl,  and  BC£  Ucemaion  to  both 

triaagle^;  whcsoe  AC  :  C£ 

:  :  CE  :  BC>  and  conse^r  "^"^vjs^ 

ipieotly  (V.  def.  80.  £1.)  the 

satio  of  C£  to  BC  it  tbe 

subdiiplicaie  of  that  of  AC  ^  C    A.     u' 

to  BC.  Bat  in  these  similar  triangles,  AE :  CE : :  BE:  BC, 

and  alternately  AE :  BE  : :  CE :  BC  s  wherefore  AE  :  BE 

:  :  AD  :  DB,  or  AD' :  D'B>  and  the  vertical  angle  AEB 

(VI,  1 0.  cor.  El.)  is  bisected  externally  or  internally  by  ED 

or  ED". 

COMPOSITION. 

Having  deaeribed  a  semicircle  on  AB,  apply  (III.  2%, 
El.)  the  tangent  CE,  join  AE,  BE,  and  dvaw  ED  or  Ely 
bisecting  externally  or  internally  tbe  vertical  angle  AEB  ; 
the  external  segments  AD,  DB^  or  tbe  internal  segments 
AD",  lyB  are  in  the  subdupUcate  ratio  of  AC  to  BC. 

For  the  angle  CEA  being  (III.  21.  EL)  e^al  to 
CBE,  and  BCE  common  to  the  two  triangles  ACE  and 
ECB,  these  are  similar^  and  AC :  CE : :  CE :  BC ;  whence 
the  ratio  of  CE  to  BC  ia  the  sttbduplicate  of  that  of  AC  to 
BC.  Again,  from  the  same  siqular  triangles,  AE :  CE 
: :  BE :  BC,  or  alternately  A£ :  BE ; :  C£ :  BC,  and  there- 
foie  AE  is  to  BE  in  the  subdupUcate  ratio  of  AC  to  BC. 
But  (VI.  10.  EL)  AE :  BE : :  AD :  DB,  or  AD' :  Jyft  and 
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consequently  the  ratio  of  AD  to  DB  or  of  AD'  to  D'B  i* 
the  subduplicate  of  that  of  AC  to  BC. 

Cot.  In  the  second  CAse,  the  angle  CD^E  (I.  SO.  El.) 
being  equal  to  D'EB  and  D'BE,  which  are  equal  to  D'EA 
and  AEC,  is  therefore  equal  to  CED',  and  the  triangle 
D'CE  is  hence  isosceles.  Again,  the  angle  DEF,  equal  by 
hypothesis  to  DEA  or  CED  and  AEC,  ii  (I.  SO.  El.)  e- 
qual  to  CDE  and  DBE  or  AEC,  and  consequently  the  tri* 
angle  DCE  is  likewise  isosceles.  Wherefore  CE=CD=^ 
CD',  and  thus»  without  bisecting  the  vertical- angle,  the 
point  D  or  D'  is  found  from  the  tangent  CE^  which  is  a 
tnean  proportional  between  the  segments  AC  and  BC« 


PROP.  XXV.    PROS. 

Through  two  given  points,  to  draw  straight 
lines  to  a  point  in  the  circumference  of  a  given 
circle,  so  that  the  chord  of  the  intercepted  seg* 
ment  shall  be  parallel  to  the  straight  line  which 
joins  the  given  poidts« 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect 
AC' and  BC  cutting  the  given  circumference  in  D  and  E» 
such  that  the  chord  DE  shall  be  parallel  to  AB. 

ANALYSIS. 

From  D  (III.  30.  cor.  £1.)  draw  the  tangent  DF,  meet-* 

ing  AB  in  F.     The  angle  FDE  is  equal  (III.  21.  £1.) 

'  to  the  angle  ECD,  or  its  supplement,  in  the  alternate  seg^ 
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Aent;  ImtDEbeingparallel  to 
AB,  the  angle  FD  E  or  its  sup- 
plement is  (I.  22.  EL)  equal 
to  the  altemate  angle  AFD, 
whtdi  is  consequently  equal  to 
the  angle  ECD  or  ACB ; 
wherefore  the  triangles  ADF 
and  ABCt  having  likewise  a 
oommon  angle  CAB,  are  (VL 
11.  EL)  similar,  and  AD  :  AF 
: :  AB :  AC,  and  hence  AD.  AC 
= AF.AB^  But  since  the  point 
A  and  the  circle  DCE  are 

given,  the  rectangle  AD,  AC  is  also  given  ;  for  it  is 
equal  to  the  square  of  the  tangent  AG  (III.  26.  cor.  2. 
£].),  when  A  lies  without  the  circumference,^  and  equal 
to  the  square  of  AG  (III.  26.  cor.  1.  EL)  a  perpendicu- 
lar to  the  diameter,  in  the  case  where  that  point  lies  with- 
in the  circle.  Hence  the  rectangle  AF,  AB  is  given ;  and 
AB  being  given,  AF  is  likewise  given,  and  consequently 
the  point  F.  Wherefore  the  tangent  FD  is  given  in  po- 
sition ;  and  since  the  point  A  is  given,  the  straight  line 
AC  is  given,  and  thence  BC  and  the  intersection  K 


COMPOSITION. 

If  the  point  A  be  without  the  circle,  draw  the  tangent 
AG;  or  if  it  lie  within  the  circle,  erect  AG  perpendicular 
to  the  diameter  which  passes  through  it.  Make  (VI.  3.  EL) 
AB :  AG  : :  AG  :  AF,  from  F  draw  the  tangent  FD,  join 
AD|  and  produce  it  to  meet  the  c^posite  circumference  in 
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C,  join  CB,  cutting  the  circle  in  E ;  the  ttraiglitliiie  DE 
is  parallel  to  AB. 

For,  since  AB :  AG : :  AG  :  AF»  AO*s=AB.AF ;  ImL 
(III.  ^6.  cor.  1.  and  2.  £1.)  AG*  s:  CA^AD,  wfactice 
AB.AF=:CA.AD,  and  consequently  (V.  6.  E\.)  AB :  AC 
: :  AD :  AF.  therefore  (VI.  13.  £1.)  tke  triangles  BAG 
and  DAF,  having  the  sides  about  tbek  commoB  angle 
proportionalt  are  similar,  aiid  hence  the  angle  ACB  is  e» 
qua!  to  AtD;  but  (111.  21.  £1;;  AHCB/or  I^CfiiseqiMlto 
£DFor  its  supplement,  and  consequently  the  ae^le  AFD 
is  equal  to  £DF  or  its  supplement^  and  (L  S2.  eor.  £1.) 
the  chord  D£  is  parallel  to  AB. 

PROP.  XXVI.    PROB- 

From  two  given  points,  to  infleet  straight  lines 
to  the  circumference  of  a  circle^  duch  that  the 
chord  of  their  intercepted  arc  shall  tend  to  a  given 
point  in  the  direction  of  the  former. 

Let  it  be  required,  from  the  points  A  and  B,  to  inflect 
AF  and  BF,  so  that  the  chord  DG  produced  shall  meet 
the  extension  of  AB  in  the  point  C. 

ANALYSIS. 

Draw  D£  parallel  to  AC, 
join  £6,  and  produce  it  to 
meet  AB  in  H« 

The  angle  BHG  is  eqoal  to 
the  alternate  angle  GED, 
vikich  u  equal  (IIL  15.  £1.) 
to  GFD,  and  consequently  the 
angles  BHG  and  BFA  are  e- 
qual,  and  the  triangles  BGH 
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Md  BAF  aie  timiittr.  Wbelrefore  BO :  BH : :  BA :  BF» 
md  BG.BF:!^  BRBA;  butibe  rectangle  BO,  BF  isgtteBt 
ainoe  u  w  equal  to  the  sqaare  of  a  tangent  drawn  flrom  B» 
and  hence  BU.BA  is  given»  and  the  point  H.  The  pro* 
blem  18  thus  reduced  to  the  last  Proposition,  and  only  re- 
quires, frvm  the  points  C  and  H,  to  inflect  CD  and  UE» 
audi  that  D£,  the  chord  of  their  intercepted  arCf  nay  be 
parallel  to  HC. 

COMPOSITION. 

From  the  point  B  draw  a  tangent  to  the  circle^  find  BH 
a  third  proportional  to  BA  and  it,  and,  by  the  last  Pro* 
position,  inflect  HE  and  CD  such  that  DE  shall  be  paral* 
lei  to  HC ;  then  BG,  being  produced  to  F  in  the  car- 
cninlerence,  ADF  forms  one  straight  line. 

For  since  the  tangent  is  a  mean  proportional  to  B A  and 
BH,  the  rectangle  BA,  BH  will  be  equivalent  to  the 
square  of  that  tangent,  or  (111.  26.  cor.  2.  £1.)  to  the  rect- 
angle BG,  BF;  consequenUy  (V.  6.)  BA  :  BF : :  BG :  BH» 
and  (VI.  Id.  EL)  the  triangles  BAF  and  BGH  are  similar ; 
srherebre  the  angle  BFA  is  equal  to  BHG,  which  (I.  22. 
£1.)  ia  equal  to  GED,  and  this  again  (UL  16.  £1.)  is  equal 
(o  GFD;  whence  BFA  is  equal  to  OFD,  or  the  straight 
linas  FAand  FD  lie  in  the  same  direction  from  F. 

PROP.  XXVII.    PROB. 

Through  a  given  point  to  draw  a  straight  line, 
80  that  the  rectangle  under  its  segments,  inter- 
cepted by  two  straight  lines  given  in  position, 
shall  be  equal  to  a  given  space. 
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Let  AB9  AC  be  two  straight  linesy  and  D  a  point 
through  which  it  13  required  to  draw  £F»  such  that  the 
xectan^e  under  its  segments  £Dj  DF  shaU  l)e  equal  to  a 
given  space.  .    . 

ANALYSIS. 

Join  ADt  from 
F  draw  (L  4.  El.) 
FG,  making  an 
angle  DFG  equal 
to  BAEt  and 
meeting  AD  or 
its  production  in 
G.  The  triangles 
ADE  and  FDG, 
being  thus  evi- 
dently similar, 
AD:  ED: :  DF:DG,  and  consequently (V. 6. EL) AD.DG 
=  ED.DF,  But  the  rectangle  ED,  DF  is  given,  and  there- 
fore also  the  rectangle  AD,  DG ;  and  since  AD  is  given  in 
position  and  magnitude,  DG  and  the  point  G  are  given. 
Again,  the  angle  DFG,  being  equal  to  DAC,  is  given, 
and  thence  (III.  23.  El.)  the  segment  of  the  circle  which 
contains  it ;  wherefore  the  contact  or  intersection  of  that 
arc  with  the  straight  line  AB  is  given,  and  consequently 
the  position  of  EF  or  "E'F'  is  likewise  given. 

COMPOSITION. 

Join  AD,  make  the  rectangle  AD,  DG  equal  to  the  gi- 
ven space,  and  on  DG  describe  (III.  27.  El.)  an  arc  con- 
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tiiniDg  an  angle  eqaal  toDAC, 
and  meeting  AB  in  F  or  F^; 
£DF  or  EDF'  ia  the  striiight 
line  required. 

For  die  trianglea  ADE  and 
FDG  are  similar,  and  conse^ 
queot]^(VI.  IK  El.)  AD :  ED 
: :  DF:DG ;  whence(V.6.  EL) 

ED.DF  =  AD.DG j  but  the     a f-^-^T         B 

rectangle  AD.DG  is  eqaal  to  the  given  spaoa,  and  there- 
fore the  rectangle  ED.DF  is  also  equal  to. that  space. 

A. limitation  evidently  takes  place,  when  the  poiots  F 
and  F'  coincide,  and  the  circle  touches  the  straight  line 
AB.  In  this  case,  the  angle  AFD  or  BFD,  being  equal 
to  DGF  in  the  alternate  segment,  is  therefore  equal  to 
AED,  and  consequendy  AFE  is  equal  to  AEF,  and 
{L11.E1.)AF=AE. 


PROP.  XXVIII.    PROB. 

From  two  given  points,  to  draw  straight  lines 
to  the  same  point  in  a  line  given  by  position, 
which  shall  be  together  equal  to  a  given  line. 

Let  it  be  required,  from  the  given  points  A  and  B,  to 
draw  to  a  point  in  the  line  HI,  the  straight  lines  AC  and 
BC,  whose  sum  is  given. 

^  ANALYSIS. 

Join  AB,  and  bisect  it  in  O,  make  CD  equal  to  half 
the  sum  of  the  converging  lines  AC  and  BC,  let  fall  the 
perpendicular  CF  on  AB>  and  cut  off  DM  equal  to  AC. 
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It  is  obvious  (II.  81 .  cor.  EL)  tluii  tbft  difierence  botireen 
the  squares  of  AC  aud  BC  is  equivalttt  to  thediffereoee  be* 
tween  the  squares  of  AF  and  BF»  and  cnoieqiieBtiy  that  tlie 
rectangle  under  the  sum  and  difierence  of  AC  sod  BC  i»e* 
qui  valent  to  the  rectangle  und^r  the  audi  anddiffinrenoeof  AF 
and  BF;  that  is,  the  rectangle  under  20D  and  dOMia^- 
quivalent  to  the  rectangle  under  20 A  and  SOF.  Wherefort 
OD.OM= OA.OF,  and  (V.  6.  El.)  OA :  OD : :  OM :  OF; 
make  OA  :  OD  : :  OD :  OE5  and  (V.  90.  £1.)  OA  :  OD :  s 
OD^OM  or  AC  :  OE— OP  or  £F»  and  akerMtely 
O A :  AC : :  OD :  £F.  Dtaw  £G»  DH»  and  OI perpendicalar 
to  BE,  and  (VI.  1.  £1.)  OD  :  EF : :  HI :  GC;  consequent- 
ly HI  :GC :  :OA :  AC, or  HI :  OA: :  GC  :  AC.  But  HI 
and  OA  being  givetti  the  mtio  t^f  GC  to  AC  is  likewise 
giten;  having 
joined  GA, 
therefore,  the 

triangle  GAC 
has  an  angle 
GCA  given» 
and  the  sides 
containing  it 
in  a  given  ra- 
tio,    and     is 

therefore  (VI.  1 S.  El.)  given  in  species.  Whence  the  angle 
ACG  being  given,  the  point  C  is  given,  and  (he  straight 
AC  and  BC. 


COMPOSITION. 

Having  joined  AB,  bisect  it  in  O,  and  OD  representing 
balfthesum  ofthelines  as  before,  makeOA :  OD  ::OD:OE9 
dn^w  EG,  DH,  and  OI  perpendicular  to  AB,  join  OA* 
make  OK  equal  to  HI,  and  from  K  as  a  centre,  with  a  ra« 
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idioB  eqnd  to  O  A»  deseribe  a  circle  toQcking  or  cutting  G  A 
in  Ly  join  KL»  and  paraUel  to  it  draw  AC,  and  join  BC ; 
then  AC  and  BC  are  the  lines  required. 

For  since  (VI  2.  El.)  GK  or  HI  :  KL  or  OA  :  : 
GC  :  AC  or  DM :  by  alternation  OA  :  DM  : :  HI :  OC, 
and  consequently  (VI.  1.  El.)  OA  :  DM  :  :  CD  :  EF»  or 
OA  :  OD  :  :  DM  :  EF ;  but  by  construction  OA  :  OD  : : 
OD :  OE,  and  therefore  (V.  20.  El.^  OA  :  OD  :  :OD--DM 
or  OM:OE— EForOF;  whence  the  rectangle  O A,  OF 
18  eqnivalent  to  the  rectangle  OD,  OM,  and  likewise 
20A.?0F=«0D  20M.  MakeONacOM.andaOD.SOM 
5=(DM  +  DM)  (DN--DM,=DN»~DM*,  and  consr- 
qneotly  gOA.rOF  =  (il.  21.  El.)  BC*— AC»  =  DN*— 
DM%  but  AC  is  eqaal  to  DM,  and  iherefore  BC  =  DN» 
or  AC  +  BC  ^  DM*f  DN=r2DO. 

PROP.  XXIX.    PEOB. 

Trom  one  of  the  comers  of  a  given  square,  to 
draw  a  straight  line,  such  that  its  portion,  inter- 
cepted between  the  opposite  sides  of  the  figuret 
shall  be  equal  to  a  given  straight  line. 

Let  ABCD  be  a  square,  and  from  the  point  A  let  it  be 
required  to  dcaw  AEF,  ao  that  the  part  £F,  intercepted 
between  CD  and  BC,  or  their  extension,  may  be  equal  to 
a  g^ven  atn^gfat  line* 

ANALYSIS. 

Draw  FO  perpendicular  to  AF,  meeting  AD  produced 
in  G,  from  G  let  fall  the  perpendicular  GH  iHpon  BC  pnn 
duoed^  and  join  EG. 
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The  angle  EFH  is  ([.  30.  El )  equal  to  ECF  and  FEC, 
and  it  is  also  equal  to  EFO  and  OFH;  oonsequentlyj  ECF 
and  EFG  being  right 
angles*  the  remaining 
angles  FEC  and  6FH 
are  equal ;  whence  the 
triangles  EAD  and 
FGHy  having  the  an* 
gle  AED  or  CEF  e- 
qual  to  GFH,  t;he  an- 
gles at  D  and  H  both 
right  angles,  and  the  side  AD  equal  to  GH  or  CD|— are 
(I.  21.  £1.)  equals  and  therefore  the  side  AE  is  equal  to 
FG.  But  EFG  and  EDG  being  right-angled  triangles, 
EF*+FG*=EG*=ED*+DG*,  (II.  10.  EL),  or  EF*^. 
AE*=ED*+DG*j  but  AE*  =  AD*  +  ED*,  and  hence 
EF*+AD*  +  ED*  =  ED*  +  DGS  or  EP+AD*=DG*. 
Wherefore,  since  EF  and  AD  are  both  given,  DG  is  alsa 
given,  and  consequently  AG :  but  the  right  angle  AFO 
being  contained  in  k  semicircle  described  upon  AG^  the 
point  F  or  F',  its  contact  or  intersection  with  BC,  is  gi* 
ven,  and  consequently  the  straight  line  AEF. 

COMPOSITION, 

Make  AI  equal  to  the  given  straight  line,  join  DI,  and, 
equal  to  this,  produce  AD  to  G«  upon  AG  describe  a  se- 
micircle meeting  the  extension  of  BC  in  F  or  F^  and  join 
AEF  or  AF^E^ ;  EF,  the  external  part  of  that  straight 
line,  is  equal  to  A  I. 

For  join  FG,  EG,  and  let  fall  the  perpendicular  GH 
upon  BF.  It  is  evident  that  EF*  +  FG*  =  ED»  +  DG*  ; 
and  FG  being  equal  to  AE,  EF*+AE»=ED*+DG*. 
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Bat   AE»=rAD»+ED»,  and  DQ»=DI»srAD»+AI»; 

whence  EF»  +  AD» + ED*  =  ED» + AD*+ AP,  and  there- 
foie  £F> = AI*,  and  EFs  AI. 


PROP.  XXX.    PROB. 

To  investigate  the  construction  of  a  regular 
pentagon  or  decagon. 

1.  Erery  regular  polygon  is  capable  of  being  inseribcd 
in  a  circle,  and  therefore  the  angles,  formed  at  the  centre 
by  drawing  radii  to  the  several  comers  of  the  figure,  are 
each  of  them  equal  to  that  part  of  four  right  angles  corre- 
flpooding  to  the  number  of  sides.  Consequently  the  cen- 
tral angles  of  a  pentagon  are  each  equal  to  the  fifth,  and 
thoae  of  a  decagon  are  each  equal  to  the  tenth,  part  of 
four  right  angles ;  but  an  angle  at  the  circumference  being 
half  of  that  at  the  centre,  ihe  vmical  angle  of  the  isosceles 
triangle,  formed  in  the  pentagon  by  drawing  straight  lines 
from  any  corner  to  the  ^tremities  of  the  opposite  jside, 
mast  also  be  the  tenth  part  of  four  right  angles.  Whence 
the  construction  of  a  regular  penUgon  or  decagon  involves 
the  description  of  an  isosceles  triangle,  whose  vertical  an- 
gle  is  equal  to  the  tenth  part  of  four  right  angles,  or  the 
fifth  part  of  two  right  angles* 

2.  Since  the  vertical  angle  of  that  isosceles  triangle  is 
the  fifth  part  of  two  right  angles,  the  angles  at  its  base 
must  be  together  equal  to  the  remaining  four-fifths,  and 
each  of  them  il  consequently  two- fifths  of  two  right  angles. 
Wherefore  each  of  the  angles  at  the  ba«e  of  that  compo- 
Bent  triangle  is  double  of  iu  vertical  angle. 
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S.  Lei  ABC  be  soeb  do  isowelfes  criang^  baw^g 
eadi  of  tbe  ongles  at  A  ami  C  4oohle  of  the  angle  at  B« 
Draw  CD  bisecting  the  angle  ACB.  The  angle  BCD 
must  then  be  equal  to  CBD,  and  consequently  the  side 
CD  is  equal  to  BD.  But  in  the  triangles  B  AC  and  CAD^ 
the  angle  ABC  is  equal  to  ACD,  the  angle 
CAB  common  to  both,  and  consequently  the 
remaining  angle  BCA  is  equal  to  CDAf 
whence  CD  A  is  equal  to  CAD,  and  there- 
fore  the  side  AC  is  equal  to  CD.  Thus  the 
three  straight  lines  AC,  CD»  and  BD  are  all 
equal.  Again,  because  CD  bisects  the  aa^le 
ACB,  (VL  11.  El.)  BC  ;  AC : :  AC  :  AD,  that  is,  AB  : 
BD : :  BD :  AD.  Hence  Afi  is  divided  in  extreme  and 
mean  ratio  at  the  point  D,— or  the  square  of  BD  or  AC, 
the  base  of  the  isosceles  triangle,  is  equal  to  the  rectangle 
tinder  the  side  AB  and  the  remiMniog  segment  AIX 
Whence  the  construaion  of  a  rc^lar  pentagon  or  deca- 
gon depends  on  the  medial  section  of  a  straight  line. 

4.  Now  let  the  straight  line  AB  be  divided  by  a  medial 
section,  or  BC^  =  BA.AC«  A^  to  each  the  rectangle 
BA.BC,  and  BC*  +  BA.BCs:  BA.AC+BA.BC,  or  BC 
(BA+BC)=BA*-  To 
AB  annex  BD  equal  to 
it,  and  BCCDssBD*. 
Bisect  BD  in  E,  and 
the  straight  lines  CD 
and  BC  are  the  sum  and 
diflParence  of  CE  and 
BE;  whence  the  rectangle  under  CD  ani  BC,  or  the 
square  of  BA,  is  equal  to  the  excess  of  the  square  of  CE 
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above  the  4qoarf  of  BB»  iMid  tborefore  GE^  s  B A» + BE\ 
Erect  the  perpendicular  BF  equal  to  BA»  and  join  £F.  It 
is  endeot  that,  EF^sBA^  +  BES  and  consequently  E¥* 
=CE^,  and  £FsC£$  but  EF  being  given,  CE  and  BC 
are  therefore  given. 

The  composition  of  this  genera)  problem  forms  a  series 
of  the  most  interesting  propositions  in  the  Elements  of 
Geometry.  Art.  4.  corresponds  to  Prop.  19.  Book  11. ; 
Art.  3.  to  Prop.  S.  and  4.  Book  IV. ;  and  Art  2.  and  1. 
coincide  with  the  5th  and  8th  Propositions  of  the  same 
Book. 


PROP.  XXXI.    PROB. 

To  discover  the  conditions  required  for  the  tri* 
section  of  an  angle. 

Let  ABC  be  an  angle^  of  which  ABD  is  the  third  part. 
About  the  vertex  B  describe  a  circle,  draw  DF  parallel  to 
AB|  join  CF,  and  prodiye  it  to  meet  the  extension  of  A 
in  6. 

ANALYSIS. 

Because  the  chord  DF  is  parallel  to  AE,  the  arc  EF 
(III.  18.  El.)  is  equal  to  AD,  and  comequently  (IlL 
12.  cor.  I .  El )  the  angle  EBF  is 
equal  to  ABD,  or  is  half  of  the 
remaining  angle  DBC ;  but  half 
this  angle  is  equal  (IIL  1&  El.) 
to  the  angle  DFC  at  the  cir* .  . 
cumference,  which  (I.  22.  El.) 
is  equal  to  its  opposite  angle  BOF.    Wb«refi>re  the  angles 


50  GEOlf ETHIOAIr  ANALYSIS. 

BGF  and  GBF  are  equal,  and  (I.  11.  EL)  the  triangle 
BFO  it  isoBodea;  and  thus  to  solve  the  proUem  it 
would  require,  to  draw  CFG,  such  that  the  extreme  part 
FG  shall  be  equal  tp  the  radius  of  the  drcku 


Otherwise  thu(» 

Let  the  angle  ABD  be  the  third  part  of  ABC.  Erect 
the  perpendicular  ADC,  complete  the  rectangle  BACE^ 
extend  the  side  EC  to  meet  BD  produced  in  F,  and  4^a,yf 
CG  making  the  angle  FCG  equal  to  CFG. 

ANALYSIS. 

Because  the  angle  FCG  is  equal  to  CFG,  the  side  GF 
(I.  11.  £1.)  is  equal  to  GC,  and  the  exterior  angle  CpB 
(L  ^0.  El.)  is  double  of  either  of  those  angles.  But  the 
angle CB A  being  by  hy- 
pothesis triple  of  ABD, 
the  angle  CBG  is  doable 
of  it,  or  of  CFG,  and 
therefore  is  equal  to 
CGB;  whence  (L  11. 
£1.)  the  side  BC  is  equal  to  GC.  Again,  from  the  right 
angles  EBA  and  FCD»  take  away  the  equal  angles  ABD 
and  pCGi  and  the  remaining  angles  EBD  and  GCD  are 
equal;  but  £BD  is  equal  (L  22.  El.)  to  the  alternate  angle 
BDA,  which  is  equal  to  the  vertical  angle  CDF ;  con« 
sequently  the  angle  GCD  is  equal  to  GDC,  and  therefore 
the  side  GD  is  equal  to  6C.  Thus  it  appear%  that  the 
loMr  straight  lines  BC,  GC,  G9,  and  GF,  are  all  eqnaL 
Whence  DF,  the  external  segment  of  the  trisecting  line 
BF,  is  double  of  BC  the  diagonal  of  the  rectangle  BACE. 

Sckoliwfif,  Such  then  are  the  final  conditions  on 
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the  trifeclkm  of  an  angle  miMt  depend  But  to  fulfil 
them  in  generalt  exceeds  the  powen  of  elementary  geom^ 
try.  In  some  very  limited  cases  indeed,  the  trisection  of 
an  angle  can  be  efiected,  merely  by  the  help  of  straight 
lines  and  circles.  Thus,  when  the  proposed  angle  ABC 
is  half  a  right  angle»  it  may  be  trisected  by  the  application 
of  Prop*  29.  of  this  Book.  For*  produce  BE  so  that  BH=3 
SBC  join  AH,  produce 
B  A  till  Al= AH,  and  on 
Bl  describe  a  semicircle 
meeting  the  production 
of  EC  in  F  $  the  angle 
ABF  is  the  third  part  of 
ABC. 

This  result  agrees  with 
what  is  deriyedfrom  sim- 
pler views.  For  BH^  s= 
4BC»=8BA*,  and  Al*  =  BH»  +  BA*  =8BA*+BA»=r 
OBA* ;  whence  AI = SBA,  the  diameter  BI  =:  4BA,  andcon«> 
sequently  the  radius  OI=:SBA.  Let  fall  die  perpendiou* 
lar  FL,  and  produce  it  equally  on  the  other  side^  join  OF 
and  OM.  The  triangles  OFL  and  MOL  are  evidently 
eqnal,  and  therefore  OF,  OM,  and  FM,  are  all  equal  to 
2BA9  or  2FL ;  consequently  the  triangle  FOM  is  equUate- 
ral,  and  the  angle  FOM  two*thirds  of  a  right  angle ;  the  an- 
gle FOL  is  hence  one*  third  of  a  right  angle,  and  the  an- 
gle ABF  at  the  circumference,  being  the  half  of  it,  is  there* 
fore  equal  to  the  sis^th  part  of  a  right  angle. 


PROP.  XXXII.     PROB. 

To  investigate  the  conditions  required  in  find- 
ing two  mean  proportionals,      * 
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Let  the  containing  sides  AB  and  AC  of  the  rectaQ|^ 
ABCD  be  the  extremes  of  a  continued  proportioii»  of 
irhich  the  saceessiTe  mean  termi  are  D£  and  AG. 


ANALYSIS. 

Join  CE  and  C6.  Because  AB  or  CD :  D£ : :  AG  t  AC» 
and  CDE,  being  a  right  angle,  is  equal  to  GAC»  the  triU 
angles  DOE  and  AGC  are  (VL  18*  EL)  similar;  whence 
the  angle  DEC  is  equal  to  ACG,  and  the  angles  ACG  and 
ACE  equal  to  DEC  and  ACE,  or  (L  22.  EI.)  two  right 
angles,  and  consequently  ECG  forms  a  straight  Use.  Draw 
the  diagonals  BC,  AD,  and  join  their  intersection  O 
with  the  points  E  and  G.  The  triangles  BOD  and 
BOA  being  evidently  isosceles, 
therefore  (IL  20.  El.)  OE* 
=OD*  +  BE.  ED  and  OG*  = 
pA»  +  BG.GA;  but  (VL  11. 
£1.)  BG  :  BE  :  :  GA  :  AC,  or 
DE :  GA,  and  hence  (V.  6.  El.) 
BE.DEsBG.GA.  Wherefore^ 
OD  being  equal  to  OA,  the 
square  of  OE  is  equal  to  that 
of  OO,   and  consequently  the 

point  O  is  equidistant  from  E  and  G.  Hence,  likewise, 
if  a  circle  were  described  about  the  given  rectangle,  the 
intercepted  segment  EC  (IV.  4.  cor.  El.)  would  be  equal 
to  GH. 

The  solution  of  the  problem,  then,  requires  to  draw 
ECG,  such  that  the  distance  OE  be  equal  to  OG,  or  that 
the  part  EC  without  the  circle  be  equal  to  the  opposite 
partGH. 


•OOK  I. 


5J 


Oihermse  thus. 


The  first  part  of  the  constraction  remaining  the  same^ 

it  was  proved  that  the  rect-> 

angle  BE.  ED  is  equivalent  to 

BGi;  6 A ;  bisect  BD  in  F, 

and  BE.ED  +  DF*,  or  (IL 

1 7.  cor.  2.  El.)  EF* = BG.G  A 

+DF\    On  AB  oonstruct 

the  isosceles  triangle  BKA> 

having  each  of  its  sides  BK 

and  AK  equal  to  DF,  and 

join  GK ;  then  (II.  SO.  El.) 

BG.GA  +  AK»  ^  GK% 

and  consequentlyEF*  =  GKsor£F=:GK.  But^byhypo^ 

thesis,  AB :  DE  : :  D£ : :  GA;:  GA :  AC,  and|(V.  11.  EL) 

DCor  AB:  GA  ::D£ :  AC, or  (V.  IS.  El.)  2AB  :  GA  : : 

itSEiZ  AC ;  join  CF  and  produce  it  to  meet  the  extension 

of  AB  in  L ;  the  triangles  CFD  and  LFB  (I.  SO.  Ei.)are 

,  evidently  equal,  and  CD  or  AB  eqnal  to  BL.    -Wherefore 

AL  is  to  OA  as  SDE  to  AC  or  BD,  or  (V.  S.  El.)  as  DE  to 

DFthehalfofBD,  and  consequently  (V. 9. £1.)  GL:GA:: 

£F :  DF«    Join  LK  and  draw  AM  parallel  to  it ;  then 

{VI.  1.  El.)  GL  :  GA : :  GK  :  GM,  whence  EF :  DF  :  : 

GK:GM;  but  EFsGK,  and  therefore  DF=GM.  Now 

the  points  F,  L  and  K  are  evidently  given,  and  conse- 

qnently  the  straight  line  LK  and  its  parallel  AM  are  giveif 

in  position. 

To  effect,  therefore,  the  construction  of  the  problem,  it  is 
required  from  the  point  K  to  draw  the  straight  line  KMG^ 
soch  that  the  part  MG,  intercepted  between  AM  and  BA 
produced,  shall  be  equal  to  the  half  of  AC. 
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Or  thus. 

Let  AB  and  AC,  the  extreme  terms  of  the  continoed 
proportion,  stand  as  before  at  right  angles,  and  having  pro- 
duced CA  to  D,  let  AB  :  AD :  :  AD  i  AE  :  :  AE  :  AC. 
Since,  then,  AD  :  AE  :  :  AE  :  AC,  It  follows  (V.  6.  EL) 
that  AD.AC=  AE*;  whence  (III.  26.  cor.  I.  El.)  the 
point  E  lies  in  the  circumference  of  a  semicircle  described 
upon  CD.    Join  DE,  produce  DB  to  the  circumference, 
and  draw  the  perpendicular  radius  IF.     Because  AB :  AJ) 
: :  AD  :  AE,  and  the  angle  DAE  is  common  to  the  two  tri- 
angles BAD  and  D  AE-* 
these  triangles  (VI.   13. 
El.)  are  similar ;  conse- 
quently the  angle  ADB 
is  equal  to  AED,  and 
(III.   18.  cor.  El.)  the 
arc  CG  is  equal  to  DE ; 
whence  the  arc  FG  is  equal  to  FE,  and  (III.  10.  El.)  the 
segment  IM  of  the  diameter  equal  to  lA,  of  the  oblique 
line  GL  (VI.  1.  El.)  is  equal  to  LB. 

On  this  condition,  therefore,  that  GD  shall  have  its  in- 
tercepted portion  GL  equal  to  LB,  or  that  the  perpendi- 
culars EA  and  GH  shall  be  equidistant  from  the  centre, 
the  solution  of  the  problem  depends.  The  ratio  of  KI  to 
IC  is  evidently  the  same  as  that  of  AB  to  AC.  Where- 
fore a  semicircle  being  described  with  the  radius  IC^ 
could  a  straight  line  BD  be  drawn  from  D,  such  that  the 
part  BG|  intercepted  between  the  circumference  and  the 
straight  line  CKM  drawn  from  the  other  extremity  of  the 
diameter,  be  bisected  in  L  by  the  perpendicular  radius 
IF — the  problem  would  be  solved:  For  make  AN=AD, 
and  join  CN  meeting  IF  in  O;  it  is  .manifest,  from  what 
has  been  shown,  that  IK,  lO,  IL,  and  IC  are  continued 
proportionals. 


r 
I 


GEOMETRICAL  ANALYSIS. 


BOOK  IL 
DEFINITION. 

• 

A  VABi  ABLE  quantity  derived  from  anodier  ^teh  of  coa-^ 
stant  quantity,  or  which  depends  on  it  by  some  relation  ac* 
cording  to  a  given  law,  is  necessarily  confined  between  cer-^ 
tain  extreme  limits*  When  it  has  acquired  the  greatest 
possible  expansion,  it  is  said  to  have  reached  a  maximum  j 
and  when  it  has  contracted  into  its  lowest,  dimensions,  it 
occupies  the  state  of  a  minimum* 

PROP,  t    PROti. 

From  a  given  point,  to  draw  a  straight  line  in- 
tercepting, on  two  given  parallels,  segments  which 
ahall  have  a  given  ratio. 

Let  AB  and  CD  be  two  parallels,  in  which  are  two  gi- 
Ten  points^  P  and  O ;  and  let  it  be  rcqtiired,  from  another 
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given  point  E,  to  draw  £F,  sach  that  PG  shall  be  to  OF 
in  the  ratio  of  M  to  N. 


•Ki- 


Jl-K 


ANALYSIS- 

Join  PO«  and  pro- 
duce it  to  meet  £F,  or 
its  extension  iti  L 

Because  PG  and  OF 
are  parallel  ,  F I :  OI : : 

PG:  OF  (VI.  2.  El.) 5 

but  the  ratio  of  PG  to 

OF  is  given,  and  hence 

that  of  PI  to  OI5  and 

of  PO  to  OI,  are  given. 

And  since  PO  is  given, 

01  and  the  point  I  are  given ;  wherefore  lEF,  and  the 

segments  PG  and  OF  are  given. 

composition! 

Make  PKrsM  and  OL=N,  join  KL,  PO,  and  pro- 
dace  them  to  meet  in  I,  and  draw  lEF;  PG  and  OP  are 
the  required  segments. 

For  (VI.  2.  El.)  the  parallels  AB  and  CD  being  cut 
proportionally  by  the  diverging  lines  IK,  IP,  and  IG,-~ 
PG  is  to  OF  as  KP  to  OL,  that  is,  as  M  to  N/ 

If  M  be  equal  to  N,  the  point  I  vanishes,  and  EF  be- 
comes evidently  a  parallel  to  OP. 

If  the  straight  lines  KL  and  PO  meet  in  the  given  point 
E«  the  problem  is  by  its  nature  indeterminate,  or  it  admits 
of  indefinite  solution ;  for,  in  that  case,  the  segments  PG 
and  OF,  intercepted  by  any  straight  line  whatever^  drawn 
through  £,  have  all  the  same  ratio. 
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PEOP.  IL    PROa 

Two  diverging  linesr  being  given  in  position^ 
to  draw»  through  a  given  point,  a  straight  line, 
intercepting  segments  which  shall  have  a  given 
ratio. 

Let  it  be  required,  through  D,  to  draw  EDF,  so  that 
A£  shall  be  to  AFin  the  ratio  of  M  to  N. 

ANALYSIS. 

Through  D,  (L  23. 
£L)  draw  DG  paraUel 
to  AE,  and  meeting  AC 
or  its  production,  in  O. 

The  triangks  EL^F 
and  D6F  are  similar, 
and  therefore  (VI.  11.) 

AE  :  AF : :  GD :  GF ;      <y    A      G  £      iTli 

but  the  ratio  of  AE  to 
AF  is  given,  and  conse-  ^^  ' 

quently  that  of  GD  to  GF.  And  since  GD  and  the  point 
G  are  evidentljr  given,  GF  and  the  point  F  are  likewise 
given* 

COMPOSITION. 

From  AB  and  AC  cut  off  AK  =  M,  and  AL^N,  join 
KL,  and  parallel  to  it  draw  £DF  through  D ;  AE  and  AF 
are  the  segments  required. 

For  (VI.  I .  El.)  the  parallels  EF  and  KL  cut  the  diverge 
iDg  lines  AB  and  AC  proportionally,  and  therefore  AE  it 
to  AFy  as  AK  to  AL|  that  is,  as  M  to  N« 
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PROP.  III.    PROB. 

T^o  diverging  lines  being  giveti  in  position,  to 
draw  through  a  given  point,  a  straight  line  cut- 
ting off  segments— on  the  one  from  their  intersec- 
tion, and  on  the  other  from  a  given  point,— that 
shall  have  a  given  ratio. 

Let  AB  and  AC  be  two  diverging  lines,  it  is  required, 
tbroagh  the  point  D,  to  draw  £DF,  so  that  A£  shall  be 
to  the  part  OF,  in  the  ratio  of  M  to  N. 

ANALYSIS. 

Draw  DG  parallel  to  AE,  and  meeting  AC,  or  its  pro- 
duction in  G,  and  make  AE  :  GD : :  OF :  OH. 

By  alternation,  AE :  OF  : :  GD  :  OH ;  but  the  ratio  of 
AE  to  OF  is  given,  and  thence  that  of  GD  to  OH ;  and 
since  GD  and  the  point  O  are 
given,  OH  and  the  point  H 
'are  also  given.  Again,  be- 
cause AE  :  GD  : :  OF :  OH, 
and  (VI.  2.  El.)  AE  :  GD  : : 
AF :  GF,  it  follows  that  OF : 
OH  : :  AF :  GF;  whence  (V. 
10.EL)FH:OH::AG:GF, 
and  {V.  6.  El.)  GF.FH  = 

AG.OH.    But  AG  and  OH      ^^ * 

are  both  given,  and  consequently  the  rectangle  under  the 
segmetits  GF  and  FH  of  the  given  portion  GH  is  also 
given,  and  thence  the  point  of  section  F  is  given>  and  the 
straight  line  ED. 
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COMPOSITION. 

Make  OD  to  OH,  as  M  to  N,  and  (VI.  19*)  diyide 
GH  in  F,  fio  that  the  rectangle  GF,  FH  shall  be  equal  to 
AOOH,  and  draw  EDF;  then  the  segment  AE  is  to 
OF  as  M  to  N.  Since  GF.FH  =  AG.OH,  therefore 
FH:OH:iAG:GF,  and  (V.  9.  El.)  OF:OH:: AF:GF; 
but  ^VL  2.  El.)  AE:  GD:  :  AF:  GF,  and  conseqaetitly 
AE:GD:  :OF:OH,  and  alternately  AE:  OF: :  GD:OIi 
that  is,  in  the  given  ratio. 


PROP.  IV.    PROS. 

Two  ^verging  lines  being  given  in  position,  to 
draw,  through  a  given  point,  a  straight  line,  cut- 
ting off  segments  from  given  points  in  a  given 
ratio. 

Let  AB  and  AC  be  two  diverging  lines;  it  is  requiredy 
through  the  point  D,  to  draw  EDF,  so  thut  P£  shall  be 
to  OF  in  the  ratio  of  M  to  N. 

ANALYSIS. 

Join  DP  cuttrog  AF 
in  I,  and,  through  I, 
draw  IK  parallel  to 
AB,  and  meeting  £F 
ioK. 

Because  the  points 
D  and  P  are  given, 
the  straight  line  DP 
is  given  in  position,  P 
and  consequently  its 
iDtersection  I  with  AC  is  given,  whence  IK,  being  paral- 
lel to  AB,  is  likewise  given  in  position.     But  (VL  ^.  El.) 


y  c 
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P£ :  IK: :  PD :  ID,  and  since  PD  and  ID  are  both  given^ 
the  ratio  of  PE  to  IK  is  given ;  consequently,  the  ratio  of 
P£  to  OF  being  given,  the  ratio  of  IK  to  OF  is  given. 
Wherefore,  by  the  last  proposition,  the  straight  line  KDF 
is  given  in  position. 

COMPOSITION. 

Join  PD  and  draw  IK  parallel  to  AB,  make  M  to  L, 
as  PD  to  ID,  and  draw,  by  the  last  proposition,  KDF, 
so  that  IK  shall  be  to  OF^  as  L  to  N ;  then  will  P£  and 
OF  be  the  segments  required. 

For  (VI.  2.  El.)  PE :  IK  :  :  PD  :  ID  : :  M  :  L,  and 
IK:OF::L:N;  whence  (V.  16.  El)  PE:OF: :  M:  N. 

PROP.  V.    PROB. 

Two  parallels  being  given,  from  a  point  in  a 
given  intersecting  line,  to  draw  another  straight 
line  cutting  off  segnnents  which  shall  contain  a 
given  rectangle. 

Let  AB,  CD  be  two  parallels,  and  G  a  given  point, 
through  which  it  is  required  to  draw  FE  intercepting, 
from  given  points  O  and  P  in  the  same  direction  OPO, 
segments  OE  and  PF,  that  shall  contain  a  given  rect- 
angle. 

ANALYSIS. 

Because  AB  and  CD  are  pa-     a      o  K  u 

I'allel,  GO:GP : :  OE:  PF  (VI. 
2.  El.)  and  consequently  (V. 
26.  cor.  2.  El.)  GO  :  GP  :  : 
OE*  :  OE.PF ;  and  GO  and 
OP  being  given,  their  ratio  is 
given,  and  therefore  the  ratio 
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of  0£*  to  OE.PF  is  given ;  but  the  rectangle  OE,  PF 
is  given,  and  hence  the  square  of  OE  and  conseqaentiy 
0£  itaelf>  are  given. 

COMPOSITION. 

Find  (VI.  16.  EL)  GI,  a  mean  proportional  between 
GO  and  GP,  draw  IK  parallel  to  AB  or  CD,  and  such 
(III.  27.  EL)  that  its  square  shall  be  equal  to  the  given 
rectangle,  and  join  EKFG  s  this  is  the  straight  Una  re* 
cpired. 

For  0£,  IK,  and  PF  being  parallel,  06  :  IG : : 
OE:IK,  and  PG:IG::PF:IK  (VL  2.  EL);  whence 
oomponndmg  these  analogies  (V.  22.  EL)  OO.PG :  IG^ : : 
PE.PF :  IK^ ;  but  OG.PG  s=  IG%  and  consequently 
(V.4.)OE.PF=IK». 

PROP.  VI.     PROB: 

Through  a  given  point,  to  draw  a  straight  line 
intercepting,  from  given  points  on  two  given  pa- 
rallels, segments  which  shall  contain  a  given  rect- 
angle. 

Let  AB  and  CD  be  parallels  in  which  the  points  O  and 
P  are  given,  and  let  it  be  required  through  G  to  draw 
GFE,  so  that  the  segments  OE  and  PF  shall  contain  a 
g^yen  rectangle. 

ANALYSIS. 

Draw  GO  and  GP,  cutting  the  parallels  in  I  and  H. 
Because  the  points  0»  P,  and  G  are  given,  the  straight 
lines  GIG  and  GPM  are  given  in  position,  and  conse- 
quently their  intersections  I  and  H  with  the  given  paral- 
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left.  And  since  AB 
18  pmrailel  to  CD> 
GP:GH::PF:HE 
(VI.  2.  El.)  but 
(V.  25.  cor.  2.  El.) 
PF:HE::PF.OE 
:HE.O£,  and  con- 
sequently OP:GH 
::PF.OE:HE.OE. 

Now,  GP  and  GH  being  given,  tbeir  ratio  is  given,  and 
hence  that  of  PF.OE  to  HE.OE ;  wherefore  the  rectangle 
PF,  OE  being  given,  the  rectangle  under  the  segments 
HE  and  OE  of  the  given  straight  line  HO  is  likewise 
given;  whence  (VI.  17.  El.)  the  point  £  is  given,  and 
consequently  the  straight  line  GFE. 

COMPOSITION. 

Draw  GO  and  GP,  find  (II.  9.  El.)  HK  the  side  of  a 
rec^ngie  GP^  HK  which  is  equal  to  tbe  given  spacer  and 
(VI.  17.  El.)  divide  HO  in  the  point  E,  so  that  tbe  rect- 

m 

angle  under  its  segments  HE  and  OE  shall  be  equal  to 
the  rectangle  HG,  HK,  and  join  GFE ;  this  is  the  straight 
line  required. 

For  HE  :  PF  : :  HG :  GP,  and  hence  (V.  25.  cor,  2. 
j:i.)  HE.OE  :  PF.OE  ;  :  HG.HK  ;  GP.HK;  but,  by 
construction,  the  rectangle  H{I.Q£  is  equal  to  GH.HK^ 
and  consequently  (V.  8.  and  4.  £1.)  PF.OflsQP.HK^ 
pr  the  given  space. 

PROP.  VII.     PROB. 

To  draw  through  a  given  point  a  straight  line, 
cutting  from  two  given  diverging  lines,  segments 
which  shall  contain  a  given  rectangle. 


Let  AB  and  AC  be  two  diverging  lines  given  in  posi* 
tion,  and  let  it  be  required  through  the  point  D,  to  draw 
£DF,  BO  that  the  rectangle  under  the  segments  AE^  AF 
ihall  be  eqoal  to  a  given  space. 

ANALYSIS. 

Draw  HD  parallel  to  AB,  and  make  (II.  9.  £1.)  the 
rectangle  DH.AI  equal  to  the  given  space. 

Because  A£  AFsDH.AI,  A£:DH  : :  AI :  AF  (V.6. 
EL),  but  AE :  DH  :  :  AF-:  FH  (VL  2.  £1.),  and  there* 
fore  AF:FH::  AI:  AF; 
whence    (V     11.  cor.   £l:)  ^^^ 

AH :  AF : :  IF :  AI,  and  (V.  ,. 

6.  £L)  AH.A1  =  AF.IF.  X     \^ 

Now  DH,  being  parallel  to 
AB,  is  given,  and  conse- 
quently AI  is  given ;  where- 
fore the  rectangle  AH,  AI  being  given,  AF.IF  is  also 
given ;  and  since  AI  i»  given,  its  internal  or  external  sec- 
tion is  (VI.  17.  £1.)  given. 

COMPOSITION. 

Draw  DH  parallel  to  AB,  find  (II.  9.  EI.)  AI,  which 
contains  with  DH  a  rectangle  equal  to  the  given  spacer 
and  divide  AI  (VI.  17.  £1.)  so  that  the  rectangle  under 
its  s^meots  AF,  FI  shall  be  equal  to  the  rectangle  AI, 
JiH ;  £DF  is  the  straight  line  required.  For,  by  con- 
struction, AF.1F=:  ALAH,  whence  (V.  6.  £1.)  AH  :  AF 
: :  IF :  AI,  and  (V.  10  ^nd  7.  El.)  AF :  FH  : :  AI :  AF; 
but  AF :  FH  : :  AE :  DH,  and  consequently  AE :  DH : : 
AI :  AF,  and  (V.  6.  El.)  AE.  AF=DH.AL 
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PROP.  vm.  pRoa 

Through  a  given  point  to  draw  a  straight  lin^ 
which  shall,  by  its  intersection  with  two  given 
diverging  lines,  form  a  triangle  containing  a  given 
space. 

Let  it  be  requiredi  through  the  point  D«  to  draw  a 
straight  line,  EDF  intercepting,  between  the  diverging 
lines  AB  and  AC,  a  triangle  A£F^  which  shall  contain  a 
given  space. 

ANALYSIS. 

Draw  DH  parallel  to  AB,  upon  AC  let  fall  the  perpen* 
diculars  ES  and  DT,  and  find  (IL  9.  and  7.  £1.)  undar 
the  altitude  DT,  AI  the  base  of  a  trian^le>  containing 
the  given  space. 

Because  the  rect- 
angles ES,  AF  and 
DT,AIare(Il5.El.) 
each  double  of  the 
triangles  AEF  and 
ADI,  they  are  equal, 
and  consequently  (V. 
6.   El.)   ES  :  DT  :  : 

AI :  AR  But  the  triangles  AES  and  HDT  are  evident- 
ly similar,  and  therefore  (VL  1 1  El.)  A£ :  ES : :  HD:  DT, 
or  alternately  AE  :  HD : :  ES :  DT ;  whence  AE :  HD : : 
AI :  AF,  and  AE.AF=HD.AL  Now  HD  is  given,  and 
consequently  AI ;  wherefore  the  rectangle  AE,  AF  is  given 
and  thence,  by  the  last  proposition,  the  straight  line  EDF 
is  given  in  position. 


J^C 


BOOK  JI. 


6f 


COMPOSITION. 

Draw  DH  parallel  to  AB,  let  fall  the  perpendicular 
DT,  bisect  this  in  the  point  R,  find  (II.  9.  £1.)  the  side 
Al,  which  with  RT  contains  n  rectangle  equal  to  the 
pven  ^acot  and,  by  the  last  proposition,  draw  EDF) 
SQch  that  the  rectangle  AE.AF  shall  be  eqaal  to  DH.AL 

Having  let  fall  the  perpendicular  £S,  and  bisected  it  in 
Q,  the  triangles  AESand  HDT  are  similar;  whence 
AE :  ES::HD:DT,  and  alternately  AE:  HD:  :ES:DT,  or 
(V.  S.  EJ.)  AE:  HD::QS : RT ;  wherefore  AE. AF:  HD. AI 
: :  QS.AF :  RT.AI ;  but  the  recUngle  AE. AF= HD.AI, 
and  hence  (V.  4<.  EI.)  QS.AF:=r RT.AI,  or  the  triangle 
AEF  is  equal  to  the  given  space. 


This  problem  will  admit  of  a  siitiplet  construction,  In 
the  case  where  the  given'  point  D  lies  between  the  diverge 
ing  lines  AB  and  AC.  For  draw  DG  parallel  to  ACy 
and  make  (IL  9.  El.)  the  rhomboid  AOKI  equal  to  the 
given  space* 

Because  the  triangle  AEF  is  equal  to  the  rhomboid 
A6KI,  take  each  of  them  from  the  compound  figure 
AEDKLF,  and  the  triangles  GED  and  ILF  will  remain  equi- 
valent to  the  triangle 
DLK;  but  these 
lopplementary  tri- 
angles, being  form- 
ed by  parallel  lines, 
are  evidently  simi- 
lar,and  consequent- 
ly the  homologous 
sides  GD  and  IF 
arc  (VL  26.  EL) 
sides   of  a   right- 
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angled  triangle,  of  which  DK  ii  the  hypotenuse;  where- 
fore (IL  10,  EL)  GD*  +  IF*  =  DK*,  w  GD  and  DK 
being  equal  to  AH  and  HI,  (L  26.  EL)  IF*  =  HI*— AH*. 
And  since  HI  and  AH  are  both  given,  it  follows  that  IF 
is  giren. 

COMPOSITION. 

Construct  (IL  8.  EL)  the  rhomboid  AGKI  equal  to  the 
given  spaoe,  draw  DH  parallel  to  AB,  on  HI  describe  % 
semicircle^  in  which  inflect  HM  equal  to  AH,  join  IMf 
and  make  IF,  or  IF',  equal  to  it  *,  EDF,  or  E'DF',  is  the 
base  of  the  required  triangle*  -^ 

For  (HI.  19.  EL)  HMI  being  a  right  angle,  IH*9 
HM*  +  IM*  (IL  10.  EL),  or  DK*=:GD*+IF*;  whence 
(VI.  26.  EL)  the  triangle  DLK,  or  DL'K,  is  equivalent 
to  the  triangles  6ED  and  ILF,  or  to  GE'D  and  ILT; 
and,  adding  to  both  the  excess  of  the  rhomboid  AK  above 
the  triangle  DLK,  or  DL'K,  the  rhomboid  AK  is  equi- 
valent to  the  triangle  AEF  or  AET',  which  is^  therefore^ 
equal  to  the  given  space. 

PROP.  IX.    PROS. 

Through  a  given  point  to  draw  a  straight  line, 
cutting  off  segments,  from  two  given  diverging 
lines— on  the  one  from  their  intersection, .  and  on 
the  other  from  a  given  point--virhich  shall  con- 
tain a  given  rectangle. 

Let  it  be  required  to  draw  EDF,  so  that  the  rectangle 
AE,  QF  shall  be  equal  to  a  given  space. 

ANALYSIS. 

Draw  DH  parallel  to  AB,  and  (IL  9.  EI.)  make  the  rect- 
angle DH.OI  equal  to  the.given  space;  01  and  the  point 
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I  are,  therefore,  given* 

And  since  AE.OF  =r 

DH.OI,  it  follows  that 

AE  :  DH  :  :  OI :  OF; 

but  ( VL  2.  El.)  AE : 

DH  :  :  AF  :  FH,  and 

oonaeqiiently  AF:  FH 

: :  Ol  :  OF.     Where-     6      A      H  r'        1^  1  C 

fcre  (V.  1 1.  EI.)  AF  :  AH  :  :  OI  :  FI,  and  (V.  6.  EI.) 

AF.FIrzAH.OI;  hence  A I  and  the  rectangle  under  its 

segmeots,  AF  and  FI,  are  given*  and  consequently  (VI. 

17.  El.)  the  point  of  section  F  and  the  straight  line  £DF 

are  given. 

COMPOSITION. 

Having  drawn  DH  parallel  to  AB,  and  made  the  rect* 
angle  DH.OI  equal  to  the  given  space,  divide  AI  (VI. 
17.  El.)  in  F,  or  F^  such  that  the  rectangle  under  its 
segments  shall  also  be  equal  to  the  rectangle  AH.OI ; 
EDF,  or  E'DF',  is  the  required  straight  line.  For  since 
AF.FlsAH.OI,  AF  AH::OI:IF;  whence  (V.  U. 
BL)  AF:FH::Ol:OF;  but  (VI.  2.  El.)  AF:PH:: 
A£ :  DH,  and,  therefore,  AE :  DH : :  01 :  OF,  and  the 
ractangle  AE.OF  is  equal  to  DH.OI,  or  the  given  space. 

PROP.  X.    PROB. 

Through  a  given  point,  to  draw  a  straight  line, 
cutting  off  segments  from  given  points,  on  tvro 
given  diverging  lines,  that  shall  contain  a  given 
rectangle. 

Let  it  be  required  to  draw  EDF,  so  that  the  rectangle 
OF.PE  shall  be  equal  to  a  given  spacer 


68.  GEOMETBICAL  ANALYSIS. 

ANALYSia 

Join  BO  meeting  AE  in  Q,  and  draw  QR  parallel  to 
AC. 

Because  ( VI.  2.  El.)  DO  :  DQ : :  OF :  QR,  it  follows 
(V.  25.  cor.  2.  El.)  DO :  DQ : :  OF.PE :  QR.PE ;  but 
DO  and  DQ  are  evi- 
dently given,and  there- 
fore the  rectangle  OF, 
PE  has  to  QR,  PE  a 
given  ratio;  and  since 
OF.PE  is  given,  the 
rectangle  QR,  PE  is 
likewise  given,.and  QR, 
being  parallel  to  AC,  is  given  in  position.  Whence,  by 
the  last  proposition,  the  intersecting  line  EDR  or  EDF^ 
is  given  in  position. 

COMPOSITION. 

Join  DQO»  9raw  DH  parallel  to  AC,  and  produce  it 
meeting  in  S  the  parallel  to  AB,  make  the  rectangle 
DS.PI  equal  to  the  given  space,  and  divide  PI  in  £,  such 
that  the  rectangle  under  its  segments  PE,  IE  shall  he 
equal  to  the  rectangle  AH,  PI ;  EDF  is  the  straight  line 
required. 

For  DQ  :  DO  :  :  DH  :  DS  :  :  QR  :  OF,  and  conse- 
quently (V.  25.  cor.  2.  El.)  DH.PI :  DS.PI :  :  PE.QR 
:  PE.OF;  but,  by  the  last  proposition,  DH.PI=P£.QR» 
whence  the  rectangle  DS,  PI,  or  the  given  space,  is  equal 
to  the  rectangle  PE,  OF. 
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PROP.  XL    PROB. 

To  divide  a  given  straight  line,  so  that  the 
rectangle  under  one  of  its  segments  and  a  given 
)ine,  shall  be  equal  to  the  square  of  the  other 
segment. 

Let  it  be  required  to  di?ide  AB  in  C>  such  that  the 
rectangle  under  AC  and  G  shall  be  equal  to  the  square 
ofCB. 

ANALYSIS. 

Make  BD  =  G,  and  ^ 

since  AC.G  =  CB*,  it  ^ 

follows  (V.  6.  El.)  that  A       C     B  P 

AC:CB::CB:BD,and  |_Jl , 

conseqnentIj(  V.9.  and  1 0.  . . t— — * 

EI.)AB:CB::CD:BD}  A.  B  B      C 

whence      (V.     6.     El.)  , G^ ^ 

AB.BD=CB.CD.  But    p  C  A       B 

J i 1 1 

the  rectangle  AB,  BD  is 

giTen,  and,  therefore,  the  rectangle  CB,  CD  is  also  given ; 
and  BD  being  given,  the  point  of  section  C  is  (VI.  17.  El.) 
thence  given* 

COMPOSITION. 

In  the  same  straight  line  AB,  make  BD  equal  to  Gf 
and  (VL  17.  £1.)  cut  BD  such  that  the  rectengle  CRCD 
be  equal  to  AB.BD;  C  is  the  pcHUt  of  section  required. 
For  it  is  evident  (V.  6.  EI.)  that  AB :  CB : :  CD :  BD,  and 
consequently  (V.  10.  El.)  AC  :  CB::  CB:  BD;  where- 
fore (V.  6.  El.)  AC.BD,  or  AC.G=CB*. 
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PROP.  XII.    PROB. 

To  divide  a  given  straight  line,  so  that  the 
rectangle  under  one  of  its  segments  and  a  given 
line  shall  have  a  given  ratio  to  the  square  of  the 
other  segment. 

Let  it  be  required  to  divide  AB  in  C,  such  that 
AC.G:CB»::M:N. 

ANALYSIS. 

Make(VL8.El.)G:H::M:N,        ^     g    ^    ^H, 
and  H  is  gfven ;  but  AC.G  :  CB*  : : 
G  :  Hj  and  consequently  (V.  25.  cor.      j — 
2.  El )  CB*=AC.H;  wherefore,  by     ^ 
the  last  proposition,  the  section  of  i  ■  '"^  -i 

AB  is  given. 

COMPOSITION. 

Having  made  M :  N : :  G :  H,  let  AB  be  divided  by  the 
last  proposition,  so  that  AC.H=CB' ;  then  AC.G:CB*:: 
M:  N.     For  AC.G:  AC.H  or  CB*  ::G:  H,  or  M:N. 

PROP.  XIII.     PROB. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth  point,  such  that  the  reei- 
angle  under  its  distance  from  the  first  and  a  given 
line,  shall  be  equal  to  the  rectangle  under  its  dis- 
tances from  the  second  and  third  points. 


-I » 
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Let  it  be  required  to  find  cbe  point  D,  so  that  AD.G 
sCD.BD. 

ANALYSIS. 

Make  BE=0,  and  because  g  . 
AD.G  =  CD.BD,  it  follows 

tbat  AD  :  CD  :  :  BD  :  BE;     X. vT^ E~C 

whence  (V.   9.  and  IQ.  EL)  q. 

AC  :  CD  :  :  DE  :  BE,   and  "^ 

AC.BE  =  CD-DE.    But  the      >^; 1^^ c 

rectangle  AC,  BE  being  evi* 

dentiy  given,    the    rectangle  '^ 

under  the  segmenU  CD,  DE      i ■    .1  '  ■ — ^r^ 

of  CE,  a  given  straight  line,  is 

also  given,  and  consequently  (VL  17.  El.)  the  point  of 

section  D  is  given. 

COMPOSITION. 

Having  made  BE=G,  divide  (VI.  17.  El.)  CE  in  D, 
80  that  CD.DE=:AC.BE;  D  is  the  point  required. 

For  (V.  6.  El.)  AC :  CD  : :  DE :  BE,  and  (V.  10,  El.) 
AD:  CD::  BD:  BE;  whence  AD.BE,  or  AD.G  = 
CD.BD. 

PROP.  XIV.    PROB. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth,  so  that  the  rectangle  un- 
der its  distance  from  the  first  and  a  given  line, 
shall  have  a  given  ratio  to  the  rectangle  under  its 
distances  from  the  second  and  third  points. 

Let  it  be  required  to  find  a  point  D,  such  that  AD.G  *• 
CD.BD::M:N. 
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ANALYSIS. 

Make  M  :  N  :  :  G :  H, 

i¥hence  H  is  given  ;    but      i ^ 1       \  \ 

since  AD.G  :  CD.BD  :  :       f ^ 


G  :  H,  it  is  evident  that      ^  :^f^      ^     y  ^ 

AD.H  =  CD.BD ;  where-  '  '        ^       '        ' 

fore,  by  the  last  proposition » the  point  of  sectioti  D  is  gi* 
yen. 

COMPOSITION. 

Having  made  G  :  H  : :  M :  N,  find,  by  the  last  pn^po- 
sition,  the  point  D,  so  that  CD.BD  =  AD.H ;  D  is  the 
section  required.  For  (V.  25.  cor.  2. 1)1.}  AD.G :  AD.H 
or  CD.BD ::  G:  H,  or  M :  N. 


PROP.  XV.    PROS. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth,  so  that  the  square  of  its 
distance  from  the  first  shall  be  equal  to  the  rect- 
angle under  its  distances  from  the  second  and 
third  points. 

Let  it  be  required  to  find  a  point  D,  such  that  AD^  := 
CB.BD. 

1 .  When  the  point  D  lies  between  A  and  B. 

ANALYSIS. 
Because  AD*  =  CD.BD,  it  follows  (V.  6.  El.)  that 
CD  :  AD  :  :  AD  :  BD  j  whence  (V.  9.  El.)  AC  :  AD  : : 

AB  :  BD,  and  al-      ,       ., , 

temately  AC :  AB    ^    ^^  c 

: :  AD  :  Bl).    But  the  ratio  of  AC :  AB  being  giveoy  the 
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lalio  of  AD  to  BD  ifl  given  ;  and  since  AB  k  given,  ^e 
point  D  (VL  4.  £L)  b  given. 

COMPOSITION. 

Divide  AB  (VI.  4.  El.)  in  the  ratio  of  AC  to  AB,  and 
the  point  of  section  D  is  that  required. 

For,  because  AD :  BD : :  AC :  AB,  AD :  BD  t :  AC— AD, 
or  CD  :  AB— BD  or  AD  (V.  19.  cor.  1.  El.);  whence  (V. 
6.EI.)  AD^rrBD.CD. 

2.  When  the  paint  D  lies  between  B  and  C. 

ANALYSIS. 

Make  D£=AD,  and  since  AD^=CD.BD,  CD  :  AD 
•r  DE  :  :  AD  :  BD,  and  therefore  (V.  10.  £1.)  CE  :  DE 
: :  AB  :  BD,  and  alternately  CE  :  AB  : :  DE :  BD,  or 
(V.  8.  El.)  CE  :  AB  : :  2DE  or  AE  :  2BD ;  whence  (V. 
19.  EL)CE;  AB:  :CE+Ai;  or  AC  :  AB+2BD,  orB?, 
and    consequently 

(V.  6.  El.)  CE.BE  q      ^ 

=:ARAC;butthe    A      b  £  *         '  C 

rectangle  AB,  AC 

Veing  given,  the  rectangle  CIJ,  BE  is  likewise  given,  and 
BC  being  given,  the  point  E  is  given  (VI.  17.  El.)i  and 
Aerefore  D,  the  bisection  df  AE,  is  given. 

COMPOSITION. 

Divide  BC  (VI.  19.  El.)  in  E,  such  that  CE.BE  = 
AB.AC,  and  bisect  AE  in  D;  then  AD*  =  CD.BD. 

For  since  CE.BE= AB.AC,  it  is  evident  that  CE  :  AB 
:  :  AC  :  BE;  whence  (V.  17.  El)  CE  :  AB  : :  AE:  2BD 
or  (V.  S.  El.)  DE  :  BD ;  and  alternately,  CE  :  DE  : : 
AB  :  BD,  and  (V.  9.  EL)  CD  :  DE  or  AD  : :  AD  :  BD; 
wherefore  (V.  6.  El.)  CD.BD=AD*. 
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This  last  case  is  evidently  sul:]ect  to  linaitatioii ;  for  the 
rectangle  AB/ AC  being  equal  by  conatraction  to  C£.BE» 
must  not  exceed  the  square  of  the  half  of  BC,  which  (IL 
17.  cor.  1.  £1.)  is  the  greatest  rectangle  contained  under 
the  segments  of  BC.  Consequently,  if  £  coincide  with 
the  middle  point  O,  it  limits  the  problem ;  but  then  AB.  AC 
=  B0%  or  AB.AC  +  BO*  =  {II.  17.  cor.  2.  El.)  AO*  = 
2BO*>  and  therefore  AG  is  the  diagonal  of  a  square  de- 
scribed on  BO.  Whence  AB :  BC  :  :  V^ — 1 : 2,  or  1 : 8 
+  v^8 ;  that  is,  the  ratio  of  AB  to  BC  has  attained  its 
maximum^  when  it  is  that  of  half  the  side  of  a  square  to  the 
sum  of  the  side  and  the  diagonal. 


PROP.  XVI.    PROB. 

In  the  same  straight  line,  three  points  being 
given,  to  find  a  fourth,  such  that  the  square  of  its 
distance  from  the  first,  shall  have  a  given  ratio  to 
the  rectangle  under  its  distances  from  the  second 
and  third  points. 

Let  it  be  required  to  find  a  point  D,  such  that  AD* 
shall  be  to  CD.DB  in  a  given  ratio. 

1.  When  D  lies  between  A  and  B. 

ANALYSIS. 

On  BC  describe  a  semicircle,  and  draw  the  tangent  D£ ; 
then  (III.  26.  cor.  2.  El.)  D£*=: CD.DB,  and  consequent- 
ly the  square  of  AD  is  to  the  square  of  DE  in  the  given 
ratio ;  whence  the  ratio  of  AD  to  DE  is  given.  Draw 
the  radius  £F,  and  produce  ED. to  meet  AG  a  per- 
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pendicolar  to  AC.  The 
triangles  ADG  andEDF 
are  evidently  similar,  and 
therefore  AD  :  AG  : 
DE :  £F,  or  alternately 
AO:DE  :  :  AG  :  EF; 
and  since  the  ratio  AD 
to  DE  is  given,  -the  ra- 
tio oF  AG  to  EF  is  also 

g^ven,  and  the  radius  EF  being  given^  AG  and  the  point  G 
are  thence  given ;  wherefore  the  tangent  G£  and  its  inter* 
section  D  with  AC  are  given. 

COMPOSITION. 

Let  M :  N  be  the  given  ratio,  and  to  these  find  (VI.  1 6. 
EL)  a  mean  proportional  O,  on  BC  describe  a  semicircle^ 
make  O  :  M : :  BF  :  AG,  a  perpendicular  erected  from  A* 
and  (III.  M.  EL)  draw  the  tangent  GDE ;  the  intersec- 
tion D  is  the  point  required. 

For,  the  *  triangles  DAG  and  DEF  being  similar, 
AD :  AG : :  DE :  EF,aod  alternately  AD :  DE : :  AG :  EF» 
or  M  :  O ;  wherefore  (V.  2«.  cor.  I.  El.)  AD*  :  DE»  :  : 
M*  :  0»,  that  is,  (V.  24.  EL)  M :  N ;  bat  (III.  26.  cor.  2, 
EL)  DE'=CD.DB,  and  consequently  AD*  :  CD.DB  : : 
::M:N. 

2.  When  D  lies  between  the  points  B  and  C. 

ANALYSIS. 

On  BC  describe  a  semicircle,  draw  DF  perpendicular  to 
die  diameter,  and  meeting  the  circumference  in  F,  and  join 
AF. 

Because  (in.  26.  cor.  2.  El.)  BD.DC=DF*,  the  ratio 
of  AD*  to  DF*  is  given,  and  consequently  that  of  AD  to 
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DF  ;    but    the    angle 

ADFy    contained    by 

these  sides,  being  a  right 

angle,    is    given,    and 

therefore    the   triangle 

AFD  is  given  in  species. 

Hence  the  angle  DAF 

is  given,  and  the  straight  '    '-  ' 

line  AF  given  in  position ;  wherefore  the  intersection  F 

or  F^  the  perpendicular  FD,  or  F^IK,  and  the  point  D^ 

or  ly,  are  all  given, 

COMPOSITION. 

Let  M  :  N  express  the  given  ratio,  and  to  these  find 
(VI.  16.  £1.)  a  mean  proportional  O,  make  (VL  S.  EI.) 
M  to  O  as  AC  to  the  perpendicular  CE,  join  AE  meeting 
tb^  circumference  of  a  semicircle  described  on  BC  in  the 
point  F  or  F^  and  let  fall  the  perpendicular  FD  or  FIK ; 
then  M  :  N  : :  AD»  :  BD.DC  or  AD'*  :  BD.D'C. 

For  the  triangle  ACE  is  evidently  similar  to  ADF  or 
AiyF,  and  therefore  AC :  CE : :  AD ;  DF,  and  AC* :  CE» 
: :  AD*  :  DF*:  but  (V.  24-  El.)  M  :  N  : :  M*  :  O*,  or  as 
AC  :  CE*,  and  consequently  AD* :  DF*,  that  is  BD.DC, 
:  :  M  :  N. 

This  problem  evidently  requires  limitation;  for  if  AE 
should  diverge  too  much  from  AC>  it  will  not  meet  the  cir- 
cumference at  all.  Hence  an  extreme  case  will  occur, 
when  AE  touches  the  circle.  Bui  the  ratio  of  AC  to  CE, 
or  of  AD  to  DF,  will  then  be  the  same  as  that  of  a  tangent 
from  A  is  to  the  radius  HB ;  and  consequently  the  limit<» 
ing  ratio  is  the  duplicate  of  this, — or  the  ratio  of  M  to  N 
pan  never  approach  nearer  to  the  ratio  of  equality  thaii 
^hat  of  AB.AC,  or  AH*— HB*,  to  HB*, 
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^i  When  the  point  D  lies  beyond  B  and  C. 

ANALYSIS. 

On  BC  describe  a  semicircle,  draw  the  tangent  D£,  and 
prodace  it  to  meet  the  perpendicular  AG,  and  join  £  with 
the  centre  F. 

Because  (III.  26.  cor.  2.  El.)  BD.DC=DE%  the  ratio 
of  AD^  to  D£'  is  given,  and  consequently  that  of  AD  to 
DE.     But  the  angle  DEF,  being  (III.  24.  El.)  a  right  an- 
gle,  is  equal  to      ^ 
DAG,  and  the 
ai^e  at  D  is 
common  to  the 
trianglesDGA 
and       DFE, 
which  are 

therefore  simi- 
lar, and  hence 
AP  :  AG  :  : 
DE  :  EF,  or  '  ' 

alternately  AD  :  DE  :  :  AG  :  EF.  And  since  the  ratio 
of  AD  to  DE  is  given,  that  of  AG  to  EF  is  also  given, 
and  EF,  the  half  of  EC  being  given,  AG  and  the  point  6 
are  thence  given.  Wherefore  the  tangent  GE  and  its  in* 
tersection  D  with  AC  are  given. 

COMPOSITION. 

Let  M :  N  be  the  given  ratio,  and  find  the  mean  pro- 
portional O  $  make  O  :  M  :  :  BF  :  AG,  a  perpendicular 
to  AC,  and  draw  (III.  22.  El.)  the  tangent  OED;  then 
M :  N  : :  AD*  :  BD.DC. 

For  join  EF.    Because  the  triangles  ADG  and  EDF 


O 
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are  similart  AG :  AD : :  EF :  ED,  and  alternately  AG :  EF 
:  AD :  ED ;  but  AG :  EF: :  M  -.O,  and  therefore M :  O 
:  AD:ED,and  M*:0*  :  :  AD*:ED*,  that  is,  M:N 
:  AD*  :  ED*  or  BD.DC. 


PROP-  XVII.     PROR 

In  the  same  straight  line,  four  points  being  gi« 
yen,  to  find  a  fifth,  such  that  the  rectangle  under 
its  distances  from  the  first  and  second  points,  shall 
have  a  given  ratio  to  the  rectangle  under  its  dis- 
tances from  the  third  and  fourth.  * 

Let  it  be  required  to  find  a  point  E,  so  that  AE.EB : 
DE.EC  : :  M :  N. 

1.  Let  M :  Nbe  a  ratio  ofequnHh). 

ANALYSIS. 

Because  AE.EB=DE.EC,  it  is  manifest  that  AE :  CE 
:  :   D£  :  £B  ; 

whence  (V.  9.  and      a_ B  C  l> 

8.  EI.)  AC  :  BD        '  ""e      '  ' 

:  :  CE  :  EB,  and 

(V.  9.  El.)  AC+BD  :BD::BC:  EB;  but  the  raUo  of 
AC+BD  to  BD  is  given,  whence  that  of  BC  to  EB,  and 
therefore  BE  and  the  point  E,  are  given. 

COMPOSITION. 

Make  AC+BD  :  BD : :  BC  :  EB,  and  Eis  the  point  re- 
quired. For  (V.  10.  El.)  AC  :  BD  :  :  CE :  EB,  and  (V. 
19.  cor.  1 .  El.)  AE :  ED : :  CE :  EB,  and  hence  (V.  6.  El.) 
AE.EB=CEJED. 
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8.  L^  M:Nbe  a  ratio  of  majority  or  minority. 

ANALYSIS. 

Find,  by  the  preeeding  oonstroction^  a  point  F^  nick 
thatAF.FB=DF.FC. 

Because  AE.EB :         

DE  EC : :  M  :  N,  it        *  ' 


feUowtthat  AE.EB:      ^'  ' 

AE.EB-DE.EC    ^ B     ^   ^  C  D 

::M:M— N;  but  ^^ 

AE.EB —DE  EC  :r  (AE.EB  — AF.FB)  +  (DF.FC— 
DE.ECU  that  is,  s:  £F  ( AF  +  BE)  +  £F  (DF  +  CE)t 
or=:EF(AD+BC.)  Wherefore  AEEB:  £F(  AD +BC) 
: :  M  :  M — N  $  consequently  the  point  E  is  assigned  by 
IVop.  14*  of  this  Book. 

Tbe  composition  of  the  problem  is  thence  easily  deriredy 
by  retnidng  the  stqM. 


PROP.  XVIII.    PROB. 

In  the  same  straight  liqe,  four  points  being  gi- 
ven to  find  a  fiflh,  such  that  the  rectangle  under 
its  distances  from  the  extreme  points  shall  have  a 
given  ratio  to  the  rectangle  under  its  distances 
from  the  mean  points. 

Let  it  be  required  to  find  a  point  E,  so  that  AE.ED  : 
BE.EC::M:N. 

1.  Lei  ABzsiCD. 

ANALYSIS. 
Because  AE.ED=(AB+BE)  (AB+EC),  it  is  eWdent 
Aat  AE.ED  =  AB.AC  +  BE.EC,  whence  AE.ED  ; 
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AB. AC : :  M :  M— N. 

The  ratio  of  AE.ED  ^^' 

to   AB.AC   is  there-  ^' ' 

fore  giveO)    and   the  Pj — > ■ 1 


rectangle    under    AE  ,v  B  C  15 

and  ED,  the  segments    '  EE^       '  * 

of   AD9    being   thus 
given,  the  point  £  is  assigned  by  VI.  17.  of  the  Elements^ 

COMPOSITION. 

Make  M— N  -  M : :  AB :  P,  and  (VI.  19.  EL)  cut  AD 
in  £  or  E',  6U<^h  that  AE.ED=:P.AC;  £  is  the  point 
required.  For  (V.  7.  El.)  M :  M— N : :  P :  AB,  and  hence 
(V.  25.  cor.  2.  EI.)  M  :  M— N  :  :  P.AC,  or  AE.ED : 
AB.AC;  consequently  M:  N:  :AE.ED:  AE.ED— BA. AC» 
or  BE.EC. 

2.  Let  AB  and  CD  be  unequal* 

ANALYSIS. 

Because  AE.ED=(BE+AB)  (£C+CD)=BE.EC-h 
BE.CD  +  AB.ED,  consequently  AE.ED  — BE.EC  =: 
BE.CD  +  AB.ED  =  BD.CD—  ED.CD  +  AB.ED  = 
BD.CD+(AB— CD)  ED.  Produce  AD  to  F,  so  that 
(AB-CD)  DFzzBD.CD;  and  since  AB,  CD  and  BD 
are  all  given,      ^^^ ^ 

DF  and  the      ^,. 

^  N' » 

point   F  are 

given.  Thus  ^ B ,^  f    f F 

from      con-   -  -^ 

struction  AE.ED— BE.EC  =  (AB— CD)  (DF+ED)  =s 

(AB-*CD)  EF.      Now,  since  the  ratio  of  AKED  to 

BE.EC  is  given,  the  ratio  of  AE.ED  to  EF  (AB-.CD) 

is  also  given ;  wherefore  AB — CD  being  given,  and  the 

points  A,  Cy  and  F,  the  point  E  is  given  by  Prop.  H. 
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Applying,  that  ptopoeition^  the  cotiktruciion  of  the  pro- 
blem 18  easQy  obtuned. 

It  yet  remains  to  assign  the  limitadons  of  this  problem. 

On  AD  describe  a  circle,  erect  the  perpendiculars  BI 
and  GCM,  join  lOH,  and,  parallel  to  this,  draw  KEL 
tlu^ugh  the  point  of  seoUon  E,  join  OO,  EQ,  and  IE, 
which  produce  to  the  circttAiferenee^  and  join  MG  and 
ML. 

The  pcrint  O  is  evidently  given.  But  the  ratio  of  AE.ED 
to  BE.EC  may  be  considered  as  compounded  at  die  ratfo 
of  AE.ED,  or  (III.  26.  EI.)  lE.SM,  to  KE.EL,  and  of 
the  ratio  of  KE.EL  to  BE.EC. 

Now,  since  BK  and  CL  are  parallel^  KEtEL::BE:EC^ 
or  alternately  KB:  BE  i :  EL :  EC,  and  tbeMfere  (V.  M. 
EI.)  KE"" :  BE*  :  :  KE.EL  t  SE.EC.  Again,  KE  and 
10  being  parallel,  KE  :  lO  it  BE  :  BO,  or  altemataiy 
EE:B£::IOsBO)  and  he»o6  Kfi^  :B£*  ::IO*:  BO*. 
Wherefore  lO^:  BO*: :  KE.EL:BEEC,  and  consequent- 
V  the  ratio  of  these  reiitanglee  is  given ;  let  it  be  that  of 
PQtoSt. 

The  angle  MOL,  being  equal  (III.  16.  El.)  to  MIH 
m  the  same  segment,  is  eqnal  (I.  92.  EL)  to  the  exterior 
angle  MEL,  and  oonsequ^tly  (IIL  17.  oor.  8.  EL)  the  qua- 
drilateral  figure  MGEL  being  thus  contained  in  a  circle, 
the  angle  LME  is  equal  to  L6E.  Draw  LN  making 
the  angle  MLN  equal  to  EGO,  and  (L  SO.  EL)  the  ex- 
terior angle  LNE  will  be  equal  to  COO.  But  the  trian- 
gles OOC  and  HOC  are  obviously  equal,  and,  therefore, 
the  angle  CGO  tk  CHO  ic  CLE  xtf  EKL  Whence 
the  triangles  lEK  and  LEN  aire  rimilar,  and  IE :  KE : : 
EL:£N»  and  consequently,  (V.  €.  £1.)  KS.ELsIE.EN. 
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Make,  therefore^  PQ  to 

PR,   as  EN  to  EM. 

Theratioof  AE.EDto 

BE.EC  U  hence  com- 
pounded of  that  of  PR 

to  PQi'  and  of  PQ  to 

8T9  or  it  is  the  same    A 
with  the  ratio  of  PR  to 

ST.  Bat  as  the  point 
of  section  E  approaches 
to  O,  the  angle  E60» 
or  MLNy  evidently  di* 
minishesy  and  conse- 
quently the  point  N,  in 
a  corresponding  degree^  approximates  to  M«  Hence  the 
extreme  term  which  PR  can  never  pass,  is  PQ;  and 
therefore  the  limiting  ratio  of  the  rectangle  AE,  ED  to 
BE,  EC  is  that  of  PQ  to  ST,  or  of  the  square  of  lO  to  the 
square  of  BO. 

The  point  O  of  ultimate  section  is  hence  easily  deter- 
mined. Because  BI  and  CH  are  parallel,  BI :  CH  : : 
BO  :  OC,  and  BP  or  AB.BD  :  CH»  or  ACCD  :  : 
BO*  :  OC*.  Wherefore  BC  must  be  divided  (I.  24. 
Anal.)  into  segments  BO  and  OC,  which  are  in  the  sub* 
duplicate  ratio  of  the  rectangle  AB»  BD  to  AC,  CD. 
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But  the  lijnitiag  ratio  may  be  found  in  a  more 
manner.  For  join  IG,  and  draw  D  V  perpendicular  lo  il^ 
join  DG,  DI,  CV,  and  BV,  and,  having  drawn  the  dia* 
meter  IZ,  join  OZ.  Because  the  angles  DGC  and  DIV 
stand  upon  equal  arcs  DH  and  DG,  they  are  equal  (IIL 
17.  El);  but  the  quadrilateral  figures  DCGV  and  DBIV, 
being  right  angled  at  B,  at  C  and  V,  are  each  contained 
in  a  circle  (III.  17.  cor.  1.  El.) ;  wherefore  (IIL  16.  £1.)  the 
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angle  DGC  i^  equal  to  DVG,  and  the  angle  DIV  to 
D6V,  and  consequently  the  angles  DVC  uxi  DBV  are 
equaL  Hence  the  trianglei  CDY  and  YDB,  having  be- 
ddes  a  common  tertical  angle,  are  similar;  and,  there- 
fore, BD:t)V::DV:DC,  and  (V.  6-  El.)  BD  DCs=DV\ 
Bnt(VL  15.  cor.  El.)  DGP=sAD.I>C,  and  consequent- 
ly DG*_DV*  or  (11. 10.  EL)  GV*=AD.DC— BD.DC^ 
or  AB.DC.  Iti  the  same  manneri  it  is  shown  that  IV*  =s 
AC.DB.  Whence  IG  is  given,  bemg  the  difference  he- 
tween  the  sides  of  two  squares  that  are  equal  Ip  the  rect- 
angles AC,  DB,  and  AB,  DC.  Again,  the  angle  BIO, 
being  equal  to  the  alternate  an^e  GHI,  is  equal  (IIL  10. 
£1.)  to  GZI,  and  the  right  angle  OBI  is  equal  to  the 
angle  IGZ  in  a  semicirdis;  wherefore  the  triangles  lOB 
and  ZIG  are  similar,  and  lO  :  BO  : :  IZ  or  AD  :  la 
Hence  the  limiting  ratio  of  AE.ED  to  BE.EC,  or  that 
which  marks  the  state  of  a  unnmaim,  is  the  duplicate  ratio 
of  AD  to  the  diflerence  of  the.sidea  of  squares  that  are 
equal  reflectively  to  the  rectangle  AC,  DB  and  to  the 
rectan^e  AB,  DC. 

> 

l»ROf .  XIX.    TttEOii. 

» 

If  i  triaing^e  have  at  given  angle,  the  tittess  of 
the  square  of  the  suni  of  the  containing  side's  above 
fhe  square  of  the  bade,  has  a  giveif  raitio  to  the 
area  of  the  triangle. 

»  ♦  •        -  . 

Let  AJBC  be  a  triangle,  in  which  AB  is  produced  till 
be  equal  to  BCj  the  excess  of  the  square  of  AD  above 
the  square  of  AC,  has  a  given  ratio  to  the  area  of  the  tri- 
angle.' 
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ANALYSIS. 

Draw  AE  parallel  to  BC,  md 
meeting  DC  produced  in  E,  from 
B  let  fall  the  perpendicular  BF, 
and  join  BEL 

The  triangle  CBD  being  isos- 
celes, the  angle  CDB  (I.  10.  EI.) 
h  equal  to  DCB,  but  (I.  22.  El.) 
DCB'ift  equal  to  CEA ;  hence  the 
angles  EDA  and  DBA  are  equal, 
and  the  triangle  DAE  is  isosceles. 
Wherefore  (II.  80.  EI.)  AD*  = 
AC» + DC.CE,  or  A  D»— AC* = 
DC.CE.  Again,  because  AE  is 
parallel  to  BQ  the  triangle  ABC 
has  (II.  1.  El.)  the  same  area  as.  EBC,  or  (II.  6.  El.)  is 
half  the  rectangle  BF.OE.  Consequently  the  excess  of  the 
square  of  AD  above  the  square  of  AC,  is  to  the  area  of  the 
triangle  ABC,  as  DC.CE  to  (BF.CE,  that  is,  (V.  23.  cor. 
2.  EI.)  as  DC  to^BF,  or  (V.  9.  £1.)  as  4.DF  to  BF.  But 
the  given  angle  ABC,  being  (I.  82.)  equal  to  the  two  an- 
gles CDB  and  BCD,  is  double  of  eithert  and  thus  the  an- 
gle BDF  is  given  ;  whence  the  right-angled  triangle  DFB 
is  given  in  species,  and  therefore  the  ratio  of  DF  to  BF  is 
given.  It  thence  follows,  that  the  ratio  of  4DF  to  BF^  or 
that  of  the  excess  of  the  square  of  AD  above  the  square  o£ 
AC  to  the  area  of  the  triangle  ABC,  is  given. 

COMPOSITION. 

The  same  construction  remaining,  DC.CE  :  BF.CE  : : 
DC:  BF;  but  DC.CE=AD*^AC*, and BFCEisdou- 
ble  of  the  triangle  ABC ;  whence  2DC  is  to  BF,  as  the  ex- 
oess  of  the  square  of  AD  or  that  of  the  sum  of  the  sides  AB 
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and  BC  above  the  square  of  the  bate  AC»  to  the  area  of 
the  triangle  ABC. 

PROP.  XX-    PROB. 

If,  irom  the  extremity  of  the  diameter  of  a  cir- 
cle, a  straight  line  be  drawn  to  a  poin(  in  the  per- 
pendicular radius,  such  that  triple  its  square  be 
equal  to  the  square  of  a  perpeadicular  from  the 
circumference  and  the  squares  of  the  segments 
into  which  the  diameter  is  thus  divided;  the 
straight  line  that  joins  the  points  of  section  and  of 
termination  will  make  a  given  angle  with  the  dia- 
meter. 

In  the  semicircle  ADB)  EF  and  the  radiin  CD  being  at 
right  angles  to  AB,  and  AO  drawn  ao  that  SAO*  s 
AE>+£F^+£B> ;  if  £0  be  joined,  the  angle  C£G  is 
given. 

ANALYSIS. 

« 

For  join  CF.  Because 
AB  is  bisected  in  C,A£* 
+EB*  =  «AC*+2EC» 
(IL  18.  cor.  El.)  and  con- 
•eqoently,  from  the  bypo- 
thesist  8AO^s«AC«+ 
2EC*  +  EF»  J  but  (II. 

10.  El.)  EC*+EF*  ?s  CF»,  or  AC*,  and  hence  SAG*= 
SAC* + EC*.  Again,  AG*  =  AC*  +  CO*,  or  SAG*=f 
SAC* + SCO*  >  wherefore  EC* = SCO*,  or  EG*=4CO* 
and  EGs=tfCG.  The  ratio  of  {:G  to  CG^  and  the  right 
angle  at  C  being  thna  given,  the  triangle  EGC  is  (VI*  *4. 
£1.)  given  in  species,  and  consequently  the  angle  C£G  is 
given. 
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COMPOSITION. 

■  ■ 

Inflect  BH  equal  to  the  radius  of  the  ciiclei  join  AHf 
^w  EO  parallel  to  it  meeting  CD  in  G^  and  join  AG  y 
then  3AG*=AE*+EF»+EB*. 

For  join  QF.  The  triangles  AHp  and  ECG  being  et- 
yidendy  similar,  AB  :  BH  : :  EG :  CG ;  but  AB=2B(I» 
and  therefore  (V.  5,  El.)  EG  =  2CG^  Whence  EG*  = 
4GG»,^and  EC*=SCG»;  consequently  SAG*=SAC*+ 
SCG*=:5AC*+EC*=2AC»+!2EC*+ AC»— EG*.  Now 
SAC»  +  SEC*  =  AE*  +  EB%  and  AC»— EC*  =  EF».; 
wherefore  SAG*=AE*+EF*+EB^ 

PROP.  XXI.    PRpa 

To  find  a  point  in  the  diameter  of  a  circle^  such 
that  the  square  of  a  straight  line  inflected  from  it 
at  a  given  angle  to  the  circumference^  shall  have 
a  given  ratio  to  the  rectangle  under  the  segments 
of  the  diameter. 

Let  it  be  required,  from  the  diameter  AD,  to  draw  DE 

at  a  given  angle  with  it,  and  such  that  the  square  of  DE 

fehall  have  a  given  ratio  to  the  rectangle  under  its  segments 

AD,DB. 

ANALYSIS 

Produce  ED  to  the  circumference  in  F.  Make  EG = FD, 
join  CF,  draw  the  radius  CQH,  join  AH,  and  produce  it 
to  meet  the  extension  of  CE  in  I. 

Because  CE  is  equal  to  CF,  the  angle  GEF  is  (L  10.  EIO 
equal  to  CFE.  Wherefore  the  triangles  CGE  and  CDF, 
having  thus  the  angle  CEG  equal  to  CFD,  and  the  sides 
CE  and  EG  equal  to  CF  and  FD,— are  (I.  S.  El.)  equal, 
and  consequently  the  angle  ECG  is  equal  to  FCD  $  whence 
(III.  12.  El.)  the  arc  HE  is  equal  to  AF,  and  therefore 
(III.  18.  cor.  EI.)  AH  is  parallel  to  DE.    But  the  ang^. 
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BDE  is  gi^en,  and  tbence  BAH;  wherefore  the  chord  AH 
isgiTeD.   Again^  the  rectangle  A  D^ 
DB,  being  eqoal  to  FD.DE  (III. 
26.  El.)i  u  also  equal  to  DE.EO; 
and  therefore  DE*  is  to  DE.EG, 
or  (V,  25.  cor.  2,  EL)  DE  is  to  EG, 
in  the  given  ratio  $  but  ( VL  2.  EL), 
J)£ :  EG :  :  AI :  IH,  consequent- 
ly AI  18  to  IH  in  a  given  ratio, 
and  hesoce  AH  is  to  HI  likewise  in 
a  given  ratio.    Wherefore  since  AH  is  given,  IH  and  the 
point  I  are  given ;  ai)d  thence  IC,  the  pdnt  £,  and  DE 
are  an  given, 

COMPOSITION, 

Draw  AH  at  an  inclination  with  AB  equal  to  the  given 
angle,  and  produce  it  to  I,  so  that  A I  shall  be  to  I H  in 
the  given  ratio,  join  IC|  and  draw  ED  parallel  to  lA ;  D 
is  the  point  required^ 

Por  produce  ED  to  meet  the  circumference  in  F,  and 
join  CF  and  CGH.  Because  AI :  IH  : :  DE  :  £G|  ( VL 
2.  £1.)  DE  has  to  EG  the  given  ratio,  and  consequently 
DE'  has  to  DE.EG  the  same  ratio.  But  FE  being  paral* 
Id  to  AH,  the  arc  HE  (III.  18.  EL)  is  equal  to  AF,  and 
tbence  the  angle  HCE  is  equal  to  ACF ;  the  triangles 
CGE  and  CDF,  having  thus  the  side  CE  equal  to  CF, 
and  the  angles  ECG  and  CEG  equal  to  FCD  and  CFD,— 
are  (L  20.  'Ei.)  equal,  and  hence  the  side  EG  is  equal  to 
FD.  Wherefore DE.EG=:DE,FDs  AD.DB,  and  conse- 
quently DE'  is  to  AD,DB  in  the  given  ratio. 

Cor.  It  is  obvious  that  DE'  cannot  be  equal  to  AD.DB, 
pnleas  the  point  H  coincide  with  A ;  in  which  case,  AI  be* 
comes  a  tangent,  and  DE  a  perpendicular  to  the  diame* 
ter,  and  the  proposition  merges  in  (III.  26.  con  1.  £1.) 
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PROP.  XXII.    PROS. 

From  two  given  points  In  the  circumference  of 
a  given  circle,  to  inflect  straight  line^  to  another 
point  in  the  opposite  circumference,  such  as  to 
intercept,  on  either  side  of  the  centre,  equal  seg*> 
ments  of  a  given  diameter* 

Let  it  be  required,  from  the  peinty  A  and  B»  to  inflect 
AC  md  BC,  60  as  U)  iQterQept,oa  tbct  diameter  D£i  equal 
portions  frpra  th#  centre. 

ANALYSIS. 

Join  BA,  and  produce  it  and  the  diameter  ED  to  meet 
ifi  M,  draw  COL,  from  O  let  fail  the  perpendicular  OK 
upon  AB,  join  LK,  through  A  draw  AHI  parallel  to  DE, 
and  join  HK. 

The  parallels  FG  and  AI  are  cut  proportionally  by  the 
diverging  lines 
GA,  CH,  and 

CI(VL1.E10; 

but  FO 18  equal 

to    OOf    and 

consequently 

AH    is    equal 

to  HL  Where- 

fere  (IL  4«  EL)  HK  is  parallel  to  IB,  and  the  an^ 

AKH  IS  equal  to  ABI  (L  22.  El.) ;  and  since  the  an- 

gle  ABI  or  ABC  is  equal  to  ALC  (IIL  18.  El.),  the  an- 

gle  AKH  is  equal  to  ALC  or  ALH,  and  hence  (III.  18. 

opr.  £1.)  the  quadrilateral  figure  AHKL  is  contained  in  a 

circle.     Consequently  (III.  16.  El.)  the  angle  HAK  is  e- 

qual  to  HLK ;  but  HAK  is  equal  (I.  S2.  EL)  to  OMK» 
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wbidi  »  tberefare  equalto  HLKorOLK,  and  tb^ce  the^ 
quadrilateral  figure  MOKL  is  aho  cantaincd  in  a  circle. 
Wharefare  (III.  1^.  £1.)  the  augb  MLO  U  equal  to  MKO; 
but  MKO  is  a  right  aDgle»  and  consequeDCly  MLO  is  like* 
viae  a  right  angle,  and  thenoe  (IIL  SO.  £1.)  ML  is  a  tan- 
gent. Bat  the  point  M»  being  the  concourse  of  ED  and 
BAy  Is  given,  and  therefore  the  tangent  ML  to  the  given 
circle  is  given  (IIL  22.  £1.) ;  whence  the  diameter  LC^ 
and  the  point  C  are  given. 

COMPOSITION. 

Produce  ED  and  BA  to  meet  in  M,  draw  the  tangent 
ML  and  the  diameter  LC ;  the  straight  lines  AC  and  BC 
will  cut  off  from  the  centre  equal  portions,  OF  and  OC^ 
of  the  given  diameter  £D. 

For  draw  AI  parallel  to  DE,  and  OK  perpendicular  to 
AB,  and  join  LK  and  KH. 

Because  ML  is  a  tangent,  MLO  is  a  right  angle,  and, 
therefore,  equal  to  MKO;  consequently  (IIL  16.  £1.) 
MKL  is  equal  to  MOL,  that  is,  (I.  3S.  El.)  to  AHL. 
Wherefore  the  quadrilateral  figure  AHKL  is  contained 
in  a  circle,  and  hence  (IIL  16.  £1.)  the  angle  ALH  is  e- 
qual  to  AKH ;  but,  for  the  same  reason,  ALH  or  ALC  is 
eqoal  to  ABC  or  ABI,  and  consequently  AKH  is  equal  to 
ABI,  and  (L  22.  £1.)  KH  parallel  to  BL  Now  tance  AK 
is  equal  to  KB,  it  follows  that  AH  is  equal  to  HI,  and 
hence  that  FO  is  equal  to  OG. 

PROP.  XXIII.    PROB. 

Two  straight  lines  being  given,  to  draw,  through 
a  given  point,  another  straight  linO)  cutting  off 
segments  which  are  together  equal  to  a  given 
fltraight  line. 
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•  Let  AB,  AC  be  two  straight  lines,  and  D  a  given  point, 
thrpugh  which  it  is  required  to  draw  a  straight  line  EF, 
BO  as  to  cnt  off  the  segments  A£  and  AF,  that  are  ioger 
ther  equal  to  ON. 

The  point  D  maj  lie  either  within  or  without  the  angle 
Ibnned  by  the  straight  lines  AB  and  AC, 

1.  Le^  Dhave  an  internal  position, 

ANALYSIS. 

Draw  DO  and  DH  (I.  23.  £1.)  parallel  to  AB  and  AC,. 
Because  the  point  D  is  given^  and  AB»  AC  are  given  in 
position,  the  pan|l- 
lelogr^ip  AGHD  is 
givep.  And  since 
the  triangles  EDO 
|Mid  DFH  are  evi- 
dently similar,  EG : 
GD  :  :  DH  :  HF, 
and       therefore 

EO.HF=OD,DH, 
But  AG  and  AH, 
or  DH  and  GD, 
being  given,  the 
rectangle  GD,  PH  <> 
is  given,. and  therefore  EG,  HF  is  given.  Make  FKs 
PO,  and  the  rectangle  HF,  FK  is  hence  given;  but  HK» 
being  equal  to  HF  and  FK  or  the  excess  of  AF  and  A£ 
above  GD  and  DH,  is  given,  and  consequently  (VI.  17. 
£1.)  its  segments  HF,  FK  are  given ;  whence  the  point  H 
bdng  given,  the  point  of  section  F  or  F',  and  the  straight 
^n^  £DF  or  E'DF',  ar^  givep. 

COMPOSITION. 
Praw  th^  parallels  DG  and  DH.    From  O]^,  tbe  snm 
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fiFlfae  two  wegmenti  A£  and  AF»cut  off  OPs:  AO+ AH» 
and  make  HK = PN.  OIq  HK  describe  a  semicirdet  from 
^e  eiLtEemities  of  the  diameter  erect  the  perpendicolara 
HI  and  KL  equal  to  AH  and  ACr»  join  IL^  and  at  right 
anj^  to  thisy  and  from  the  point  or  points  where  it  meets 
die  drcamference,  draw  MF  or  WF';  EDF  or  E'DF  is 
the  straight  line  required. 

For  (VL  17.  EL)  HLKLsHF.FE,  and  consequently 
AH.AG=HF.FK.  But,  from  the  similar  triangles  EGP 
and  DHF»  £Q :  OD  or  AH::DH  orAG:HF,  and 
theierore(V.6.EL)AH.AG=HF.EQ;  whence  HF.FK 
=  HF.£6,  and  FK  =  EG.  And  since  AG  +  AH  =: 
OP,  and  HF+EG=:HK=PN,  it  follows  that  AGf  EG 
+AH+HF,  or  AE+AF=ON. 

2.  Let  the  point  D  Juvoe  an  external  position  with  respect 
to  the  straieht  lines  4B  and  AC. 

ANALYSIS 

Draw  DG  parallel  to  AB,  and  DH  parallel  to  AC  and 
meeting  AB  produced.  The  triangles  EDG  ahd  DHF 
being  similar,  EG  :  DG  : :  DH  :  HF,  and  (V.  6.  El.) 
EG.HF=D&DH;  but  DG  and  DH  are  both  given, 
and  hence  the  rectangle  under  EG  and  HF  is  given. 
Make  FK=EG,  and  therefore  HK=HF— EG=DG+ 
AF—(DH—AE)=AF+AE—(DH—DG);  whence  HK 
and  the  rectangle  HF,  FK  are  given,  and  consequentlly 
(VL  17.  El.)  the  point  F  is  given. 

If  DF^'  intersect  the  straight  lines  AB  and  AC  on  the 
odker  side  of  their  vertex  A,  the  triangles  E^DG  and  DF'H 
are  still  similar,  and  E'G  :  DG  :  :  DH  :  HF';  wherefore 
£'G.HF',  being  equal  to  DG.DH,  is  given.  Make  FK' 
=  E'G,  and  thence  HK'  =  E'G— HF  =  AE'+DH-^ 
(DG-AF')  =  AF'  +  AE'  +  (DH— DG)  s 
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HK'and  the  rectangle  HF.F^K^  are  given,  and  thareforo 
(VL  17.  £1.)  the  point  F  is  given. 

COMPOSITION. 

Make  OP  or  OP  equal  to  the  difference  of  the  parallels 
PH  and  DG,  froni  H  place  likewise  towards  opposite  parts 
HKsPN  and  HK'sFN,  on  HK  and  HK'  describe  ae- 
inicircles,  from  H  erect  the  perpendicular  HI  equal  to  DG> 
and,  from  K  and  K\  the  perpendiculars  KL  and  KX^» 
each  equal  to  DH,  join  IL  and  IL^  and  at  right  angles 
to  these,  from  the  points  of  section  M  and  M',  draw  MF 
and  M'F;  the  straight  lines  DEF  and  DF£'  will  cut  off 
segments  from  AB  and  AC,  which  are  together  equal  to 
ON. 

For  (VI.  17,  EL)  HF.FK  =:  HI.KL  =  DG.DH5  but 
DG.DH=HF.EO,  and  oonsequendy  HF.EGsHF.FKt 
or£G=FK.  Wherefore  HK=HF—EG=AF+AE— 
(DH— DG);  and  since  HK=PN=ON— (DH— DG)^  it 
folbws  that  AF+AE=ON. 

In  like  manner,  it  is  shown  that  E'GsF^K^  and  benee 
HK'=£'G-.HF55  AF+ AE'+(DH— DG);  butHK's 
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PN'=:ON+(DH— DO),  and  eonseqae&tly  AF4- AE's 
ON. 

PROR  XXIV-    PROB. 

Through  a  given  point,  to  draw  a  straight  line, 
so  that  the  part  intercepted  by  the  circumference 
of  a  given  circle,  shall  be  equal  to  a  given  straight 
line. 

Let  A  be  a  point,  through  which  it  is  required  to  dtnw 
a  straight  line  HI,  limited  by  a  given  circumference  and 
equal  to  R 

ANALYSI& 

Take  any  point  D  iki  the 
givea  circumference,  and 
infleet  DE  equal  to  B.  Be- 
cause D£  is  equal  to  B,  it 
is  equal  to  HI,  and,  there- 
lore,  (III.  10.  El.)  the  chords 
HI,  DE  are  equally  distant 
Srom  the  centre  of  the  circle, 
orCG^CF.  But  DE  be- 
ing given,  CF  is  given,  and  thence  th6  circle  described 
from  C  through  F  and  G ;  wherefore  the  point  A  beii^ 
given,  the  tangent  AG  to  that  circle  is  given,  and  oonse^ 
quently  HI  is  given  in  position. 

COMPOSITION. 

Inflect  DE  equal  to  B,  from  C  let  fall  the  perpendicu- 
Isr  CF,  with  which  distance  describe  an  interior  concen- 
tric circle,  and  draw  (III.  32.  £1.)  the  tangent  HAL 

It  is  evident  that  the  chords  HI  and  DE,  being  equi^ 
dirtaot  from  the  centre,  are  both  of  them  equal  to  B. 
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PROP.  XXV.    PROB. 

Through  a  given  point,  to  draw  a  straiglit  line, 
tuch  that  the  part  of  it  intercepted  between  two 
concentric  circles  shall  be  equal  to  a  given  straight 
line* 

liet  it  be  required,  through  the  point  A,  io  drai^  the 
straight  line  ABC,  so  that  the  part  BC  intercepted  by 
the  two  concentric  circles  HECM  and  IFBL  shaD  be 
equal  to  D^ 

AWALYSil^. 
From  any  point  H,  in  one  of  th^  circumferences,  inflect 
HM=EC,  and  upon  these  let  &I1  the  perpendiculars  OK 
and  06.  The  equal  chords  HM  and  EC.  are  ther^re 
(III.  10.  El.)  equidistant  from  the  centre,  and  recq)rocaIly 
iL  is  equal  to  FB ;  conse^ 
quently  the  halves  of  these 
are  equal,  or  HK  =  GC, 
and  IK = GB ;  whence  the 
di£Perence  HI,  being  equal 
to  BC,  is  given.  But  since 
the  point  H  is  given,  the 
point  I  and  the  chord  HM 

are  given;  and  the  circle  ^ ' 

which  touches  at  K  being  given,  the  tangent  AOC  is  also 
j^ven. 

COMPOSITIOJJ. 

In  the  circumference  of  one  of  the  circles,  havfaig  av» 
sumed  a  point  H,  insert  HI  equal  to  D,  and  produce  it 
to  M,  upon  this  let  fall  the  perpendicular  OK,  with 
whieh  as  a  radius  describe  a  circle^  and  apply  it  to  the 
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ttngcnt  ABO  J  then  will  the  intercepted  porticm  BC  be 
equal  to  D« 

For  the  ehords  EC  and  FB  are  (IIL  10.  EL)  eqnal  to 
the  eqnidiaCaot  chords  HM  and  IL;  conaeqaently  their 
halves  are  equals  or  OBsIK,  and  GCsHKy  and  hence 
BC^HIsD. 

It  is  evident,  that  the  interval  BC  between  the  concen* 
trie  circles  will  be  least  when  AC  passes  throuj^  the 
centre,  and  greatest  when  it  touches  the  inner  circle. 
Wherefore  D  is  limited  on  both  sides;  not  being  less  than 
the  difference  of  the  radii  of  the  circles,  nor  its  square 
greater  than  the  difference  of  their  squares. 

PROP.  XXVI.    PROa 

Two  circles  described  upon  the  same  straight 
line  being  given,  to  draw  from  a  point  similarly 
placed  in  it  another  straight  line,  so  that  the  part 
intercepted  by  the  circumferences  shall  be  equal 
to  a  given  straight  line. 

Let  D,  E  be  the  centres  of  the  two  circles,  and  let 
AD:  AE::DI  :£K;  it  is  required  from  A  to  draw  ABCf 
such  that  BC  shall  be  equal  to  L. 

ANALYSIS. 
JomBDandCE.  Because  AD  3  AE : :  DI or  DB s  EK, 
or  EC,  therefore  (VI.  1.  cor. 
£1.)  DB  is  parallel  to  EC| 
whence  AD  :  DE : :  AB  :  BC, 
and  since  AD  and  DE  are  gh- 
Ten,  the  ratio  of  AB  to  BC  is 
given;  but  BC  is  given,  and 
consequently  AB  is  given,  both 
in  magnitude  and  position* 
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COMPOSITION. 

Make  (VI.  S.  EL)  EK— DI :  DI : :  L :  M,  and  from  A 
inflect  AB  eqaal  to  M ;  ABC  is  the  straight  line  required. 

T?ot  since,  by  hypothesis,  AD :  AE :  i  DI  or  DB  t  EK  or 
EC,  DB  is  parallel  to  EC  $  wherefore  DB  or  DI :  EC 
or  EK  :  :  AB  :  AC,  anc)  consequently  (V.  11.  cor.  El.) 
EK— DI:D1::BC:AB;  but  EK— DI:DI::L:M  or 
AB,  whence  BC :  AB : :  L  i  AB,  and  therefore  (V.  def.  10. 
E1.)BC=L. 

PROP.  XXVII.    PROB. 

Two  circles  described  upon  the  same  straight 
line  being  given,  to  draw,  from  the  extremity  of 
either  diameter,  another  straight  line,  so  that  the 
part  of  it  intercepted  by  the  cirsumfereDces  shall 
be  equal  to  a  given  straight  line. 

Let  it  be  required  to  draw  ABC,  so  that  the  intercept- 
ed portion  BC  shall  be  equal  to  QR. 

ANALYSIS. 

Join  BG,  CH,  and  FP,  from  E,  the  centre  of  the  ex- 
terior circle,  let  fall  upon  AC  the  perpendicular  £1,  cut 
off  ILs  IB  and  draw  LK  parallel  to  BO,  in  the  extension 
of  AH  make  (VI.  8.  £1.)  AK :  AG : :  AF :  AM,  and,  from 
the  point  M,  draw  MN  parallel  to  FP,  and  meeting  the 
production  of  AC. 

Because  LK  is  parallel  to  BG  and  FP  to  MN,  there* 
fere  (VI.  K  £1.)  AK  :  AG:  :  AL  :  AB,  and  AF:  AM  : : 
AP :  AN;  but,  by  construction,  AK  s  AG : ;  AF :  AMj  and 
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coDteqaently,  AK: 

AG  :  :  AL  :  AB  :  : 

APiAN.  Whence 
(V.19.E1.)AK:AG 
: :  AL+ AP  or  PL 
:AB  +  ANorBN. 
Now,  since  (III. 
4.  El.)  IP  =  IC, 
and  IL=IB»  there- 
fore  PL  =  BC  or 

QR ;  and  LK,  IE,        

and  BG  being  paral- 
lel Unes,  KE= t:G  (VI.  1.  El)  and  thence  AK  is  given ; 
wherefore  three  terms  of  the  analogy  being  given,  the 
fourth  term  BN  is  given,  and  consequently  BN+BC,  or 
NC,  IS  given.  But  the  angle  ACH  is  equal  to  AFP  (III. 
16.  EL)  which  again  (L  22.  EL)  is  equal  to  AMN,  and 
hence  the  triangles  CAH  and  ANM,  having  also  the  same 
vertical  angle,  are  similar,  consequently  AH  :  AC  :  : 
AN :  AM,  and  (V.  6.  EL)  AH.AM= AC.AN,  Wherefore 
SC  and  the  rectangle  under  its  segments  AC,  AN  being 
given,  AC  is  given  in  magnitude  (VI.  17.  El.)  and  hence 
likewise  in  position. 

COMPOSITION. 

Having  cat  off  K£ = EG,  make  ( VI.  9.  EL)  AK :  AG : : 
AF :  AM»  and  AK :  AG : :  QR :  QS,  divide  (VI.  19.  El.) 
SR  in  O,  such  that  SO.OR= ARAM,  and  inflect  AC= 
OR;  AC  is  the  straight  line  required. 

For  join  CH,  BO,  FP,  and  draw  MN  parallel  to  FP, 
and  £1  and  KL  parallel  to  CH.  Since  IL  ^  IB  and  IP 
sic,  therefore  PLsBC.  The  triangles  CAH  and  ANM 
aceaimUiu-,  AH :  AC::  AN :  AM,  andAH.AMs  AC.AN  j 

6 


98 


OBOMETEICAL  ANALYSIS. 


but,  by  oonstniction,  AH.AM=SO.OR,  and  ACsOB^ 
consequently  AN =80.  Now,  from  the  property  of  pa- 
rallels, AK :  AG: :  AL :  AB,  and,  by  hypothesis,  AK :  AO 
: :  AF :  AM,  or  AP :  AN ;  wherefore  (V.  19.  El.)  AK:  AG 
:  :  ^L+ AP  or  BC :  AN+ AB  or  BN.  Whence  BC :  BN 
: :  QR  :  QS,  and  (V.  11.  EL)  BC:  CN:  :  QR  :  SR;  but 
CN=SR,  and  consequently  BC=QR. 

PROP.  XXVIII.    PROB. 


From  the  extremity  of  the  diameter  of  a  given 
circle,  to  draw  a  straight  line,  so  that  the  part  of 
it  intercepted  between  a  given  perpendicular  and 
the  circumference,  shall  be  equal  to  a  given 
straight  line. 

Let  it  be  required  from  A  to  draw  AC,  such  that  the 
intercepted  portion  BC  shall  be  equal  to  GH. 

ANALYSIS. 

Join  BD.  The  angle  ABD,  being  in  a  semicircle,  is  a 
right  angle,  and  there^ 
fore  equal  to  AEC ; 
consequently  the  tri- 
angles DAB  and  C  AE, 
having  besides  a  com- 
mon angle  at  A,  are  si-* 
milar,  and  AB :  AD : : 
AE  :  AC,  and  hence 
AB.AC=AD.AE.But 
the  rectangle  AD,  AE  ^' 
is  given,  and  thence  AB,  AC ;  and  since  BC  is  given  in 
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magnitadey  therefore  (VI.  17.  £1.)  AB  is  giTCD  in  magni- 
tade,  and  consequently  in  position. 

COMPOSITION. 

Prodace  6H  (VI.  17.  EL)  tUl  GI.IH  =  AD.AE,  and 
inflect  IH  from  A  to  B ;  AB  is  the  straight  line  required. 
For  join  BD.  The  triangles  ABD  and  AEC  being  evi* 
dently  similar,  AB  :  AD  :  :  AE :  AC,  and  consequently 
AB.AC=:  AD.AE^GLIH ;  bvt  ABssIH,  whence  AGs: 
GI,  and  therefore  BC=GH. 


PROP.  XXIX.    PROB. 


Hirough  a  given  point  in  the  line  bisecting  a 
given  angle,  to  draw  a  straight  line  limited  by  the 
sides,  and  equal  to  a  given  straight  line* 

L«t  it  be  required,  through  the  point  D,  situate  in  the 
straight  line  AD  which  bisects  the  angle  BAC,  to  draw 
BC  equal  to  a  given  straight  line. 

ANALYSIS. 

About  the  points  B,  A  and  C,  describe  (III.  9.  cor.  El)  a 
circle,    draw  the    diameter 
EF»  and  join  AF.    Because  ^ — -^ 

BC  and  the  angle  BAC  are 
ghren,  the  drcumscribingcir- 
de  (III.  ^5.  £1.)  and  conse- 
quently the  triangle  BAC, 
are  given  in  magnitude :  But 
since  the  angle  B  AE  is  equal 
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to  CAE,  the  arc  BE  is  (III. 
16.  cor.  El.)  equal  to  CE; 
and  hence  the  chord  BC  is 
bisected  at  right  angles  by 
the  diameter  EF.  Where* 
fbre  AD  being  given,  AE  is, 
by  the  last  pr(^)06ition,  given 
in  magnitude,  and  thence 
DB  is  given  in  magnitude^ 
and  consequently  in  position. 

COMPOSITION. 

On  the  given  straight  line  describe  (III.  23.  El.)  a  8eg^- 
ment  BAG,  containing  an  angle  equal  to  the  given  angle» 
and  complete  the  circle,  bisect  the  arc  BAG  in  E,  and  from 
that  point  draw,  by  the  last  proposition,  EAD,  such  that 
AD  shall  be  equal  to  the  distance  of  the  given  point  from 
the  vertex ;  and  DB,  DC  are  the  segments  of  the  required 
line,  from  which  its  position  is  immediately  determined. 

For  the  angle  BAG  is  equal  to  the  given  angle,  and  AD 
bisects  it,  since  the  arc  BE= CE ;  but  AD  is  besides  equal 
to  the  distance  of  the  given  point  from  the  vertex,  and  BC 
is  equal  to  the  given  straight  line.  Wherefore  all  the  points 
and  lines  retain,  by  this  construction,  their  relative  posi- 
tion. 


Car.  Since  AE  cannot  exceed  the  diameter  FE,  the  li« 
miting  case  will  occur  when  these  lines  coincide ;  wherefore 
60  is  the  least  possible  when  it  is  at  right  angles  to  AD» 
and  consequently  intercepts  equal  segments  AB  and  AC 
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PROP.  XXX.    PROS; 

Between  the  side  of  a  given  rhombus  and  its 
adjacent  side  produced,  to  insert  a  straight  line  of 
a  given  length  and  directed  to  the  opposite  cor- 
ner. 

Let  ABCD  be  a  rhombust  of  which  the  side  BC  is  pro- 
duced ;  it  is  required,  firom  die  opposite  corner  A,  to  draw 
AEF,  audi  that  the  exterior  portion  £F  shall  be  equal  to 
a  giTen  straight  line. 

ANALYSIS. 

Join  AC,  and,  meeting  this  produced,  draw  EG,  mak« 
ing  the  angle  AEG  equal  to 
ACF.  The  triangles  CAF 
and  EAG  are  evidently  simi- 
lar»andAC:CF::AE:EG; 
but  C£  being  parallel  to  AB, 
BC:CF::AE:EF(VL1. 
EL) ;  whence  (V.  17.  El.) 
AC :  BC ; :  EF  :  EG.  But 
AC,  BC,  and  EF  being  gi- 
ven,  EG  is  (VI.  S.  El.)  also  '  * 

given.  Again,  the  angle  ACD  is  (1. 2.  El.)  equal  to  ACB, 
and  therefore  to  FCG ;  consequently  adding  ECF.  to 
each,  the  whole  angle  ACF,  or  AEG,  is  equal  to  ECG. 
Hence  the  triangles  AGE  and  EGC  are  similar,  and 
AG :  EG : :  EG  :  GC,  or  AG.GC  =  EG*.  Wherefore 
the  rectangle  AG,  GC  is  given,  and  consequently  (VL  17. 
£L)  the  point  G|  and  thence  the  point  E  and  the  straigi^ 
line  AF. 
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COMPOSITION. 

Let  the  intercepted  segment  be  equal  to  K,  join  AQ 
make  AC :  BC : :  K  :  L,  divide  AC  in  G  (VI.  17.  El.)  so 
that  A6.0C=L*5  and  from  G,  with  the  radius  L,  de- 
scribe a  circle  cutting  CD  in  E ; .  AEF  is  the  straight  line 
required. 

For  since  AG-GC=L*  =  EG*,  AG :  EG  : :  EG :  GC, 
and  therefore  the  triangles  AGE  and  EGC  are  similar,  and 
the  angle  AEG  is  equal  to  ECG,  or  ACF ;  whence  the 
triangles  AFC  and  AGE  are  likewise  similar,  and  AC :  CF 
:  :"7iE  :  EG ;  but  (VI.  1.  EI.)  BC:  CF : :  AE  :  EF,  and 
consequently  (V.  17.  El.)  AC  :  BC  : :  EF  :  EG.  Noir 
AC ;  BC : :  K :  L  or  EG ;  wherefore  EFsK. 

Oihermise  thus* 

ANALYSIS.    ' 

Draw  FG  making  the  angle  AFG  equal  to  ADC,  cut 
off  CH=CE,  from  C  inflect  CN  =  CA,  and  join  CG  and 
AH. 

The  triangle  ACN  being  isosceles,  the  angle  CAN  is 
(L  10.  El.)  equal  to  CNA  ;  and  since  the  diagonal  AC  bi« 
sects  the  angle  BCD  of  the  rhombus,  the  triangles  ACE 
and  ACH  are  (I.  3.  El.)  likewise  equal,  and  hence  AE  is 
equal  to  AH,  and  the  angle  CAE  equal  to  CAH.  And 
because  the  triangles  ADE  and  AFG  are  similar,  AD  : 
AE: :  AF  :  AG  and  AD.AGsAE.AF.  But  the  angle 
ACD,  being  equal  to  CAD,  is  equal  to  CNA,  and  conse- 
quently the  triangles  ADC  and  ACN  are  similar ;  whence 
AN :  AC : :  AC :  AD,  and  therefore  AN.  AD  =  AC*.  A- 
gain,  because  AC  bisects  the  vertical  angle  HAF  (VI.  17. 
El.)  FA.AH  =  AC*  +  FC.CH,  that  is,  FA.AE=AC^+ 
FC.CE;  wherefore  FC.CE  =  FA.AE  — AC*,  that  is^ 


'^ 


AG. AD— AN.AD,  or  NG. AD.  Bot  BA  and  CE  being 
parallel,  FC  :  EF  : :  AD:  AE:;  AF  :  AG,  and  CE  :  EF 
: :  ABor  AD:  AF;  conse- 

quently(V.22.El.)  FC.CE      ^         tk^^        ^f 
:  EF*  : :  AD  :  AG  :  :  (V.      V         /f     A^  x\ 
25.  cor.  2.  EL)  NG. AD :        \   //  /  ^\      \\ 
NG.AG;   since  dierefore  \  j  \  /  y^\\\.    \  ) 

FC.CE=NG.AD,  it  fol-     j       \l/^  '       \\^ 

lows  (V.  8.  and  4.  El.)  that  JT ifJA     fr 

EF*  =  MG.AG.     Hence 


Kh 


(VI.  17.  EL)  AG  and  the  ^, » 

point  G  are  gi?en,  and  the 

angle  AFG,  being  equal  to  ADC,  is  (III.  2S.  El.)  contain- 
ed in  a  given  segment  of  a  circle ;  wherefore  the  intersec- 
tion F  and  the  inflected  line  AF,  are  given. 

COMPOSITION. 

Let  K  be  eqnal  to  the  intercepted  portion  of  the  straight 
line  which  is  to  be  inflected  from  A,  and  find  (II.  12.  El.) 
JL  the  side  of  a  square  equivalent  to  the  squares  of  K  and 
of  the  diagonal  AC,  produce  AD,  and  from  C  place  CG 
equal  to  L,  upon  AG  describe  (III.  23.  EI.)  a  s^ment  of 
a  circle  containing  an  angle  equal  to  ADC,  and  join  A 
with  the  point  of  intersection  F  $  AF  is  the  straight  line 
leqaired. 

For  inflect  CNs  CA,  and  jom  GF  and  AH. 

The  triangles  AHC  and  AEC  are  equal ;  for  the  angle 
AFG,  being  by  construction  equal  to  ADC,  is  equal 
(I.  22.  El.)  to  the  alternate  angle  formed  by  the  produc- 
tion of  BA  with  AD,  and  consequaitly  (III.  21.  cor.  El.) 
AB  touches  the  circle  at  A ;  whence  the  angle  BAH  = 
HFA=DAE,  and  taking  these  from  the  equal  angles 
BAC  and  DAC,  there  remains  CAHsCAE,  but  the  an* 
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gles  ACH  and  ACE  are  also  eqnalj  and  the  side  AC  ia 
Gommon  to  the  two  triangles;  wherefore  AH =AE,  and 
CH  =  CE.  And  because  the  triangles  ADE  and  AFG 
are  similar,  AD :  AE : :  AF :  AG,  and  AD.AG= AE.AF. 
Again,  the  triangles  ANC  and  ACD  being  similar^ 
AN  :  AC  :  :  AC  :  AD,  and  AN.AD=  AC*.  But  FC 
EF::AD:AE::AF:AG,  and  CE  :EF::  AB  or  AD 
AF  J  consequently  FC.CE :  EF* : :  AD :  AG : :  NG.AD 
NG.  AG ;  and  since  AC  bisects  the  angle  FAH,  FC.CH-h 
AC*=FA.AH=FA.AE=AG.AD=AN.AD+NG.AD, 
it  follows  that  FC.CH,  or  FC.CE= NG.AD,  and  hence 
EP=NG.AG.  Now  K»=CG»— AC»=  (11.  17.  cor.) 
NG.AG;  wherefore  EF*=K*,  and  EF=K. 


PROP.  XXXI.    PROB. 

Through  two  given  points,  to  describe  a  circle 
touching  a  straight  line  given  in  position. 

Let  it  be  required  to  describe  a  circle  through  the  points 
A,  B,  and  touching  the  straight  line  CD. 

It  is  evident  that  CD  must  either  be  parallel  or  inclined 
to  the  straight  line  which  joins  the  points  A  and  B. 

I.  Let  CD  be  parallel  to  AB. 

ANALYSIS. 

From  the  point  of  contact  E,  draw  (I.  6.  EI.)  EG  per- 
pendicular to  CD.  Hence  (III.  20. 
cor.  El.)  EG  passes  through  the  cen- 
tre  of  the  circle,  and  since  it  is  also 
perpendicular  to  AB  (I.  2S.  El.)  it  bi- 
sects that  chord  at  right  angl^  (III. 
4.  El.)  the  point  G  is  therefore  giyen^ 
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f£;  coDfleqiieotly  tbe  three  p<nolt 
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COMPOSITION. 

Draw  (I.  7.  EL)  G£  bisecting  AB  at  right  angles,  and 
(III  9.  cor.  EI.)  through  the  points,  A,  E  and  B  describe 
a  circle;  this  will  toach  the  straight  liiie  CD. 

For  (III.  6.  El.)  GE  must  pass  through  the  centre  of 
the  cirde^  and  (I.  S2.  El.)  it  meets  the  parallels  CD  and 
AB  at  right  angles  i  whence  (III.  £0.  EL)  CD  b  a  tan« 
gent  to  the  circle. 

2.  Let  CD  be  inclined  to  AB. 

ANALYSIS. 


Produce  BA  to  meet  CD  in  F.  Then  (III.  26.  cor.  2.  EL) 
FE*=:  AF.FB;  but  3> 


the  point  of  con- 
course being  given, 
the  rectangle  AF, 
FB  k  given,  and 
consequently  FE 
and   the  point  E. 


Whereforesincethe     c/  \ 

three  poinu  A,  E,  and  B  are  given,  the  circle  AEB  is  gi- 
ven. 


COMPOSITION. 

Produce  BA  to  meet  CD  in  F,  find  (VI.  16.  El.)  FE 
or  FE'  a  mean  proportional  to  AF  and  FB,  and  (III.  10. 
cor.  EI.)  through  the  points  A,  B,  and  E,  or  A,  B,  and 
£^  describe  a  circle  $  this  will  touch  the  straight  line  CD. 

For  since  AF  :  FE  :  :  FE  :  FB,  therefore  (V.  6.  EL) 
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FE*= AF,FB|  and  consequently  (III.  2B.  EL)  FE^  or  FE^'t 
toachcB  the  circle. 


PROP.  XXXII.    PEOR 

Through  a  given  point,  to  describe  a  circle 
touching  two  straight  lines  given  in  position. 

« 

Let  it  be  required,  through  the  point  E,  to  describe  m 
circle  touching  AB  and  CD. 

1.  When  AB  is  parallel  to  CD. 

ANALYSIS. 
Through  the  centre  O  draw  the  parallel  FO  and  the 
common  perpendicular  KI.' 
It  is  evident  that  the  radius 
OI  is  given,  and  consequent- 
ly FO  is  given  in  position ; 
but  OE,  being  equal  to  OI^ 
is  given,  and  therefore  the 
centre  O  is  given. 

COMPOSITION. 

Draw  a  parallel  FO  bisecting  the  distance  between  tlie 
straight  lines  AB  and  CD,  and  from  E  with  a  radius  equal 
to  half  that  distance  intersect  FO  in  O,  or  O' ;  this  point 
18  the  centre  of  the  circle  required.  For  OE=OI=OK9 
and  the  circle  which  passes  from  E  must  touch  at  K  ajid  I. 

t.  When  CD  is  indined  to  AB. 
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ANALYSIS. 

Produce  BA  and  DC  to^  meet  in  F,  join  01,  OK,  and 
OF,  and  from  £  draw  EGH  perpendicalar  to  OF. 

The  triangles  OKF  and  OIF,  being  (III.  20.  £1.)  right- 
angled,  and  having  the  side  OK  equal  to  01  and  the  side 
OF  common,  are  (I.  22.  El.)  equal,  and  consequently  the 
imgle  OFK  is  equal  to 
OFI ;  wherefore  since 
the  point  of  concourse  F 
is  given,  the  straight 
line  OF  is  given.  But, 
the  point  E  bdng  given, 
the  perpendicular  £H  is 
thence  given,  and  (III. 
4.  £1.)  GH  being  equal 
to  GE,  the  opposite  point  H  is  given.  Two  points  £, 
H,  and  a  straight  line  A6,  are  thus  given,  and  therefore, 
hy  the  last  proposition,  the  circle  £(IKI  is  given. 

COMPOSITION. 

Produce  BA  and  DC  to  meet  in  F,  draw  (I.  5.  £1.)  FO 
bisecting  the  angle  BFD,  from  £  (I.  6.  El.)  let  fall  the 
perpendicular  EG,  and  extend  it  both  ways,  making  GH 
=G£,  find  (VI.  16.  EL)  LI,  or  Lr,a  mean  proportional 
to  HL(.and  LE,  and  through  the  points  H,  £,  I,  or  H, 
£,  1\  describe  a  circle;  this  circle  will  touch  both  the 
straight  lines  AB  and  CD. 

For  the  centre  of  the  circle  which  passes  through  £  and 
H,  must  (III.  5.  £1.)  occur  in  FO  ;  let  it  be  O,  join  OI 
and  draw  the  perpendicular  OK.  Because  HL.L£=LI^, 
the  circle  touches  AB  at  I,  and  hence  OIF  is  a  right  an- 
gle ;  consequently  the  triangles  KOF  and  lOF  having  the 
angles  OKF  and  OFK  equal  to  OIF  and  OFI,  and  the 
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side  OF  common,  are  (1. 20.  El.)  equal*  and  therefore  OI 
=:  OK  ;  wbence  the  circle  described  from  O  passes  throng 
K,  and  (III.  20.  El)  must  touch  CD  at  that  point 

Cor.  If  the  given  point  E  should  fidl  on  AB*  and  thus 
coincide  with  the  point  of  contact, — ^the  problem  will  be- 
come much  simpler ;  for  the  caitre  O,  lying  in  the  intar- 
mediate  or  bisecting  line  FO,  will  be  determined  by  the  in- 
tersection of  the  perpendicular  lO. 

PROP.  XXXIII.    PROB. 

Through  two  given  points,  to  describe  a  circle 
touching  a  given  circle. 

Let  it  be  required,  through  the  points  A  and  B,  to  de^ 
scribe  a  circle,  touching  another  circle  whose  centre  is  C» 

ANALYSIS. 

Through  D,  the  point  of  contact,  draw  ADE  and  BDF, 
join  EF,  at  F  (L  5.  cor.  2.  El.)  apply  the  tangent  FO» 
and  draw  BHCL 

Because  FG  touches  the  given  circle,  the  angle  BFG  is 
(III.  21.  £1.)  equal  to  FED,  and  therefore  equal  to  BAD, 
since  (III.  24.  £1.)  FE  and  AB  are  parallel  \  but  the  tri- 
angles BGF  and  BDA  have 
likewise  a  common  angle  at 
B,  and  are  hence  similar ; 
therefore  BF :  BG  : :  B A : 
BD,and(V.6.El.)BA.BG 
=:BF.BD=  (III.  26.  El.) 
BI.BH.  BtttBIandBH 
are  given,  and  thence  the 
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lectan^  B  A,  BG  is  given, 
and  consequently  (II.  8.  EI.) 
the  point  6  is  given.  Hence 
the  tangent  6F,  and  D^ 
die  intersection  of  BF,  are 
givcD;  wherefore  the  cir- 
cle that  passes  through  the 
three  points  A,  D,  and  B  is  given. 

COMPOSITION. 

Make  (VI.  3.  EL)  BA:BI ::  BH :  BG,  draw  (III.  20.EL) 
the  tangent  GF,  join  BF  cutting  the  given  circumference  in 
D,  and  (III.  9.  cor.  EL),  through  the  points  A,  D,  and  B, 
describe  a  circle ;  this  will  touch  the  circle  FDE. 

For  draw  ADE,  join  FE,  and  draw  BHCI.  Since 
BA  :  BI : :  BH  :  BG,  therefore  (V.  6.  EL)  BA.BG  = 
BLBH  =  (III.  26.  EL)  BF.BD ;  whence  BF  :  BG : : 
BA :  BD,  and  consequently  the  triangles  BGF  and  BD A, 
having  the  same  vertical  angles  are  (VI.  IS.  El.)  similar, 
and  hence  the  angle  BFG  is  equal  to  BAD.  But  (III. 
SI.  £1.)  BFG  is  equal  to  FED,  and  thus  the  alternate  an- 
gles B  AE  and  FE  A  are  equal,  and  FE  is  parallel  to  AB ; 
whence  (III.  24.  El.)  the  two  circles  touch  at  D. 

It  is  obvious,  that  the  tangent  GF  will  have  two  posi- 
tions, and  consequently  the  Hne  BDF  may  cut  the  given 
circle  in  two  points.  The  circle  which  passes  through  AB 
and  D  may  therefore,  in  each  case,  have  an  exterior  as  well 
as  an  interior  position,  though  here  omitted,  to  avoid  con- 
fusing the  figure. 
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PROP.  XXXIV.    PROB. 

Through  a  given  point,  to  describe  a  circle, 
touching  a  given  circle  and  a  straight  line  whieh 
is  given  in  position. 

Let  it  be  required,  through  the  point  A,  to  describe  a 
circle  touching  the  straight  line  CD  and  the  circle  whose 
centre  is  B. 

ANALYSIS. 

From  the  centre  of  the  given  circle  let  fall  the  perpendi- 
cular EBG,  join  EI  and  extend  it  to  H  in  the  straight 
line  CD,  also  draw  FIK  and  join  HK. 

The  angle  HIK,  being  equal  to  EIF  which  stands  in  a 
semicircle,  is  (III.  19.  El.)  a  right  angle,  and  consequent- 
ly HK  is  the  diameter  of 
the  circle  IL A,  and  H  the 
point  of  contact.  The  tri- 
angles HEG  and  FE I  are 

therefore  similar,  HE: EG 
::  EF :  EI,  whence  HE.EI 
=  EG.EF.      Join    ELA   _  ^ 

and  (in.  26.  El.)  AE.EL  ^ 
=HE.EIorEG.EF;but 
the  rectangle  EG,  EF  is  gi- 
ven^ and  consequently  that 
of  AE,  EL  i  now  AE  being 
given,  the  point  L  is  hence 
given.  •  Wherefore,  since 
the  two  points  A,  L,  and 
the  straight  line  CD,  aire  all  given,— the  circle  HIA  is 

given^ 
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COMPOSITION. 

Join  EA»  draw  the  perpendicular  EG>  make  (VI.  S. 
EL)  AE  ;  EG  :  :  EF  :  EL,  and  by  Prop.  31.  of  this 
Book,  describe  a  circle  throngh  the  points  A,  L,  and 
tonchiog  the  straight  line  CD  ;  this  circle  will  also  touch 
the  given  circle. 

For  draw  the  diameter  HK,  join  EH  cutting  the  cir- 
Gomference  EIF,  and  draw  FIK  meeting  HK. 

The  triangles  HEG  and  FEI  being  evidently  similar, 
HE:  EG  : :  EF:  EI,  and  HE.EI=EG.EF;  but  AE  : 
EG  :  :  EF  :  EL,  and  AE.EL=EG.EF ;  wherefore 
HE.£I= AE.EL,  and  (III.  28.  £1.)  the  point  I  must  lie  in 
the  circumference  HIK.  But  the  two  circles  also  touch 
in  I ;  for  EG  being  parallel  to  HK,  the  angles  lEF  and 
IHK  are  equal,  which  are  again  equal  to  those  made  by  a 
tangent  with  IF  and  IK. 

Cor.  The  problem  will  be  greatly  simplified,  if  the  given 
point  A  should  occur  in  the  straight  line  or  in  the  circle, 
and  hence  coincide  with  either  of  the  points  of  contact  H 
or  I ;  for  EIH  and  FIK  being  drawn,  the  perpendicular 
HK  is  the  diameter  of  the  required  cirde. 

PROP.  XXXV.    PROB. 

Through  a  given  point,  to  describe  a  circle 
touching  two  given  circles. 

Let  it  be  required,  through  the  point  C,  to  describe  a 
circle  touching  two  given  circles  whose  centres  are  A  and 
B. 

ANALYSIS. 

Join  the  centres  A,  B  and  O,  and  produce  AB  and  the 
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straight  line  connecting  E,  F,  the  points  of  contact,  till 
they  meet  in  D;  join  also  BH  and  DC,  and  extend  this 
to  cut  the  circle  in  L. 

Since  EOF  and  FBH  are  isosceles  triangles,  the  vertical 
angles  OFE  and  BFH  are 
equal  to  OEF  and  BHF, 
which  are  therefore  equal, 
and  consequently  (1. 22.  EL) 
£0  is  paraUel  to  BH; 
whence  (VI.  2.  El.)  AE  : 
BH  :  :  DA  :  DB,  and  the 
point  D  is  therefore  given. 
Again (VL  I.  El.)  DA:  DB 
: :  DE :  DH,  or  (V.  25.  cor.  i? 

2.  EL)  DE.DF  :  DH.DF  i  but  the  rectangle  DH,  DF, 
being  equal  (IIL  26.  EL)  to  the  rectangle  under  the  seg- 
ments of  DB  intercepted  by  the  circle  B,  is  given«  and 
hence  DE.DF  or  DC.DL  are  given  rectangles;  wherefore 
DC  bdng  given,  DL  and  the  point  L  are  likewise  given. 
The  problem  is  thus  reduced  to  Proposition  33,  of  this 
Book. 

COMPOSITION. 

Make  (VI.  3.  EL)  AE :  BH : :  AD :  BD,  join  DC,  and 
produce  it  to  L,  such  that  the  rectangle  DC,  DL  shall  be 
to  the  rectangle  formed  by  a  secant  drawn  from  D  to  the 
circle  B,  in  the  ratia  of  AE  to  BH,  and  (II.  83.  Anal.)  de- 
scribe a  circle  through  the  points  C  and  L,  and  touching 
the  circle  A ;  this  will  also  touch  the  circle  B. 

For  join  O A,  OB,  EH,  and  draw  BH  parallel  to  AG. 
Because  AE :  BH  : :  AD :  BD,  it  is  evident  that  EH,  be- 
ing produced,  will  meet  AD  in  D;  hence  AE :  BH  : :  DE 
:  DH,  oc  (V.  25.  cor.  2.  EL)  DE.DF :  DH.DF  j  but. 
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by  constniction,  AE :  BH : :  DC.DL  :  DH.DF,  and  con- 
seqaently  DC.DL  is  equal  to  D£.DF,  and  the  point  F 
lies  in  the  circle  O.  Wherefare  the  triangle  EOF  is  isos- 
celes, and  likewise  the  similar  triangle  HBF ;  hence  F  be- 
longs also  to  the  circle  B  and  (III.  24.  El.)  is  the  point  of 
mutual  contact.  , 

If  L  should  coincide  with  the  point  C,  the  construction 
will  be  effected  by  the  corollary  to  the  preceding  Proposi- 
tion. 


1^ 


PROP.  XXXVI.    PROB. 

To  describe  a  circle  that  shall  touch  a  given 
circle  and  two  straight  lines  given  in  position. 

Let  it  be  required  to  describe  a  circle  touching  the 
straight  lines  AB  and  CD,  and  another  circle  whose  cen- 
tre is  E. 

ANALYSIS. 

Join  FE,  draw  FH,  FI  to  the  points  of  contact,  from 
F|  with  the  radius 
FE,  describe  a  cir- 
cle meeting  FH  and 
FI  produced  in   K 
and  L,  and,  at  these 
points,  apply  the  tan- 
gents MN  and  OP. 
Because  FE=FK 
=  FL  and  FG  = 
FH=FI,  therefore  ' 
GE=:HK=IL.But 
the  tangents  CD  and 
OP,  being  perpendi- 
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cular  to  FK,   are  paraUel ;  ^^ 

and,  for  the  same  reason,  the  .  ^ 
tangents  AB  and  MN*are  pa* 

rallel.      Wherefore  OP  and  /^l 

MN  are  given  m  position,  and  c/l     y 

consequently,  by  Prop  32.  the  N^    Ep^ 

circle  £KL  is  given  ;    and  'i^v^*'^ 

thence  the  concentric  circle  X^^ 

GHL  A 

COMPOSITION. 

At  a  distance  equal  to  the  radius  of  the  given  cirde^ 
draw  MN  and  OP  parallel  to  AB  and  CD;  and  by  Prop. 
S2.  of  this  Book,  find  F  the  centre  of  a  circle  which 
passes  through  £  and  touches  MN  and  OP ;  F  is  likewise 
the  centre  of  the  required  circle^ 

For  join  FE,  and  draw  FK  and  FL  to  the  points  of  con- 
tact. And  because  G£=HK=:IL,  it  is  evident  that  FG 
=  FH=:FI.  But  the  circle  also  touches  at  the  points  H 
and  I,  since  CD  and  AB  are  perpendicular  to  FK  and 
FL. 

Scholium.  The  six  preceding  propositions  are  only  cases 
of  a  general  problem  :  <*  Three  things  being  given, — ^whe- 
ther poiuts,  or  straight  lines,  or  circles, — to  describe  a  cir- 
cle limited  by  them  all.''  This  problem  comprises  ten  dis- 
tinct cases.  Two  of  these  have  been  already  given  in  the 
Elements  :  To  describe  a  circle  through  three  given  points, 
forms  the  9th  Prop*  Book  III. :  To  describe  a  circle  that 
shall  touch  three  straight  lines  given  in  position,  is  the  ba- 
sis of  Prop.  10.  Book  IV.,  and  appears  complete  in  the  con- 
struction of  Prop.  29.  Book  VI.  The  same  principle,  it 
may  be  perceived,  runs  through  all  the  solutions  already 
given ;  the  conditions  of  the  problem  are  only  repeat-> 
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adfy  exemplified,  each  of  the  linear  or  circular  data  being 
exchanged  in  succession  for  a  point.  Two  cases  stiH  re- 
main :  When  there  are  given  three  circles  or  two  circles 
and  a  straight  hue,  to  describe  another  circle  limited  by 
these  data.  These  are  easily  reduced,  however,  to  the 
cases  already  solved,  as  in  the  concluding  proposition, — by - 
drawing  a  parallel,  or  descriUng  a  concentric  circle,  at  dis- 
tances, according  to  the  relative  position  of  the  data,  equal 
to  the  sum  or  difference  of  the  given  radii. 

A  beautiftil.  general  theorem  respecting  the  mutual  tan* 
gGBkcy  of  circles,  was  celebrated  among  the  ancient  geome*- 
ters,  and  styled  by  them,  from  the  resemblance  of  its  dj^- 
gnNDf  the  a^fjkog^  or  shoemaker's  knife :  If,  on  the  two 
segments  AB  and  BC  of  the  diameter  of  a  semicircle,  other 
semicifdes  be  constructed,  and  between  these  and  the  ezte* 
rior  circumference  a  series  of  circles  be  inscribed,  each  of 
them  touching  in  three  several  points,  and  if  perpendiculars 
be  let  fall  from  their  centres  on  the  diameter  AC ;  the  first 
perpendicular  OG  will  be  equal  to  the  diameter  of  the  cir- 
cle about  O,  the  second  perpendicular  PS  will  be  double  of 
the  diameter  of  the  circle  about  P,  the  third  perpendicur 
Isr  QT  will  be  triple  the  diameter  of  the  circle  about  Q^ 
the  fourth  perpendicular  RN  will  be  quadruple  the  dia- 
aaeter  of  the  circle  about  R,  and  so  on  continually.  In- 
scribed circles  might  likewise  be  carried  from  O,  on  the 
other  side  towards  C,  or  even  downwards  to  B,  whose 
diameter  shall  have  the  same  continued  relations  to  the 
perpendiculars  from  their  centres. 

The  demonstration  of  this  remarkable  property,  as  it  em- 
brace a  variety  of  circumstances,  will  necessarily  extend  to 
some  length. 

1.  Join  A,  C,  the  extremities  of  the  diameter  of  the  ex* 
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terior  circlet  with-L  its  point  ofcontact  with  the  first  inscrib* 
ed,  and  (III.^24.£i.)  the  line  IK,  which  connects  their  inter- 
sections with  that  circle  must  be  parallel  to  AC ;  it  is  also  a 
diameter,  since  ALC  being  contained  in  a  semicircle,  is  (ill. 
19.  El.)  a  right  angle.  For  the  same  reason,  if  straight  lines 
be  drawn  from  Bto  the  points  ofcontact  D  and  £,  they  must 
terminate  in  I  and  K,  the  extremities  of  the  diameter  IK. 
Now,  from  the  nature  of  the  circle  (III.  t'6.  El.)  LA.AI 
=:KA.AD;  but  the  triangles  LAC  and  FAI,  having  com- 
mon angles  at  A,  and  the  right  angles  ALC  and  AFI,  are 
similar,  and  consequently  AL  :  AC  :  :  AF  :  AI,  and  (V. 
6.  El.)  LA.AI=CA.AF.  Moreover,  the  triangles  HAK 
and  DAB  are  evidently  similar,  and  HA :  AK : :  AD :  AB; 
whenceHA.AB=KA.AD:WhereforeCA.AF=:HA.AB» 
and  AB:  CA  :  :  AF  :  HA,  consequently  (V.  11.  El.) 
AB :  BC  : :  AF  :  FH.    Again  (III.  86.  £1.)  LCCK  a 


IC.CE ;  but  the  triangles  LCA  and  HCK  being  similar, 
AC  :  CL  :  :  CK  :  CH,  and  AC.CH  =  LC.CK;  and  the 
triangles  ICF  and  BCE  being  also  similar,  IC  :  CF  :  : 
BC  :  CE,  and  IC.CE  =  BC.CF ;  wherefore  BC.CF  = 
AC.CH,  and  AC  :  BC:  :  CF:  CH;  whence (V.  11.  El.) 
AB  :  BC  :  :  FH  :  CH.    But  it  was  proved  that  AB  :  BC 
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t :  AF  :  FH,  conaeqaeiitly  AF  i  FH  : :  FH  :  CH,  and 
AF.CH = FH^  Again,  the  triangle  ALCbeing evidently 
equiangular  to  API  and  KHC,  these  are  mntoallj  similar, 
and  therefore  AF :  FI : :  KHi  CH,  and  AF.CHnFLKH 
or  FP.  Whence  FP  s  FH%  and  the  diameter  IK  equal 
to  IF  or  to  the  perpendicular  OG. 

ft.  At  A  appljra  taogent,and  produce  the  line  joining  OP 
to  meet  it  in  X ;  join  AP^  and  produce  it  to  meet  the  exten- 
sion of  the  perpendicular  GO  at<  N.  Because  AB :  CA : : 
AF:  HA,itfoUows(V.  IS.El.)  AB+CA:  BC::2AG:  FH, 
or  having  bisected  BCin  a,  A0  :  Ba : :  AG :  FG  or  OZ.  In 
JSie  manner,  it  may  be  shown,  that  Aa  :  Ba  :  :  AS :  PZ ; 
whence  by  identity  of  ratios,  AG :  OZ : :  AS :  PZ»  or»  alter« 
natcly,  AG  :  AS  :  :  OZ  :  PZ,  and  OZ  :  PZ : :  AG:  AS:: 
OX :  PX ;  that  is,  the  line  OP  joining  two  centres  is  cut  in- 
ternally in  Z,  and  externally  in  X,  in  the  same  ratio.  If  PQ 
were  joined,  and  produced  to  the  tatigent  AX,  it  would  like* 
wise  be  divided  in  a  similar  way.  But  a  tine  joining  the 
points  where  the  circles  O  and  P  touch  the  circle  on  AB, 
wooU,  if  produced,  concur  in  the  point  X ;  for  radii  being 
drawn  iinom  the  centres  to  the  small  intercepted  chords 
would  evidently  form  similar  isosceles  triangles,  since  these 
are  equiangular  to  the  isosceles  triangle  made  by  connecting 
the  chord  DW  with  the  centre  of  the  circle  on  AB.  A- 
gain  OD  or  OZ  :  Fc  or  PZ  :  :  OX  :  PX;  and  this  analo- 
gy, by  division,  becomes  OZ  :  PZ : :  XZ :  X^,  and  conse- 
quenUy  (V;  5.  El.)OZ  :  PZ : :  XZ»  :  XZ.X6 ;  but  OZ  :  PZ 
: : OX :  PX : :  XD iXc::  XD.X W :  Xc.XW ;  wherefore, 
by  identity  of  ratios,  XZ*  :  XZ.X6: :  XD.X  W:  Xc.XW; 
bat  (111.26.  El.)  XZ.X6=Xc.XW,  and  hence  XZ*=: 
XD.XW= AX%  and  XZ=:AX.  The  triangle  AXZ  is 
therefore  isosceles,  and  consequently  (I.  22.  £1.)  ZOM  is 
alio  isosceksy  and  the  line  AZ  meets  the  perpendicular 
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GO  at  My  the  extremity  of  the  diameter.  And  lince 
Py :  MN : :  PA  f  NA: :  PX:OX:  :  PZ  :OZ  :  :  Py :  OM» 
therefore  (V.  4.  El.)  MN  is  equal  to  OM,  and  Py  to  PZ* 
Now  (VL8.EI.)  Py:PS::NM:NG  or  Z6:PS::MO 
:  NO  $  but  NG  has  been,  shewri  to  be  double  of  NO» 
and  consequently  PS  is  doable  of  Z6. 

S.  In  the  same  way,  it  may  be  demonstrated  that  m  line 
drawn  from  A  through  Q  will  meet  the  perpendicular  SP 
at  a  distance  above  P,  equal  to  the  diameter  of  its  circle; 
consequently  the  ratio  of' this  perpendicular  to  the  cor* 
responding  diameter  being  the  same  as  that  of  the  per* 
pendicular  QT  to  the  diameter  of  the  circle  Q,  istbe  ratio 
of  three  to  one.  The  like  reasoning  will  apply  snccea* 
siyely  to  the  rest  of  the  series  of  perpendiculars. 


The  process  might  easily  be  carried  fiuther  and  more 
circles  iosertedt  but  it  would  render  the  figure  very  com* 
plicated.  To  avoid  such  confusion,  likewise,  the  series  of 
circles  on  the  other  side  from  O  towards  G  along  the  con« 
cave  circumference!  and  also  a  similar  decreasing  series  of 
interior  circles  downwards  from  O  to  B,  are  omitted* 

It  may  be  worth  while  to  notice  here  another  elegant 
property  connected  with  the  tangency  of  circles :  Let  there 
be  any  three  circles  whose  centres  are  A,  B  and  C;  if  a 
pair  of  tangents,  applied  on  both  sides  of  the  first  and  se* 
cond  circles,  meet  at  the  point  D,  and  a  pair  of  tangenta 
applied  to  the  second  and  third  circles  meet  at  £;  then  wifl 
the  tangents  applied  to  the  first  and  third  circles  meet  at 
some  point  F  in  the  straight  line  D£.  For  let.  the  dia* 
meters  of  the  circles  described  about  A,  B  and  C,  be  ex- 
pressed by  a,  b  and  c.  It  is  evident,  from  the  inspecti<»» 
of  the  figure  in^  Case  II.  of  the  thirty-second  Proposition 
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of  thb  Book,  that  each  pair  of  tangents  will  meet  in  the  ex- 
tension of  a  straight  line 
joining  the  centres  of 
two  circles,  and  divide 
extemaDy  the  distance 
between  these  centres 
in  the  ratio  of  the  dia- 
meters. Wherefore 
a  :  6  : :  AD  :  DB,  and 
6  :  c  : :  BE  :  EC,  but 
CG  being  drawn  pa- 
rallel to  AD,  BE  :  EC 
:  :  BD  :  C6,  and  by  composition  of  ratios  a :  c : :  AD :  CG 
:  :  (YI.  1.  EL)  AF :  FC.  Hence  the  tangents  applied  to  the 
circle  described  from  A  and  C  meet  also  at  F. 
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DEFINITION. 


If  a  point  vary  its  position  according  to  some  determin* 
ed  law,  it  will  trace  a  line  which  is 'termed  its  Locus. 


PROP.  I.    THEOB. 

If  a  straight  line,  drawn  through  a  given  point  to 
a  straight  line  given  in  position,  be  divided  in  a 
given  ratio,  the  locics  of  the  point  of  section  is  a 
straight  line  given  in  position. 

Liet  the  point  A  and  the  straight  line  BD  be  given  in 
position,  and  let  AB,  limited  by  these,  be  cut  in  a  given 
ratio  at  C ;  this  point  will  lie  in  a  straight  line  which  is 
given  in  position. 

ANALYSIS. 

From  A  let  fall  the  perpen- 
dicular AD  upon  BD,  and, 
through  C,  draw  C£  parallel 
to  BD.  It  is  evident  (VI.  1. 
EL)  that  AC :  AB : :  A£ :  AD, 
and  consequently  that  the  ratio 
of  AE  to  AD  is  given  ;  but 
AD  is  given  both  in  position 
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and  magnitudey  aod  hence  A£  and  the  point  E  are  givea, 
and  therefore  CE,  which  stands  at  right  angles  to  AD,  is 
given  in  position. 

COMPOSITION. 

Let  &1I  the  perpendicular  AD,  which  divide  at  E  in  the 
given  ratioi  and  erect  tbe  perpendicular  C£ ;  this  straight 
line  is  the  locus  required.  For  CE  being  parallel  to  BD, 
AC :  AB : :  AE :  AD,  that  is,  in  the  given  ratio. 


PROP.  n.    THEOR. 

If  a  straight  line,  drawn  through  a  given  point 
to  the  circumference  of  a  given  circle,  be  divided 
in  a  given  ratio,  the  locus  of  the  point  of  section 
will  also  be  the  circumference  of  a  given  circle. 

Let  AB,  terminating  in  a  given  circumference,  be  cut  in 
>  given  ratio;  the  segment  AC  will  likewise  terminate  in  a 
iven  circumference. 


given  circumference. 


ANALYSIS. 

Join  A  with  D  the  centre  of  the  given  circle^  and  draw 
CE  parallel  to  BD.  It  is  ob- 
vioQs  (VL  1.  El.)that  AC :  AB 
: :  AE :  AD ;  whence  the  ratio 
of  AE  to  AD  being  given,  AE 
and  the  point  E  are  given. 
Again,  since  (VI.  2.  El.) 
AC  :  AB  : :  CE  :  BD,  the  ra- 
tio of  CE  to  BD  is  given,  and 
consequently  CE  is  given  in 
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nagiiitade.  Wherefore  the  one  extremity  E  being  giTeSf 
the  other  extremity  of  CE  mast  trace  the  circmnferenoe  of 
A  gnrcn  circle^ 

COMPOSITION* 

Join  AD,  and  divide  it  at  £  in  the  given  ratio,  and  in 
the  same  ratio  make  DB  to  the  radius  EC,  with  which,  and 
from  the  centre  £»  describe  a  circle. 

For  draw  AB  cutting  both  circamferences,  and  join  CE 
and  BD.  Because  CE  :  BD  ;  :  AE  :  AD,  alternately 
CE :  AE  : :  BD  :  AD ;  wherefore  the  triangles  CAE  and 
BAD,  having  likewise  a  common  angle,  are  similar,  and 
consequently  AC :  CB : :  AE :  AD,  that  is  in  the  given  ra* 
tia 

PROP.  lU.    THEOR. 

If,  through  a  given  point,  two  straight  lines  be 
drawn  in  a  given  ratio  and  containing  a  given  an- 
gle ;  if  the  one  terminate  in  a  straight  line  given 
in  position,  the  other  will  also  terminate  in  a 
straight  line  given  in  position. 

Let  the  ratio  BA  to  AC,  with  the  angle  BAC  and  its 
vertex  A,  be  given  ;  if  the  extremity  B  lie  in  the  straight 
line  BD,  the  extremity  C  will  have  for  its  locus  another 
straight  line  given  likewise  in  position. 

ANALYSIS. 

Let  fall  the  perpendicular  AD  upon  BD,  draw  AE  form- 
ing with  AD  an  angle  DA£  equal  to  BACj  and  make 
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AB  :  AC  : :  AD  :  AE;  C£  being  joined,  is  the  locus 
quired. 

Because  the  angle  DAE  is,  by  construction,  equal  to 
BAG,  it  is  given  ;  and  the  perpendicular  AD  being  given, 
the  straight  line  AE  is,  therefore,  given  in  position.  But 
AB  :  AC  :  :  AD  :  AE,  and  this  being  a  given  ratio,  AC 
is  hence  given  also  in  magnitude.  Again,  since  the  angle 
BAC  is  equal  to  DAE,  the  angle  BAD  is  equal  to  CAR; 
andbecause  AB: AC : : AD :  AE, 
alternately  AB:  AD ::  AC  :  AE; 
wherefore  the  triangles  ABD 
and  ACE,  having  their  vertical 
angles  equal,  and  the  sides  con- 
taining those  angles  propor- 
tional, are  (VI.  13.  El.)  similar, 
and  consequently  the  angle 
CEA  is  equal  to  BDA,  and  therefore  a  right  angle:  coa- 
sequently  the  straight  line  EC  is  given  in  position. 

COMPOSITION. 

Having  let  fall  the  perpendicular  AD,  and  made  the  an- 
gle DAE  equal  to  BAC,  make  AD  to  AE  in  the  given  ra- 
tio, and,  at  right  angles  to  AE,  draw  EC;  this  is  the  Zo- 
cus  required.  For  the  triangles  BAD  and  CAE,  having 
their  vertical  angles  equal,  and  the  angles  at  D  and  E  right 
angles,  are  similar,  and  consequently  AB :  AD : :  AC :  AE, 
or  alternately  AB  :  AC  :  :  AD :  AE,  that  is,  in  the  given 
ratio. 

PROP.  IV.     THEOR. 


If,  through  a  given  point,  two  straight  lines  be 
drawn  in  a  given  ratio,  and  containing  a  given  an* 
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gle ;  if  the  one  terminate  in  a  given  circumference, 
the  other  will  also  terminate  in  a  given  circumfe* 
rence. 

Let  the  angle  BAC|  its  vertex  A,  and  the  ratio  of  its 
tides,  be  given  ;  if  AB  be  limited  by  a  given  cirdei  the 
locus  of  C  will  also  be  a  given  circle. 

ANALYSIS. 

Join  A  with  D  the  centre  of  the  given  circle,  draw  AE 
at  the  given  angle  with  AD,  and  in  the  given  ratio^  and 
join  DB  and  EC. 

Because  the  point  A  and  the  centre  D  are  given,  the 
straight  h'ne  AD  is  given  ;  and  since  the  angle  DAEL,  being 
eqoal  to  BAC,  is  given,  AE  is  given  in  position.  But  AD 
being  to  AE  in  the  given  ratio,  AE  must  be  given  also  in 
msgnitude,  and  consequently 
the  point  £  is  given. 

Again*  the  whole  angle  B  AC 
being  equal  to  DAE,  the  part 
BAD  is  equal  to  CAE;  and 
because  AB  :  AC ::  AD :  AE; 
alternately  AB  :  AD  : :  AC  : 
AE;  wherefore  the  triangles 
ADB  and  AEC  are  similar, 
and  hence  AB  :  BD : :  AC :  CE,  or  alternately  AB :  AC : : 
BD :  CE ;  consequently  the  fourth  term  C£  is  given  in 
magnitude;  and  its  extremity  E  being  given,  the  other 
must  lie  in  a  given  circumference. 

COMPOSITION. 

Having  drawn  AE  at  the  given  angle  with  AD,  make 
AD  to  AE  in  the  given  ratio,  and  in  the  same  ratio  let 
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DB  be  made  to  EC ;  a  circle  described  from  die  centre 
E  with  the  distance  EC,  is  the  locus  required. 

For  AD  :  AE  : :  DB  :  EC,  and  alternately  AD  :  DB : : 
AE  :  EC ;  but  the  angle  BAD  is  equal  to  C  AE,  because 
the  whole  BAC  is  equal  to  DAE ;  consequently  the  trian- 
gles ABD  and  ACE  are  similar,  and  AB :  AD  : :  AC :  AE» 
or  alternately  AB  :  AC  : :  AD  :  AE,  that  is,  in  the^given 
ratio. 

Scholium.  Since  the  tangent  of  a  circle  is  only  the  extreme 
limit  of  its  adjacent  arc,  which,  in  proportion  as  the  circle 
expands,  mu«t  continually  approach  to  that  ultimate  po8i« 
tion— the  rectilineal,  may  be  derived  from  the  circular^ 
locus.  Thus,  in  Prop.  2.  of  this  Book,  if  the  centres  E 
and  D  be  supposed  to  retire  to  a  distance  indefinitely  re- 
mote, the  arcs  which  pass  through  C  and  B  may  be  view* 
ed  as  merging  in  their  tangents  or  in  perpendiculars  let 
fall  from  those  points  upon  AD,  which  is  the  first  propo* 
sition.  In  like  manner,  if  the  circles  in  Prop.  4.  be  sup- 
posed immeasurably  expanded,  the  arcs  in  which  the  points 
B  and  C  lie  may  be  conceived  to  pass  into  tangents  per* 
pendicular  to  AD  and  AE,  as  in  Prop.  3. 


PROP.  V.    THEOR. 

If  a  straight  line,  drawn  from  a  given  point  to 
a  straight  line  given  in  position,  contain  a  given 
rectangle,  the  locus  of  its  point  of  section  wiU  bd 
a  given  circle. 

Let  the  rectangle  AB,  AC  be  given,  while  the  point  B 
and  the  straight  line  BD  are  given  in  position ;  the  point 
C  will  lie  in  the  circumference  of  a  given  circle. 
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ANALYSIS. 

Draw  AD  perpendicular  to  BD,  and  make  tbe  rect- 
angle  AD.A£=AB.AC.  Since  AD  is  eyidently  given 
both  in  position  and  magnitude,  AE 
and  the  point  E  are  given.  Join 
CE.  Because  AD.AE  =:  AB.AC, 
AD :  AB  : :  AC  :  AE,  and  the  tri«  a{ 
angles  DAB  and  CAE,  having  the 
aides  about  the  common  angle  at  A 
proportional,  are  therefore  similar  $ 
and  consequently  the  angle  ACE  is  equal  to  ADB,  or  a 
right  angle.  Whence  (III.  19.  El.)  tbe  point  C  must  lie 
in  a  semicircle,  of  which  AE  the  diameter  is  given. 

COMPOSITION. 

Having  drawn  the  perpendicular  AD,  make  the  rect- 
angle AD,  AE  equal  to  the  given  space,  and  upon  the 
diameter  AE  describe  a  circle ;  this  is  the  locus  required. 
For  draw  AC  and  CE.  The  triangles  ABD  and  AEC  are 
similar,  since  tbey  have  a  common  angle  at  A,  and  those 
at  D  and  C  right  angles  ;  wherefore  AB :  AD  : :  AE  :  AC, 
and  AB.AC= AD.AE,  that  is,  equal  to  the  given  space. 


PROP.  VI.    THEOR. 

If  a  straight  Une,  containing  a  given  rectangle, 
be  drawn  through  a  given  point  to  the  circumfe- 
rence of  a  given  circle,  the  locus  of  its  point  of 
section  will  be  either  a  straight  line  given  in  po- 
sition or  a  given  circle,  according  as  it  orginates 
or  not  in  the  given  circumference. 
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Let  the  rectangle  AC,  A6  be  equal  to  a  given  space, 
and  the  segment  AC  terminate  in  a  given  circumference, 
the  point  of  origin  A  may  lie  either  in  that  circumference 
or  not. 

1.  Suppose  the  given  point  A  lies  in  the  given  circttn^e" 
rence  ;  the  locus  of  B  is  a  straight  line  given  in  position. 

» 
ANALYSIS. 

Draw  the  diameter  AE,  and  make  A£.AD:=  AB.AC  ; 
wherefore  the  point  D  is  given. 
Join  CE  and  BD ;  and  because 
AE.AD=:  AB.AC,  AC  :  AE  :  : 
AD :  AB  ;  whence  the  triangles 
CAE  and  DAB,  having  likewise 
a  common  angle  at  A,  are  simi- 
lar. Consequently  the  angle 
ADB  being  thus  equal  to  ACE, 
is  a  right  angle,  and  the  straight  line.  DB  is  hence  given 
in  position. 

COMPOSITION. 

Having  drawn  the  diameter  AE,  make  the  rectangle 
AE,  AD  equal  to  the  given  space,  and  erect  the  perpendi- 
cular DB;  this  is  the  loois  required.  For  draw  ACB,  and 
join  CE.  The  right-angled  triangles  ACE  and  ADB  be- 
ing evidently  similar,  AC :  AE ; :  AD  :  AB,  and  ACAB=: 
AE.AD,  or  the  given  space. 

2.  Suppose  that  the  point  A  does  not  lie  in  the  given  ctV" 
cumference ;  then  the  locus  of  B  is  a  given  circle. 
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ANALYSIS. 
Draw  the  diameter  EAD,  and  prodace  CAF  to  the  cir- 
camfereDce.     The  rectangle  AC,  AF,  being  (III.  26.  El;) 
equal  to  AD»  AE,  is  given, 
and  has,  therefore,  a  given  ra- 
tio to  the  rectangle  AC,  AB; 
whence  (V.  3.  £1.)  the  ratio 
of  AF  to  AB  b  given,  and 
consequently  (IIL  2.  Anal.) 
AB  terminates  in  the  cir- 
eomferenoe  of  a  given  cir* 
cle. 

COMPOSITION. 
Having  drawn  the  diameter  EAD,  make  (II.  8.  El.)  the 
rectangle  AD,  AH  equal  to  the  given  space,  and  (III.  2. 
AnaL};^de8cribe  a  circle  EBGF,  such  that  a  straight  line 
passing  through  it  shall  be  cut  by  the  circumference  in 
'  the  ratio  of  AE  to  AH ;  this  circle  is  the  locus  required. 
For  AE :  AH : :  AF :  AB  : :  AF. AC :  AB.AC ;  wherefore 
AF.AC :  AB. AC : :  AK  AD  :  AH. AD,  and  the  first  term 
of  this  analogy  being  equal  to  the  third,  the  second  term 
is  equal  to  the  fourth,  or  AB.ACs:  AH.AD,  that  is,  equal 

« 

to  the  given  space.  * 

PROP.  VII.    THEOK. 

If  two  straight  lines,  containing  a  given  rect- 
angle, be  drawn  from  a  given  point  at  a  given 
angle  ;  should  the  one  terminate  in  a  straight  line 
given  in  position,  the  other  will  terminate  in  the 
circumference  of  a  given  circle. 

Let  the  point  A,  the  angle  BAC,  and  the  rectangle  un- 
der its  sides  BA,  AC  be  given ;  if  the  direction  BD  be 
given^  then  will  the  locus  of  C  be  a  given  circle. 
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ANALYSIS 

From  A»  let  fall  the  perpendi- 
cular AD  upon  BD.  Draw  (I.  4. 
£]•)  AE,  to  contain  with  AD  an 
angle  equal  to  the  given  angle,  wd 
(IL  8.  £1.)  a  rectangle  equivalent 
to  the  given  space;  and  join  CE* 

Since  AD  is  evidently  given  In 
position  and  magnitude,  AE  is  likewise  given  in  position 
and  magnitude ;  and  the  rectangle  AD,  AE  being  equ«l 
to  AB,  AC,  therefore  (V.  6.  EL)  AD :  AB : :  AC :  AE;  but 
the  angle  DAE  is,  by  construction,  equal  to  BAC,  and 
hence  DAQ  is  equal  to  EAC.  Wherefore  the  triangles 
-ABD  and  AEC,  having  each  an  equal  angle  and  its  can^ 
taining  sides  proportional,  are  (VI.  IS.  £1.)  similar;  and 
consequently  the  angle  ACE  is  equal  to  the  right  angle 
ADB.  Whence  the  locus  of  C  is  a  circlci  with  AE  for  iU 
diameter. 


COMPOSITION. 

• 

Having  let  fall  the  perpendicular  AD,  draw  AE,  making 
the  angle  DAE  equal  to  the  given  angle,  and  the  rectan- 
gle DA,  AE  equivalent  to  the  given  space,  and  on  AE, 
as  a  diameter,  describe  a  circle;  this  is  the  hens  required* 

For  join  C£  i  and  the  triangles  DAB  and  EAC  being 
right-angled  at  D  and  C,  and  having  the  vertical  angles  at 
A  equal,  are  evidently  similar,  and  consequently  AD:  AB 
: :  AC:  AE ;  and  hence  the  rectangle  AB,  AC  is  equal  to 
AD,  AE,  that  is,  to  the  given  space. 


BOOK  ZIf. 


ISl 


PROP.  VIIL    PROB. 

To  find  the  locus  of  the  extremity  of  a  straight 
line,  which  bisects  the  angle  contained  in  a  given 
segment  of  a  circle,  and  is  equal  to  half  the  sum 
of  its  sides. 


Let  BD»  equal  to  half  the  sum  of  tlie  sides  AB  and  BC» 
bisect  the  angle  ABC  contaiiied  in  die  segment  AFC ;  it 
is  required  to  discorer  the  loaa  of  the  point  D. 

ANALYSIS 

Having  completed  the  arc  AFC,  bisect  it  in  F,  and  widi 
the  chord  AF  or  CF  as  a  radius  describe  a  circle  cutting 
the  diameter  FE  in  I,  produce  AF  and  AB  to  O  and  H| 
and  join  OH,  BF  and  D£. 

Since  the  arc  AF  is  equal  to  CF,  the  supplementary  arc 
A£  is  equal  to  CE,  and  con- 
■eqaentlj  BD,  which  bisects 
the  angle  ABC,  forms  one 
straight  line  with  DE.  A- 
gain,  the  angle  ABC  being 
equal  (III.  16.  £L)  to  AFC 
18  (III.  15*  EL)  double  of 
AH6  or  BHG ;  but  (I.  SO. 
El.)  it  is  equal  to  both  the 
angles  BCH  and  BHC,  and 
consequently  these  are  mutu- 
ally equal,  and  the  triangle 
CBH  is  isosceles.  Now  the  angle  FAB  or  OAH  is  (III. 
16.  EL)  equal  to  FEB,  and  the  angles  AHG  and  EBF 
being  contained  in  semicircles,  are  right  angles  $  where- 
fore the  triangles  AGH  and  EFB  are  simihur,  and  AG :  AH 
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: :  EF :  EB.  But  BD,  being  half  the  8om  of  AB  and  BC^ 
is  evidently  the  half  of  AH,  and  IF  is  eqaal  to  AF  or 
the  half  of  AG ;  consequently  EF  :  EB  :  :  IF :  BD»,aiid 
ID  (VL  cor.  I.  £1.)  must  be  parallel  to  tB;  the  angle 
IDE,  being  thus  equal  to  FBI^  is  hence  a  right  angle,  and 
contained  in  a  giren  semicircle.  The  ^ocus.of  the  point  D 
16  therefore  given. 

COMPOSITION. 

Complete  (III.  U.  £1.)  the  circle  of  which  ABC  i» 
a  s^ment ;  draw  the  diameter  FE  perpendicular  to  AC  ^ 
make  FI  equal  to  the  chord  AF  or  EF,  and  on  IE  de- 
scribe a  circle ;  this  circle  wiH  be  the  locus  of  D,  the  ex- 
tremity of  BD,  which  bisects  the  angle  ABC>  and  is  half 
the  sum  of  the  sides  AB  and  CB. 

For  (III.  13.  £1.)  the  diameter  EF  evidently  bisects 
the  arcs  AFC  and  AEC;  so  that  BD  being  produced 
would  terminate  in  E.  About  F,  with  the  distance  AF^ 
IF  or  CF,  describe  a  circle ;  produce  AF  and  AB  to  6 
and  H,  and  join  GH,  FB  and  ID. 

The  right-angled  triangles  AGH,  EID  and  AFB,  con- 
tained in  semicircles,  have,  besides  the  angle  GAH  or 
FAB  equal  to  FEB,  and  are  consequently  similar ;  where- 
fore AG:  AH  : :  EF :  EB  :  :  (VI.  1.  El.)  EI  :  ED  : :  (V. 
10.  El.) :  :  FI :  BD;  but  FI  is  the  half  of  AG,  and  hence 
BD,  which  bisects  the  angle  ABC,  is  the  half  of  AH,  that 
is,  from  what  has  been  shown,  the  half  of  the  sum  of  AB 
and  BC. 

PROP.  IX.    THEOR. 

If  two  straight  lines,  in  a  given  ratio,  stand  at 
given  angles  on  two  diverging  lines  which  are  gi- 
ven in  position,  the  loctis  of  their  vertex  will  be 
likewise  a  straight  line  given  in  position. 
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Let  the  straight  lines  AB,  AC,  in  a  given  ratio,  form 
given  angles  ABD  and  ACD  with  the  given  diverging 
fines  D£»  DF ;  then  will  their  vertex  A  lie  in  a  given  di- 
rection. 

ANALYSIS. 

Join  DA,  and  produce  BA  to  meet  DF  in  G.  The  tri- 
angle DBG  is  given  in  qpecies ;  for  the  angles  at  D  and 
^  are  given,  and,  consequently,  the  angle  at  G.  Again, 
the  triangle  ACG  is  given 
in  species,  since  all  its 
angles  are  ^ven.  Hence 
the  ratio  of  AC  to  AG 
is  given  ;  but  the  ra- 
tio of  AB  to  AC  is  gi-      :^ jL     \l ^^ 

ven,    and    consequently 

Aat  of  AB  to  AG  and  that  of  BG  to  AG  are  likewise  gi- 
ven. Hence,  also,  the  ratio  of  BG  to  DG  is  given,  and 
therefore  the  ratio  of  AG  to  DG ;  and  the  angle  at  G 
being  given,  the  triangle  DAG  is  (VI.  IS.  £1.)  consequent- 
ly given  in  species.  Wherefot'e  the  angle  GDA  is  given, 
and  hence  the  straight  line  DA  is  given  in  position. 

COMPOSITION. 

In  DE  take  any  point  H,  and  draw  HI  and  HL,  ma- 
king with  DE  and  DF  angles  equal  to  the  respective  in- 
clinations of  the  bounded  lines;  produce  IH  to  M,  so  that 
MH  shall  have  to  HL  the  given  ratio ;  find  (VI.  3.  cor.  El.) 
IN  a  third  proportional  to  IM  and  IH,  and  join  DNA; 
this  straight  line  is  the  locu&  required. 

Because  IM :  IH  :  :  IH  :  IN,  therefore  (V.  I0«  EI.) 
MH:IH::NH:IN;but(VI.2.EI.)AB:AG::NH:IN, 
and  the  triangles  ACG  and  HLI  being  evidently  si* 
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nilar,  AG :  AC  ::  IH :  HJL;  therefore  (V.  16.  EL)  AB :  AC 
: :  MH :  HL^  that  is,  io  the  given  ratio. 

PROP.  X.    THEOR. 

Three  diverging  lines  being  given  in  position^ 
if  a  straight  line  cut  them  at  given  angles,  and 
such  that  the  rectangle  of  its  first  segment,  by  a 
given  line,  shall  be  equal  to  both  the  rectangles 
of  its  second  and  third  segments  by  given  lines  ; 
the  locus  of  its  point  of  origin  will  be  a  straight 
line  given  in  position. 

Let  ABCD  cut  the  diTerging  lines  EF,  EG  and  EH  at 
giyen  angles,  and  let  AB.KL=AC.ML4-AD.NM;  then 
will  the  locus  of  the  point  A  be  a  straight  line  given  in  po- 
sition. 

ANALYSIS    . 

Becaiue  ACMLs  AB.ML4-BaML»  and  AD.NMs 
AB.NM  +  BD.NM,  therefore  AB.KL  =  AB  ML  + 
BC.ML+AB.NM+BD.NM,  and  consequently  ABJLL 
sAB(ML+NM)+BC.ML+BD.NM,  and  AB.KN= 
BC.ML+BD.NM.  Make 
^C  :  BD;  :  NM :  MO,  and 
BC.MO=BD.NM;  whence 
AB.KN^BC(ML+MO) 
rsBC.OL,  andAB:BC:: 
OL  :  KN.  The  ratio  <^ 
AB  to  BC  is  therefore  gi- 
ven ;  but  the  triangle  BCE 
being  given  in  spectes,  the 

ratio  of  BE  to  BCis  given,         %  f  i       i      i 

and  consequently  the  ratio 
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tf  ABtoBEiBgtfcn;  mi4  since  lbe<xsilMaedaagIeAB& 
IB  giv€ttf  dle-tiial^gk  BEA  is  Ukewi*  giite*  it  6peei#»f 
and  thence  the  point  A,  and  thef  straight  line  £A>  are  g»- 
Ten  in  position. 

COMPOSITION. 

Having  assumed  in  EH  any  poitft  H^  draw  HGF  io 
the  given  inclination,  make  FG :  FH ; :  NM ;  MO^-  and 
produce  HF  tiU  KN :  OL : :  FG  :  IF;  £1  is  the  straight 
line  required.  For  BC:  AS : :  FG :  IF: :  HN :  OL|  and 
AB.KN=BC.OL;  bat  BC:  BD::  FO:  FH:: NM:  MO^ 
and  BC.MO=BD.NM.  Whmlbre  AB.KNsBC.OL 
sBCML+BD.NM,  and  AB.KMii>AB.NM4-BC.ML 
+BD.NM=:BC.ML  +  AD.NM>  and  hence  AB.KL  a 
AB.ML+BC.ML+AD.NMz:AC.MLr4«AI>J!lM. 


PROP.  XL    THEOR. 

Four  diverging  lines  being  given  in  position,  if 
a  straight  line  cut  them  at  given  angles,  and  such 
t&at  the  rectangles  of  its  first  and  second  segments 
by  given  lines  shall  be  equal  to  both  the  rectan- 
gles of  its  third  and  fourth  segments*  by  given 
hues ;  the  locM  of  its  paint  of  orign  wtt  be  a 
straight  line  given  in  position. 

Let  ABCDE  cut  the  diverging  lines  FG,  FH,  FT,  «nd 
FK  at  given  angles,  and  let  AB.MN+icC.NO=s  AD.OP 
+ AE.PQ ;  then  will  the  locus  of  the  point  A  be  a  straight 
line  given  in  position. 

ANALYSIS. 
Because  AB.MN+AC.NO=AD.OF+AE.FQ,  itfol- 
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lows,  by  dccompotition,  that  AB.MO+BC.NO=:ABX)Q 

+  BD.OP+BE.PQ,  andconaeqaendy  AB.MQ+BC.MO 

s=BD.OP+BE.PQ.  Make 

BD  :  BC  :  :  NO  :  OR, 

and  BD  :  BE  :  :  PQ  :  PS ; 

then   BD.OR  =  BC.NO, 

and    BD.PS  c  BE.PQ  ; 

whence  AB.MQ+ BD.OR 

=  BD.OP  +  BD.PS,    or 

AB.MQ  c  BD.SR,     and 

therefore,  AB  i  BD : :  SR  s 

MQ.  But  the  triangle  BDF 

being  given  in  species,  the 

ratio  of  BD  to  BF  is  given ; 

and  consequently  the  ratio 

of  AB  to  BF  is  given,  and  the  contained  angle  ABF  being 

given,  the  triangle  BFA  is  likewise  given  in  species ;  and 

hence  the  straight  line  FA  is  given  in  position. 

COMPOSITION. 

Having  assumed  in  FK  any  point  K,  draw  KIHO  at 
the  given  inclination,  make  GI  :  GH  : :  NO  :  OR,  and 
OI  :  GK  : :  PQ  :  PS,  and  produce  KG  tiU  MQ  :  SR  : : 
GI  :  6L  ;  FL  is  the  straight  line  required. 

For  BD :  BC :  1  GI :  GH : :  NO :  OR,  and  BD.ORs 
BC.NO;  but  BD :  BE : :  GI :  GK : :  PQ :  PS,  and  BD.PS 
sB£.PQ  {  again,-  MQ  :  SR  :  :  GI  :  GL  : :  BD  :  AB, 
and  AB.MQ=BD.SR.  Whence  AB.MQ+BC.NO= 
BD.SR+BD.OR=BD.SO=BD.PS+BD.OP=pE.PQ 
+BD.OP,  add  to  each  AB.OQ=AB.NQ+A6.NO,  or 
AB.PQ+AB.OP,  and  AB.MN  +  AC.NO  =  AD.OP+ 
AE.PQ. 
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PROP.  XII.    THEOR. 

If  a  straight  line  given  in  position,  be  cut  at  gi- 
ven angles  by  two  straight  lines»  which  intercept, 
from  two  given  points  in  it,  segments  that  have  a 
given  ratio,  the  locus  of  the  point  of  concourse  is 
a  straight  line  given  in  position. 

Let  AB  and  AC  be  drawn,  such  that  the  angles  ABF 
and  ACF,  with  the  ratio  of  DB  to  EC,  are  given ;  the 
locus  of  A,  the  point  of  concourse^  is  a  straight  line  given 
in  position. 

ANALYSIS. 

Ifiske  FD  to  FE  in  the  given  ratio,  and  join  FA.  Since 
therefore  FD  :  FE: :  DB :  EC,  it  follows  {V.  19.  El.)  that 
FD ;  FE : :  FB :  FC ;  consequently  the  ratio  of  FB  to  FC, 
and  thence  that  of  FB  to  BC,  are  each  given.  But  the 
angles  FBA  and  FCA  being  given,  the  ixiangle  BAC  is 
evidently  given  in  species, 
and  therefore  the  ratio  of 
AB  to  BC  is  given,  and 
hence  the  ratio  of  FB  to 
AB  is  also  given.  The 
triangle  FBA  having  thus 
two  sides  containing  a  gi- 
ven angle  and  in  a  given 
ratio,  is  (VI.  IS.  El.)  given  in  species;  and  consequently 
the  angle  BFA  is  given,  and  the  straight  line  FA  given 
in  position. 

COMPOSITION. 
Having  made  FD  to  FE  in  the  given  ratio,  draw  DO 
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and  EG  at  the  given  angles  with  FI9  and  join  F  with  their 
point  of  concourse ;  FOH  is  the  locus  required. 

For,  from  any  point  A  in  FH9  draw  AB  and  AC  at 
the  given  angles  with  FI,  and  consequently  parallel  to  6D 
and  0£.  Bbcanse  AB  is  paraM  to  GD,  and  AC  to  GB, 
FG:  FA :  :ID:  FB::  F£:  FC(VI.  1.  £!.}>  and  alternate- 
ly FD;F£:  FB :  FC;  wherefore  (V.  19.  cor.  U  £1.) 
DB :  EC : :  ID  :  FE^  that  is,,  in  the  given  ratio. 

PROP.  XIIL    THEOR. 

If,  from  two  given  points,  there  be  inflected 
two  straight  lines  in  a  given  ratio,  the  locus  of 
their  point  of  concourse  is  a  straight  line,  or  a  cir- 
cle given  in  position. 

Let  AC  and  BC,  drawn  from  the  peiVitB  A  and  B)  have 
a  given  ratb ;  then  will  C,  the  point  of  concourse,  fie  in  a 
straight  line  gticn  in  position,  or  in  the  circumference  of 
a  given  circle. 

1.  fV/ien  the  traded  lines  are  equals  they  terminate  in  a 
straight  line  given  in  position. 

ANALYSIS. 

Bisect  AB  in  £,  and  join  EC.  The 
triangles  ACE  and  BCE,  having  the 
sides  AE  and  AC  equal  to  BE  and  BC, 
and  EC  common,  are  equal  (L  2.  £1.) ; 
wherefore  the  angle  AEC  is  equal  to 
BEC,  and  EC  is  perpendicular  to  Al^ 
and  consequently  given  in  portion* 

COMPOSITION. 

Bisect  AB  by  the  perpendicutur  EC,  which  is  the  locus 
required.     For  draw  AC  and  BC  to  any  point  in  it,  and 
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Ihe  trkngles  AEC  and  BEC  are  (1.  3.  El.)  eyidently  e* 
qual»  and  hence  AC  is  equal  to  BC. 

2.  When  the  infiected  Unes  AC  and  BC  have  a  ratio  itf 
meqmiityt  their  poifU  of  concourse  lies  in  the  circumference 
of  a  given  circle. 

ANALYSIS 
Draw  CD,  making  the  angle  BCD  equal  to  BAC,  and 
meeting  AB  produced  in  D.  The  triangles  DAC  and 
DCB,  having  the  angle  at  D  common,  and  the  angles  at 
A  and  C  eqaal»  are  evidently  similar ;  and  hence  AD :  AC 
: :  DC  :  BC,  and  alternately 
AD :  DC : :  AC :  BC,  that  is, 
in  the  given  ratio.  But 
AD  :  DC  : :  DC  :  BD,  and 
cooseqaently  AD  is  to  BD  in 
theduplicateof  the  given  ratio 
of  AD  to  DC,  and  which  is 
therefore  likewise  given.  Con- 
fleqiBently  BD,  and  the  point  D,  ore  given ;  and  DC  be- 
ing thence  given,  its  extremity  C  must  lie  in  the  circum- 
ference of  a  circle  described  with  that  radius. 

COMPOSITION. 

Divide  AB  (VI.  4.  El.)  in  the  given  ratio  at  £,  and.  in 
the  same  ratio  make  ED  to  BD ;  the  circle  described  from 
the  centre  D  and  with  the  radius  DE,  is  the  locus  required. 

For,  since  AE  :  BE  : :  ED :  BD,  it  follows  (V.  19.  El.) 
that  AD:ED  or  DC:  :£D  or  DC:  BD;  hence  the  tri- 
angles DAC  and  DCB,  having  the  sides  which  contain 
their  common  angle  at  D  proportional,  are  similar,  and 
therefore  AC  :  AD  : :  BC :  DC,  or  alternately  AC  :  BC  : : 
AD :  DC  or  ED,  that  is,  in  the  given  ratio. 

Scholium.  Since,  in  the  second  case,  AC :  BC: :  AD:  ED, 
it  is  obvious,  that  as  the  ratio  of  AC  to  BC  approaches 
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to  equality,  the  centre  D  most  continaaUy  recede  from 
A  or  Ey  and  consequently  the  arc  EC  may  be  conceived 
«•  aUmately  passing  into  the  tangent  which  bisects  AB  at 
rig^  angles;  thuscomprdiending  the  first  case  of  the  pro- 
position. 

PROP.  XIV.    PROR 

To  inscribe  in  a  circle  a  quadrilateral  figure,  of 
which  the  sides  are  given. 

Let  it  be  required  to  find  a  circle  that  will  circumscribe 
the  quadrilateral  figure  ABCD»  contained  by  given  sides. 

ANALYSIS. 

Join  the  diagonal  BD,  from  D  draw  (I.  4.  £1.)  D£ 
making  with  the  side  CD  an  angle  CDE  equal  to  ABD^ 
and  meeting  BC  produced  in  £. 

The  exterior  angle  DCE  of  the  inscribed  quadrilateral 
(III.  17.  cor.  2.  £1.)  is  equal  to  BAD,  and  the  angle  DCE 
IS  by  construction  equal  to  ABD  ^  wherefore  the  trian^^es 
ADB  and  DEC  (VI.  11.  EL)  are  similar,  and  AB :  AD :: 
CD :  CE ;  but  the  three  terms  of  this  analogy  being  given* 
the  fourth  (VI.  3.  El.)  is  also  given,  and  thence  the  point 
E.  Again,  from  the 
similitude  of  the  same 
triangles,  AB  :  BD  :  : 
CD  :  DE,  and  alter- 
nately AB  :  CD  :  : 
BD :  DE ;  but  AB  and 
CD  being  both  given, 
their  ratio  is  given,  and 
consequently  that  of  BD  to  ED.  The  points  B  and  E  being 
thus  given,  and  likewise  the  ratio  of  the  inflected  lines  BD 
and  £D>  the  locus  of  their  concourse  D  is,  by  the  last 
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propoation>  a  gtitoi  cirde.  Bat  CD  is  givieOi  and  there- 
fore the  point  D,  and  the  three  points  B,  C»  and  D,  being 
all  given»  the  circle  which  passes  through  them  (III.  9.  £1.) 
18  hence  given. 

COMPOSITION. 

Let  Ly  My  N,  and  O  express  in  succession  the  several 
ndes  of  the  quadrilateral  figure ;  make  L  :  M  :  :  N  :  CE^ 
and  annex  this  in  the  same  straight  line  with  the  fourth  side 
O  or  BC;  describe^  by  the  preceding  proposition,  a  circle^ 
which  is  the  locus  of  lines  inflected  from  B  and  E  in  the  ra- 
tio of  L  to  N ;  from  C  inflect  to  that  circle  CD  equal  to  N ; 
about  the  three  points  B,  C,  and  D,  describe  another  circle, 
in  which,  from  B,  insert  AB  equal  to  L ;  and  AD,  being 
joined,  will  be  equal  to  M.    For  join  BD  and  ED.    Since, 
from  the  property  of  loci^  AB  :  CD  :  :  BD  :  DE,  at 
temately  AB :  BD : :  CD  :  DE,  and  (III.  17.  cor.  2.  El.) 
the  angle  ECD  being  equal  io  BAD,  the  triangles  ABD 
and  CDE  are  similar,  and  AB :  AD : :  CD :  CE ;  but  by 
construction  AB :  M  : :  CD :  CE,  and  consequently  (V.  17. 
EL)AD:M::CD:CD,  and  AD  is  equal  to  M.     The 
circle  described  admits,  therefore,  all  the  four  chords  which 
form  the  sides  of  the  quadrilateral  figure. 

PROP.  XV.    PROB. 

Given  the  h3rpotenuse  of  a  right-angled  triangle, 
and  the  sum  or  difference  of  the  base  and  perpen- 
dicular^  to  construct  the  triangle. 

ANALYSIS. 

In  the  base  AB,  or  its  production,  make  BD  or  BE 
•qnal  to  the  perpendicular  BC,  and  join  CD  or  CE. 
The  triangles  CBD  and  CBE  are  right-angled  and 
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isosceles,  and  therefore  the  angles  at  D  and  E  are  eadi  of 
them  halfa  right  angle.  IfAD, 
the  sam  of  AB  and  BC,  be  gi<^ 
Ten,  the  point  D  is  given,  and 
consequently  the  straight  line 
DC,  making  a  given  angle  with 
DA,  is  given  in  position ;  or  if 
A£,  the  difference  between  the 
base  and  perpendicular,  be  gi- 
ven, the  point  £  is  given,  and  the  straight  line  EC  is  given 
in  position.  But  the  hypotenuse  AC  being  given,  the 
point  C  must,  therefore,  occur  in  the  contact  or  intersec* 
tion  of  a  circle  described  from  A  with  that  radius  and  the 
straight  line  CD  or  CE.  Consequently  C  is  given,  the 
perpendicular  CB,  and  thence  the  right-angled  triangle 
ABC. 

COMPOSITION. 

Make  AD  or  AE  equal  to  the  sum  or  difference  of  AB 
and  BC ;  draw  (1. 5.  and  4.  EL)  DC  or  EC  at  an  angle 
CDE  or  CED  equal  to  half  a  right  angle ;  from  A  with  the 
radius  AC  describe  a  circle  meeting  DC  or  EC  in  the 
point  C,  and  from  C  (I.  6.  El.)  let  fall  the  perpendicular 
CB :  ACB  is  the  triangle  required. 

For  the  right  angled  triangles  CBD  and  CBE  are  evi- 
dently isosceles,  and  therefore  AD  is  eqoal  to  the  SHm,  and 
A  E  to  the  difference,  of  AB  and  BC. 

PROP.  XVI.    PROB. 

Given  the  base  of  a  triangle,  its  altitude,  and 
the  rectangle  under  its  two  sides,-^to  determine 
the  triangle. 
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ANALYSIS. 

About  the  triangle  ABC  describe  (III.  9.  cor.  El.)  a 
circle,  aod  diuw  tb^  difuneter  BF  aod  the  radii  A£  and 
CE. 

Because  the  given  rectangle  AB.BC  is  (VI.  18.  El.)  equi- 
valent to  BD.BF,  this  rectangle  is  likewise  given  ^  and  since 
the  perpendicular  BD  is  given,  the 
diameter  BF,  and  therefore  the 
radii  AE,  CE,  are  given.  Butrthe 
base  AC  being  given,  the  triangle 
A£C  is  hence  given,  and  conse- 
quently the  centre  E  and  the  cir* 
cle  ABCFaregiveiu  Again,  be- 
cause BD,  the  distance  of  the  ver^ 
tez  of  the  triangle  from  its  base,  is  given,  that  point  must 
occur  in  the  parallel  BB^  and,  being  thus  placed  in  the 
contact  or  intersection  of  a  given  straight  line  with  a  given 
circle,  is  itself  given. 

COMPOSITION. 

On  BD  construct  (IL  9.  EI.)  a  rectangle  equivalent  to  the 
given  space  $  also  form  on  AC  the  triangle  A  EC,  having 
AE  and  CE  each  equal  to  half  the  greater  side  of  that  rect- 
angle ;  from  E  with  the  radius  £  A  describe  a  circle ;  on 
AC  erect  a  perpendicular  DB  equal  to  the  altitude  of  the 
triangle,  and  through  B  draw  a  parallel  meeting  the  cir- 
emnfer^nee  in  B  or  B^ :  ABC  i&  the  triangle  required. 

For  ABC  has  evidently  the  given  altitude  BD,  and  the 
rectangle  AB.BC,  being  equivalent  (VI.  18.El.)to  BF.BD, 
is  therefore  equivalent  to  the  given  space. 
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PROP.  XVII.    PROB. 

Ta  construct  a  triangle  which  has  two  sides  gi«*' 
ven,  and  its  base  equal  to  the  altitude. 

Let  the  triangle  ABC  have  its  base  AC  equal  to  the  al- 
titude BD,  and  let  the  sides  AB  and  BC  be  equal  to  the 

>  given  lines  K  and  L,  to  construct  the  triangle. 

• 

ANALYSIS. 

Assume  any  base  AF ;  draw  FE  parallel  to  CB  meeting 
AB  or  its  extension,  and  let  fall  the  perpendicular  £0.  It  is 
evident  (VL  1 .  EL)  that  AC  :  AF : :  AB :  AE : :  BD :  EG^ 
but  BD  is  by  hypothesis  equal  to  AC/ and  therefore  (V. 
4.  El.)  EG  is  e- 

qual  to  AF,  and  B 

is  consequently 
given  in  magni- 
tude. Where- 
fore the  point  E 
lies  in  a  parallel 
to  AC  at  the  dis- 
tance AF.  Again, 
the  ratio  of  AE  to 
EF,    being    the 

same  as  that  of  AB  to  BC,  is  given,  and  consequently  (by 
Prop.  IS.  of  this  Book,)  the  locus  of  E  is  a  given  circle. 
The  triangle  AEF  is  hence  given ;  but  the  side  AB  being 
given,  the  similar  triangle  ABC  is  also  given. 

COMPOSITION. 

Having  assumed  a  base  AF,  divide  (VI.  4.  EI.)  it  inter* 
nally  and  externally  at  H  and  I  in  the  ratio  of  K  to  L  ;  on 
HI  describe  a  semicircle,  and  at  a  distance  equal  to  AF 
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draw  a  parallel  meeting  the  circumference  in  £  $  join  AE 
and  F£  ;  make  AB  equal  to  K,  and  draw  BC  parallel  to 
£F ;  ABC  is  the  triangle  required. 

For  K:L::  AE:FE::AB:BC;  but  AB  was  made 
equal  to  K,  and  therefore  BC  is  equal  to  L.  Again, 
AF :  AC : :  AE :  AB : :  EG :  BD,  and  since  £6  is  by  con- 
slmction  equal  to  AF,  the  altitude  BD  must  be  equal  to 
the  base  AC. 

PROP.  XVIII.    THEOR. 

A  point  and  a  straight  line  being  given  in  po- 
sition, the  locus  of  another  point,  the  square  of 
whose  distance  from  the  former  is  equal  to  the 
rectangle  under  its  distance  from  the  latter  and  a 
given  straight  line — is  a  given  circle. 


The  point  A  and  the  straight  line  DC  being  given  in 
position,  let  the  square  of  BA  be  equal  to  the  rectangle  un- 
der the  perpendicular  BC  and  K;  the  locus  of  B  is  a  g^* 
ven  circle. 

ANALYSIS. 

Draw  DFA  parallel  to  CB,  make  AO  equal  to  the  half 
oTK,  and  bisect  it  in  G,  join  BO,  and  let  fall  the  perpen- 
dicular BF. 

Because  AO  is  bisected  in 
G,  OB*  —  AB*,  or  AF*— 
OB'S  (II.  21.  E!.)=2AO.GF 
=K.GF;  but  AB*=rK.BC,  j^ 
or  K.DF,  and  hence  OB*=s 
K.DG.  Since  therefore  DG 
is  given,  OB  is  also  given ;  and 
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the  one  extremity  O  being  given,  the  other  extremity  B 
must  lie  in  the  circumference  of  a  given  circle. 

COMPOSITION. 

Having  drawn  DA  parallel  to  CB,  make  AG = i  K,  and 
A6=iA09  andfind  OH  a  mean  proportional  between  K 
and  D6 ;  a  circle  described  from  O  with  the  radius  OH 
is  the  locus  required. 

For  OB»— AB%  or  AB'*— OB'*,  =2AO.OF=:K.GF; 
and  since,  by  construction,  OH*  or  OB*=:K.D6,  it  foI« 
lows  that  AB«=K.DF  or  K.BC. 

Cor.  If  the  given  point  A  lies  in  DC,  or  coincides  with 
D,  then  DG=iK  and  OH=iK,  or  the  circle  likewise 
passes  through  D ;  whence  AB  becomes  a  chord,  and  its 
square  (VI.  15.  cor.  1.  £L)  is  equivalent  to  the  rectangle 
under  the  segment  DF,  and  the  diameter  or  K. 


PROP.  XIX.    THEOR: 

If,  from  two  given  points,  there  be  inflected 
two  straight  lines,  such  that  the  difference  of  the 
square  of  the  one  and  a  given  space  shall  have  to 
the  square  of  the  other,  a  given  unequal  ratio — 
their  point  of  codcourse  wiU  lie  in  the  circumfe- 
rence of  a  given  circle. 

Let  AC  and  BC  be  the  inflected  lines,  and  the  rectan- 
gle AC,  AD  be  made  equal  to  the  given  space ;  then  if 
the  difierence  between  the  square  of  AC  and  that  rectan- 
gle, or  the  remaining  rectangle  AC,  CD,  have  a  given  un- 
equal ratio  to  the  square  of  BC,  the  locus  of  the  point  C 
will  be  a  given  circle. 


1B001L  in.  l4fB 

ANALYSIS. 

Make  (VL  4.  El.)  AE  to  BE  in  the  given  rado  5  join 
CE  and  BD;  produce  q^ 

CB  to  meet  the  circam- 
ferenceof  a  circle  describ- 
ed abont  the  triangle 
ADB,  and  join  AF. 

Because  (III.  26.  EI.) 
the  rectangle  AC,  CD  is 
equal  to  FC  BC,  it  fol- 
lows that  the  rectangle 
FC,  BC  is  to  the  square  of  BC,  or  (V.  25.  cor.  2.  El.)  FC 
is  to  BC,  in  the  given  ratio  of  AE  to  BE ;  wherefore 
(VI.  1.  cor.  1.  El.)  AF  is  parallel  to  CE,  and  consequent- 
ly the  angle  ECB  is  equal  to  AFB,  which  is  equal  to  CDB, 
the  opposite  exterior  angle  of  the  quadrilateral  figure 
ADBF.  Through  the  points  C,  D,  B,  describe  a  circle 
cutting  AB  in  G,  and  join  CG  and  DG ;  then  (III.  26. 
£1.)  the  rectangle  BA,  AG  is  equal  to  CA.AD,  or  to  the 
given  space,  and  hence  AG,  and  the  point  G  are  given. 
The  angle  CDB,  or  ECB,  is,  therefore,  equal  to  CGB, 
and  consequently  the  triangles  BEC  and  CEG  are  simi- 
lar, and  GE  :  CE  :  :CE:BE;  whence  CE»=GE.BE, 
which  is  a  given  rectangle,  and  thus  CE  is  given,  and  con- 
sequently the  locus  of  C  is  a  given  circle. 

COMPOSITION. 

Make  (III.  8.  El.)  the  rectangle  AB,  AG  equal  to  the 
given  space,  and  (VI.  4.  El.)  AE  to  BE  in  the  given  ra* 
tio,  and  find  (VI.  16.  £1.)  EH  a  mean  proportional  be- 
tween GE  and  BE ;  the  locus  required  is  a  circle  descri* 
bed  from  E  with  the  radius  EH. 

For,  (HI.  9.  cor.  £1.)  through  the  points  A,  D»  B,  and 
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through  C,  B)  G»  describe  circles ;  produce  CB  to  F,  and 
join  AF,  CO,  and  DG.  Because  G£.BB=HE*,  there- 
fore  (V.  6.  £1.)  G£  :  H£  or  C£  : :  H£  or  C£ :  B£,  and 
hence  the  triangles  G£C  and  CEB,  having  a  common  ver- 
tical angle,  are  (VI.  IS*  'El.)  similari  and  the  angle  EGC 
is  equal  to  ECB ;  but  the  angle  EGC,  or  BGC,  is  equal 
to  CDB,  which  again  is  equal  to  AFB ;  consequently  the 
alternate  angles  ECB  and  AFB  are  equal,  and  (L  22.  £1.) 
the  straight  lines  CE  and  AF  paralleL  Wherefore 
AE  :  BE  : :  FC :  BC : :  FC.BC  or  AC.CD  :  BC*.  But 
CA.AD=:BA.AG,  or  the  given  space;  and  hence  the 
diilference  between  the  square  of  AC  and  that  space,  or  the 
rectangle  AC,  CD,  is  to  the  square  of  BC,  in  the  given 
ratio. 

Scholium.,  If  this  local  theorem  were  extended  to  the 
extreme  cases,  it  would  include  other  propositions  which 
are  generally  exhibited  in  a  separate  fornu  Thus,  suppo- 
sing the  given  ratio  to  be  that  of  equality,  the  sum  or  di& 
ference  of  the  squares  of  AC  and  BC  will  be  equivalent  to 
the  ^ven  space,  according  as  this  is  greater  or  less  than  the 
square  of  AC.  When  the  given  space  exceeds  the  square 
of  AC,  the  centre  £  of  the  circle  bisects  AB,  as  in  the  first 
case  of  the  twenty-second  proposition  of  this  Book.  But 
when  the  square  of  AC  is  deficient  by  the  given  space,  the 
ratio  of  AE  to  BE  being  that  of  equality,  the  centre  £» 
lying  beyond  B,  must  be  thrown  to  an  infinite  distance, 
and  consequently  the  arc  which  crosses  AB  will  merge  in 
a  tangent  bisecting  GB  at  right  angles,  as  in  Prc^Kwition  20. 
Again,  if  the  deficient  space  be  supposed  to  vanish,  while 
the  r^tio  of  the  squares  of  AC  and  BC,  or  that  of  the  in- 
flected lines  themselves  is  given,  the  point  G  will  coincide 
with  A,  and  the  centre  and  radius  of  the  circle  are  hence 
determined,  after  the  same  manner  as  in  Proposition  IS. 
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PROP.  XX.    THEOR. 

K  from  two  given  points  there  be  inflected  two 
straight  lines,  of  whose  squares  the  difference  is 
given,  the  focu^,  of  their  point  of  concourse  will  be 
a  straight  line  given  in  position. 

Let  AC  and  BC,  drawn  from  the  points  A  and  B,  have 
the  difference  of  their  squares  given ;  the  locus  of  C,  the 
point  of  eoDoooraey  is  a  straight  line  given  in  position. 

ANALYSIS, 

Draw  CD  perpeBdicuhr 
to  ABv  which  bisect  in  £. 
The  dilfereBce  between  the 
sqoares  of  AC  and  BC  is 
(II.  21 .  £1.)  eqaal  to  twice 
the  rectangle  under  AB 
and  ED;  consequently  that 
rectangle,  and  its  contain- 
ing side  ED,  are  given ; 
whence  the  point  of  biseo- 
tion  E  bdng  given,  the 
point  D  is  given,  and  the  perpendicukr  CD  is  therefore 
^ven  in  position. 

COMPOSITION. 

Bisect  AB  in  E,  and  make  (II.  8.  EI.)  the  rectangle  un- 
der twice  AB  and  ED  equal  to  the  given  space;  the  per- 
pendicukur  DC  is  the  locus  required. 

For(IL  SI.  EL)  AC»~BC«  =  AB.SED s 2AB.ED, 
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and  consequently  the  difference  of  the  squares  of  AC  and 
BC  is  equal  to  the  given  space. 


LEMMA. 

If  a  straight  line  AB  be  cut  any  hatx>  in  the  point  i),  but 
divided  at  C,  so  that  the  segment  AC  shall  be  the'n^  part 
ofBC;  then  n.AD*+BD*^AB.BC+Cn+i)CD*. 

For  upon  AB  describe  a  semicircle^  and  erect  the  per- 
pendicular C£ ;  join  AE,  BE ;  draw  DF  paraUel  to  CE 
and  meeting  AE  or  its  extension,  and  join  BF. 

The  angle  AEB  in  a  semicircle  being  a  right  angle* 
AC :  CE : :  CE :  BC  (VI.  15.  cor.  El)  and  consequently 
(V.  24.  El.)  AC :  BC : :  AC* :  CE* ;  but  BC=ii.AC,  and 
therefore  CE*  =». AC*.  Again,  from  the  same  property, 
AB:AE::  AE:  AC,  jr' 

and  AB :  AC  : :  AE*  : 
AC* ;  and  since  AB=: 
(n+i)AC;  it  follows 
(V.  5.  El.)that  AE*=r 
(n+i)AC*.  NowCE 
and  DF  being  parallel, 
CE:DF2  :  AC:  AD, 
and  (V.  22.  cor.  1-EI.) 
CE*  :  DF*  :  ;  AC*  ; 
AD*,  and  CE*  being  equal  to  ». AC*,  therefore  (V.  8,  and 
5.  EL'  DF*=n.AD*.  In  the  same  manner,  it  is  shown 
that  EF*  =  (n  + 1 )  CD*.  But  (VI.  \  5.  cor.  1 .  El.)  BE*  = 
AB.BC,  and  the  triangles  BDFand  BEF  being  right  an- 
gled, BD*+DF*=BF*  =  BE*  +  EF*,  and  consequently 
by  substitution,  «.AD*+BD*=AB.BC+(n+i)CD*. 


<t> 
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PROP.  XXI.    THEOR. 

Ify  from  given  points,  there  be  inflected 
straight  lines,  whose  squares  are  together  equal  to 
a  given  space, — their  point  of  concourse  will  ter- 
minate in  the  circumference  of  a  given  circle. 

1.  When  there  are  only  two  given  points. 

Let  AP  and  BP,  drawn  from  the  points  A  and  B,  have 
the  sum  of  their  squares  given ;  the  locus  of  their  point  of 
concourse  is  a  given  circle. 

ANALYSIS. 

Bisect  AB  in  O,  and  join  OP.  The  squares  of  AP  and 
BP  are  (IL  22.  El.)  equal 
to  twice  the  squares  of  AO 
and  OP.  Hence  the  sum  \ 
of  the  squares  of  AO  and 
OP  is  given;  but  AO  and 
its  square  being  given,  the 
square  of  OP  and  OP  it- 
self must  be  given  ;  wherefore  the  hcus  of  the  extremity 
P  is  a  circle,  of  which  the  point  of  bisection  is  the  centre. 

COMPOSITION. 

Bisect  AB  in  O ;  find  (III.  27.  £].)  AF  the  side  of  a 
square  equal  to  half  the  given  space,  and  make  (IL  13.  EL) 
OE*= AF*— AO* ;  the  point  O  is  the  centre,  and  OE  the 
radius,  of  the  required  circle. 

For(n.22.EI.)AP*  +  BP*=2AO*+20P*=2AO*+ 
20£*s=2AF%  or  the  given  space. 
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2.  When  three  points  are  given. 

Let  the  straight  lines  AP,  BP  and  CP|  inflected  from 
the  points  A,  B,  and  C,  have  the  sum  of  their  squares  gi- 
ven ;  the  locus  of  their  point  of  concoorse  is  a  given  drde. 

ANALYSIS. 

Bisect  AB  in  E,  and  (IL  22.  El.)  AP»+BP*=22AE*+ 
2EP*  ;    consequently  ^ 

AP*+BP*  +  CP*  = 
2AE»+2EP»  +  CP*. 
Now  2AE*=AB.BE, 
and,  letting  fall  the  per- 
pendicular PF,(IL  10. 
El )  2EP*  =  2EF*  + 
2PF%andCP»  =  PF*  + 
CF*.  Wherefore  AP* + BP* + CP»  =  AKBE  +  SPF» + 
2EF«  +  CF*.  Trisect  EC  (L  S6.  El )  in  the  point  0»  and 
join  PO;  and,  by  the  imma,  2EF*+CF*=ECCO-f. 
90F*.  Whence  AP*  +  BP*  +  CP* = AB.BE+ EC.CO+ 
3PF*+80F*=AB.BE+EC.CO+SPO*.  But  the  inter- 
mediate points  of  division  E  and  O  are  evidratly  given^ 
and  thence  the  rectangles  AB,  BE  and  EC,  CO,  are  gi- 
ven ;  wherefore  SPO*  is  given,  and  consequently  PO  it- 
sdif.  Since  one  extremity  of  that  line  then  is  given^  tbe 
other  extremity  P  must  lie  in  the  circumference  of  a  gives 
circle. 

COMPOSITION. 

Bisect  AB  in  E,  trisect  EC  in  O,  and  find  (IIL  27.  El.) 
OP  such  that  its  square  shall  be  triple  the  excess  of  the 
given  space  above  the  rectangles  AB,  BE  and  EC,* CO; 
the  locus  required  is  a  circle,  of  which  O  is  the  centre,  and 
PO  the  radius.     For  SPO*  =  SPF»  +  SOF*,  SPO*  + 
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EC.CO=SPF»+EaCO+SOF*=SPF»  +  2EF»  +  CF* 
=2PE*+PF*+  CF*  =  2PE*  +  CP* ;  consequently  the 
given  apace,  or  SPO*+AB.BE+EC.CO=2AE*+2PE» 
+ CP = AP* + BP* + CP*. 

3.  When  there  are  four  given  points* 

Let  AP,  BP,  CP  and  DP  drawn  from  the  points  A,  B, 
C»  and  D,  have  the  sum  of  their  squares  given ;  the  locus 
of  their  eoncourse  P  is  a  given  circle. 

ANALYSIS. 

Bisect  AB  in  E,  trisect  EC  in  F,  and  join  PE  and  PF. 
It  is  manifest,  from  the  last  case,  that  AP^-^BP^+CP^s 

AB.BE  +  EC.CF  + 

SPP» ;   add  DP*  to 

ewsh,  andAP*  +  BP* 

+  CP*  +   DP*  = 

AaBE  +  EC.CF  + 

SPF*  +  DP*.    Let 

fidl'the  perpendicular 

POopon  DF,  and  the 

given  space  is  equal  to 

AB.BE  +  EC.CF+ 

5PCH+SFG*+PG* 

+DG*;  and  hence  4PG*+3FG*+DG*  must  be  equal 

to  a  given  space.     Let  FO^be  made  the  fourth  part  of  DF, 

and  join  PO :  then,  by  the  Lemma,  SFG* + DG*  =  FD.DO 

+  40G*.     Wherefore   FD.DO  +  40G*  +  4PG»,  or 

FD.DO+4PO*,  is  equal  to  a  given  space,  and  hence 

4PO*,  and  PO  itself  are  given.     Now  the  point  O  being 

given,  P  most  lie  in  the  circumference  of  a  given  circle. 
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COMPOSITION. 

Bisect  AB  in  E,  trisect  EC  in  F,  and  quadrisect  FD  in 
O;  from  the  given  space  take  away  the  accumulate  rect- 
angles AB.BE+EC.CF+  FD.DO,  and  find  (III.  27.  El.) 
the  side  of  a  square  equal  to  this  difference  :  That  straight 
line  is  the  diameter  of  a  circle,  which  is  the  locus  required. 

For  join  PE,  PF,  PO»  and  let  fall  the  perpendicular 
PG  upon  DF;  then  FD.DO+ 4 PO*  =  FD.DO  +  40G* 
+4PG*=3FG*+DG*+4PG*=3FG*+SPG*+DP*  = 
SPF*+DP*.  Wherefore  AB.BE  +  EC.CF  +  3PF*  + 
DP^>  is  equal  to  the  given  space.  But,  from  the  composi- 
tion of  the  last  case,  it  is  manifest  that  AP*+  BP'-fCP* 
=  AB.BE+EC.CF+3PF»;  consequently  AP»  +  BP*+ 
CP*+  DP*  are  together  equal  to  the  given  space. 

By  pursuing  this  mode  of  investigation,  it  is  obvious  that 
the  proposition  will  be  successively  extended  to  any  nam* 
ber  of  given  points. 

Scholium.  The  property  now  demonstrated  is  capable 
of  being  generalized.  Thus,  if  any  multiples  of  the  squares 
of  the  inflected  lines  be  together  equal  to  a  given  space^ 
the  locus  of  their  point  of  concourse  is  still  a  given  circle : 
For,  conceive  so  many  points  to  be  clustered  together  at 
each  centre  A,  B,  C,  &c.  of  inflection,  and  the  squares  of 
the  lines  which  proceed  from  them  will  evidently  receive 
in  effect  a  corresponding  multiplication. — But  the  proper* 
ty  may  be  traced  out  more  clearly,  and  through  all  its  shad- 
ings, by  help  of  a  simple  extension  of  the  Lemma.  Let  AP 
and  BP  be  two  straight  lines  inflected  from  the  points  A 
and  B^  and  let  the  segment  OB=;  v.OA ;  then,  joining  PO 


BOOK  III. 


155 


and  drawing  the  perpendicular  PL,  it  was  proved  that 
«7.AL*+BL*=AB.B0+  (r+i)OL»; 
add  (v+i)  PL*  to  each,  and 
«<AL*+PL»)+BL»  +  PL*  = 
AB.BO+(r+i)(OL*+  PL*), 
or  V.AP'  +  BP»  =  AB.BO  + 
(u+i)OP*.  Multiply  both  by 
n,  and  suppose  nt?  s:  m,  and 
there  results  m.AP*  +  n.BP*  = 

n.AB.BO+(in+ft)  OP*.  By  repeated  application  of  this 
principle,  it  may  be  demonstrated  that  x».AP*-^n.BP*4. 
^CP*+5r.DP*,  &c.  =  (»i  +  n+  p+ jr,&c.)  OP*,  together 
withcertun  multiples  of  given  rectangles,  and  consequent- 
ly that  their  point  of  concourse  has  for  its  locus  a  circle^ 
whose  centre  is  O  and  radius  OP.  But  the  property  must 
likewise  hold,  if  all  those  multiple  squares  were  divided  by 
the  same  number,  that  is,  if  instead  of  the  squares  of  the 
inflected  lines,  there  were  substituted  only  similar  rectili« 
neal  figures  constructed  upon  them.  If  the  given  space 
should  be  equal  to  the  rectangles,  the  circle  will  evident^ 
contract  to  a  point,  and  beyond  this  limit  the  problem  be- 
comes impossible.  It  is  likewise  obvious,  that  the  centre 
O  and  radius  OP  will  turn  out  the  same,  in  whatever  or- 
der the  successive  connected  sections  take  place. 
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DEFINITION. 

A  Porism  proposes  to  demonstrate  that  one  or  more 
things  may  be  found,  between  which  and  innomeraUe  other 
objects  assumed  after  some  given  law,  a  certain  specked 
relation  is  to  be  shown  tp  exist. 

The  nature  of  a  porism  consists  in  affirming  the  possibility 
of  finding  such  conditions,  as  will  render  a  problem  indetermi* 
nate,  or  capable  of  innumeridbie  solutions. 

PROP.  XXII.    PBOB. 

Three  points  being  given,  a  fourth  may  be 
found,  such  that  any  straight  line  drawn  through 
it  shall  have  its  distances  from  two  of  those  equal 
to  its  distance  from  the  third. 

Let  A,  B,  and  d  be  given  points,  another  point  D  may 
be  found,  bo  that  HDI  being  drawn  through  it,  the  per- 
pendiculars AH  and  BI,  let  fall  on  the  one  side,  shall  be 
equal  to  the  perpendicular  CG  on  the  other  side. 

ANALYSIS. 

Through  the  point  D,  draw  CDK,  and  upon  this  let  fall 
the  perpendiculars  AK,  BL,  and  join  AB,  meeting  KC  in 

Since  CDK  passes  thi'ough  C,  its  distances  KA  and  LB» 
on  either  side,  from  the  two  remaining  points,  must  evident- 
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Ij^  fiom  the  hjpcAem,  be 
equal.  Hence  (1. 20.  £1.)  the 
light-aDgled  triangles  A£K 
and  BEL  are  equals  and  con- 
seqaently  the  aide  A£  is  e- 
qual  to  BE ;  wherefofe  E, 
being  thus  the  point  of  bisec- 
tiooy  is  given.  Draw  the  per- 
pendicular £F )  and  it  is  evi* 
dent  (II.  9.  EL)  that  2EF=: 
AH  and  Bl.  Now  CG  and  EF  being  parallel^  CD :  D£ : : 
CG:  £F,  and  (V.  1».  El.)  CD  :  2DE  : :  CG  :  2FE  or 
AU+  BI ;  bat;  by  hypothesis,  CGs  AH+BI,  and  there- 
fore (V.  4.  £1.)  CD«2D£.  Whence,  C£  being  given, 
the  point  D  is  given. 

COMPOSITION. 

Bisect  AB  in  £,  join  CE  and  trisect  it  in  D ;  this  is  the 
point  required. 

For  let  fall  the  perpendicular  £F.  Because  CG  and 
EF  arc  parallel,  CD :  DE : :  CG  :  EF;  but  CD  =  2DE, 
and  therefore  (V.  4.  £1.)  CG=:2£F,  that  is,  AH+BI. 

The  porism  now  demonstrated  may  be  viewed  as  origi- 
nating in  the  solution  of  this  problem  : — To  draw,  through 
the  point  Ms  a  straight  line  MN,  such  that  the  perpendi- 
culars AH  and  BI,  let  fall  upon  it  from  the  points  A  and  B» 
shall  be  together  equal  to  the  perpendicular  CG,  from  the 
point  C  on  the  other  side.  The  point  D  is  found  as  be- 
fore, and  thence  the  position  of  MDN  is  assigned.  But 
this  straight  line,  it  is  evidenti  will  become  indeterminate 
if  the  point  M  should  happen  to  coincide  with  D ;  on^that 
supposition,  the  problem  would  admit  of  innumerable  an- 
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swers,  or  the  diameter  MDN  might  lie  in  e?erjr  possible 
direction. 

PROP.  XXIII.    PORISM. 

A  straight  line  contained  within  a  given  angle 
may  be  found,  such  that  any  other  containing  line 
which  is  cut  by  it  in  a  given  ratio  shall  intercept 
from  the  sides  of  the  angle  segments  that  are  to- 
gether equal  to  a  given  straight  line. 

Let  BAG  be  a  given  angle,  a  straight  line  DE  contaioed 
within  it  may  be  found,  such  that  any  other  line  FO  cnt 
by  it  in  the  given  ratio  of  FH  to  HG,  shall  intercept  seg- 
ments AF  and  AG,  whose  sum  is  equal  to  a  given  line. 

ANALYSIS. 

Since  the  intercepting  line  FG  is  indeterminate,  DHE 
may  be  viewed  as  one  of  its  positions,  and  consequently  the 
sum  of  AD  and  AE  is  equal  to  the  given  line,  or  to  the  sum 
of  AF  and  AG ;  wherefore  the  excess  DF  on  the  one  side 
is  equal  to  the  defect  EG  on  the  others  Draw  FI  parallel 
to  AC,  and  (VI.  2.  El.) 
AE:  AD:  :  FI  :  DF  or  EG; 
but  FH:  HG : :  FI:  EG  or  DF, 
that  is,  AE  :  AD ;  but  the  ra- 
tio of  FH  to  HG  is  given,  and 
therefore  that  of  AE  to  AD, 
whose  sum  is  also  given  ;  whence 
these  segments  themselves  are 
(VI.  4.  El.)  each  given.  The 
poinu  D,  E  are  consequently  given,  and  the  straight  line 
DE. 
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COMPOSITION. 

*  Divide  the  line  equal  to  the  sum  of  the  segments  in  the 
^ven  ratio,  and  make  AD  and  A£  equal  to  the  two  por- 
tions; DEI,  heinfjf  joined,  will  be  the  line  required. 
For,  assume  any  point  F  in  AD,  cut  off  GErsDF,  and 
join  FHG :  This  line,  which  obviously  forms  segments 
AF  and  AG  equal  to  the  whole  sum,  is  likewise  divided  at 
H  in  the  given  ratio  of  A£  to  AD.  For  draw  FI  parallel 
to  AC,  and  FH  :  HG  : :  Fl :  EG  or  DF :  :  AE  :  AD. 
The  ratio  of  the  s^ments  FH  to  HG,  being  thus  the  same 
as  that  of  AE  to  AD^  is  hence  given. 


PROP.  XXIV.    PORISM. 

A  circle  and  a  straight  line  being  given  in  po- 
sition a  point  may  be  found,  such  that  any  straight 
line,  drawn  through  it  and  limited  by  these,  shall 
contain  a  given  rectangle. 

Let  the  straight  line  AB,  and  the  circle  HDF,  be  given 
in  position ;  it  is  required  to  determine  a  point  F,  which 
may  divide  any  connecting  straight  line  DFE  into  seg- 
ments containing  a  rectangle  that  will  be  given. 

■ 

ANALYSIS. 

Through  F  draw  HFG  perpendicular  to  AB.  By  hy- 
pothesis, the  rectangle  HF.FG  is  likewise  equal  to  the  gi* 
▼en  space,  and  therefore  equal  to  DF.J^E ;  whence  (V.  6. 
EL)  DF :  HF  : :  FG :  FE»  and  the  triangles  DFH  and 
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gxomethical  akaI/Tsis. 


OF£»  having  the  vertical 

angles  at  F  equal,  are  (VI. 

13.  El.)  ccmaeqaebtly  simi* 

lar,  and  the  angle  FDH  ia 

thus  equal  to  FOE,  or  is 

a  right  angle.      Where* 

fore  HCF  is  a  semicirdei 

of  which  HF  is  the  diame* 

ter ;  but  the  centre  C  he* 

ing  given,  the  perpendicular  HCO  is  thence  given,  and 

consequently  the  extremity  of  the  diameter,  or  the  point 

F.    Again,  the  points  H,  F,  and  G  being  given,  the  rect* 

angle  under  the  segments  HF  and  FO  is  given. 

COMPOSITION. 

From  the  centre  C,  let  fall  upon  AB  the  perpendicular 
HCFO,  cutting  the  circumference  in  F ;  this  point  has  the 
property,  that  any  intersecting  line  drawn  through  it  will 
contain  a  given  rectangle.  For  join  DH,  and  the  trian- 
gles FGE  and  FDH  are  similar ;  whence  F6  :  FE  : : 
FD  :  FH,  and  consequently  FE.FD=FG.FH,  which  is 
manifestly  given. 

This  porism  also  maybe  considered  as  arising  out  of  the 
solution  of  a  simple  problem :— Through  the  point  M,  to 
draw  a  straight  line  DMFE,  so  that  its  segments  DF  and 
FE,  intercepted  between  a  circle  and  a  straight  line,  ^all 
contain  a  given  rectangle.  The  point  F  being  found  as 
before,  DME  is  consequently  given  in  position.  But  when 
the  point  M  coalesces  with  F,  the  straight  line  DE  can 
thus  have  no  determinate  position,  or  it  will  fulfil  the  con- 
ditions of  the  problem  in  whatever  direction  it  be  drawn. 
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PROP.  XXV.    PORISM. 

A  straight  line  may  be  found,  from  any  point 
of  which  two  tangents  drawn  to  given  circles  that 
do  not  meet  shall  be  equal. 

Let  A  and  B  be  the  centres  of  two  given  circles^  a 
strait  line  CD  may  be  found,  aoch  that  the  tangents  CE, 
and  CF  drawn  from  any  point  C  shall  be  equal. 

ANALYSIS. 

Let  CD  cat  the  straight  line  joining  the  centres  in  D  } 
and  this  point  must  have  the  same  propierty  as  C,  or  the 
tangent  DG  will  be  equal  to  - 
DH.  If  the  circles  be  equal, 
the  point  D  will  evidently 
be  equidistant  from  A  and 
B.     Suppose  the  radius  of 
the  circle  about  A  to  be  less 
than  dlie  radius  of  the  circle 
about  B»  and  D  must  then 
lie  nearer  the  centre  B  than 
A.  Wherefore  DG*=DH*, 
or(IL  iO.  El.) AP— AD»  = 
BK*  —  BD*»    and   hence 

BK*— AP  =  BDVAD*; 
bisect  AB  in  O,  and  BK'-^ 

AI*  =  AB.2DO  ;  but  the 
radii  AI  and  BK  being  both 
given,  the  rectartgle  AB,  DO 

ia  given,  and  therefore  DO  and  the  point  D.  Again,  be- 
cause  CE*  =  CF*,  it  follows  that  AL*— AC*  =  BM*-^BC* 
or  BC*-AC*  =  BM*--AL*  or  BD*-AD*  ;  and  conse- 
quently CD  IS  at  right  angles  to  AB,  and  given  in  position. 
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COMPOSITION. 

Bisect  AB  in  O,  and  make  2AB.OD=:BK^— AP,  and 
erect  the  perpendicular  DC,  which  is  the  straight  line  re* 

quired. 

For  (II.  21.  El.)  BC*— AC*  =  BD*— AD*=2AB.Op 
=BK*— AP,  and  consequently  AP— AC*  =  BK*— BC*, 
that  is,  (II.  10.  El.)  CE*=CF*,  and  CErrCF. 

Ck>r.  If  ihe  circles  meet,  the  straight  line  CD  will  either 
touch  at  the  point  of  mutual  compact,  or  pass  through  the 
points  of  intersection. 

PROP.  XXVI.    PORISM. 

A  circle  and  a  point  being  given,  another  point 
may  be  found,  such  that  straight  lines  drawn  from 
them  to  any  point  in  the  circumference  shall  have 
a  ratio  which  will  be  given. 

The  point  B  lAay  be  found,  so  that  AC  and  BC,  inflect- 
ed to  the  given  circumference  £CF,  shall  have  a  ratio 
which  may  be  likewise  assigned. 

ANALYSIS. 

Draw  AB,  cutting  the  circle  in  Eand  F;  job  CE,  CF; 
and  produce  AC.  Because  E,  F  are  points  in  the  circum- 
ference, AC:  BC: :  AE  :  EB,  and  AC  :  BC  : :  AF:  FB; 
whence  (VI.  10.  cor.  El.)  CE  bisects  the  vertical  angle  ACB, 
and  CF  the  adjacent  angle  BCD,  consequently  the  angle 
ECF,  lieing  the  half  of  both  of  these,  is  a  right  angle,  uid 
(III.  1 9.  El.)  ECF,  a  semicir- 
cle.  Wherefore  AF,  thus 
passing  through  the  centre  O, 
is  given  in  position.  Now, 
since  AF  :  FB  :  :  AE  :  EB,     ,  t      X~B       O  Y 

alternately  AF  :  AE : :  FB :  EB;    hence  EF,  being  cut  ex- 
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lerimBy  and  internally  in  the  same  ratio,  EO  is  (VL  7.  EI.)  a 
mean  proportional  between  AO  and  BO,  or  £0*r=  AO.BO. 
Bat  AO  and  EO  are  given,  and  therefore  BO  and  the 
point  B  are  given.  Again,  because  AO :  EO : :  EO :  BO, 
by  division  and  alternation,  AE  :  EB : :  EO :  BO  ;  that  is, 
the  inflected  lines  have  the  given  ratio  of  EO  to  BO. 

-      COMPOSITION. 

Draw  AF  through  the  centre  of  the  given  circle,  and 
make  AO :  EO  : :  EO :  BO ;  B  is  the  point  required.  For 
join  CO.  Because  EO  is  equal  to  CO,  therefore  AO :  CO 
: :  CO  :  BO ;  consequently  the  triangles  ACO  and  CBO, 
Iiaving  besides  the  common  angle  at  O,  are  similar,  and 
AC :  AO : :  BC :  CO,  or  alternately  AC :  BC  : :  AO :  CO, 
that  is,  in  a  given  ratio. 

The  porism  now  demonstrated  is  evidently  derived  from 
the  local  theorem,  which  forms  the  12th  Proposition  of  this 
Book. 

PROP.  XXVII.    PORISM. 

If,  from  two  points  in  the  diameter  of  a  circle 
equally  distant  from  its  centre,  straight  lines  be 
inflected  to  the  extremity  of  any  arc,  another 
point  may  be  found  in  the  diameter  from  which  a 
straight  line  drawn  to  the  termination  of  the  dou- 
ble arc  shall  contain  with  the  radius  a  rectangle 
equivalent  to  that  under  the  inflected  lines. 

Let  DE  be  the  diameter  of  a  circle  having  two  oppo- 
site points,  A  and  B,  equally  remote  from  the  centre  0» 
and  AC  and  BC  be  drawn  to  any  point  C  in  the  circum- 
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ference;  having  made  the  arc  CF  equal  to  DC,  a  point  H 
may  be  found  in  the  diameter,  such  that  HF  being  joined^ 
the  rectangle  under  HF  and  OD  shall  be  equivalent  to  the 
rectangle  under  AC  and  BC« 

ANALYSIS. 

It  is  obvious,  that,  in  the  extreme  case^  when  the  arcs 
DC  and  DF  both  vanish,  the  points  C  and  F  must  coin- 
cide with  the  extremity  of  the  diameter,  and  consequently 
the  inflected  lines  will  pass  into  the  segments  AD  and  BD. 
Wherefore  HD.OD  =  AD.BD;  add  OA^  to  both,  and 
HD.OD+OA»=AD.BD+OA*=(ILl7.cor.2.EI.)OD* 
=  HD.OD  +  OH.Ob:  consequently  OA*  =  OH.OD, 
and  (V.  6.  El.)  OD  :  OA  : :  OA  :  OH,  whence  OH  and 
the  point  H  are  given.  Join 
OC  and  OF,  draw  HG  pa- 

« 

rallel  to  AC  and  join  GF : 
Since,      by     construction, 
OD  :OA  ::OA:OH,and 
(VL  1.  El.)  OA  :  OH  :  :       i^    X  U 
OC   :  OG,    therefore,  by 

identity  of  ratios,  OD  :  OA  :  :  OC  :  OG ;  but  OC  being 
equal  to  OD,  the  fourth  term  OG  must  (V.  4.  El.)  be  equal 
to  OA.  Hence  the  triangles  ACO  and  GFO,  having  the 
sides  OC  and  O  A  equal  to  OF  and  OG,  and  the  contained 
angle  AOC,  by  hypothesis,  equal  to  GOF,  are  (I.  3.  El.) 
equivalent ;  and  consequently  the  base  AC  is  equal  to  GF. 
Again,  the  triangles  OCB  and  GFH  are  similar  (VI.  IS, 
El.) ;  for  OC  :  OA  or  OB  :  :  OA  :  OH  :  :  AC  or 
GF :  GH,  and  the  contained  angle  COB  is  (I.  30.  £1.) 
equal  to  the  interior  angles  O AC  and  OCA  of  the  triangle 
ACO,  themselves  equal  to  OGF  and  OGH,  which  com- 
pose the  other  contained  angle  FGH.    Hence  OC  :  OC 
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: :  FG  or  AC;  HF,  and,  therefore,  (V.  6.  El.)  HF.BCss 
AC.BC. 

COMPOSITION. 

Make  OD  :  OA  : :  OA  :  OH,  and  H  is  the  point  re- 
qoired.  For  double  the  arc  DC  to  F ;  join  HF  and  OC, 
OF;  draw  H6  parallel  to  AC,  and  join  OF,  the  triangles 
AGO  and  GFO  are  proved  to  be  equal,  and  the  triangles 
OCB  and  GFH  similar.  The  demonstration  is  indeed 
exactly  the  same  with  that  part  of  the  analysis  which  suo 
ceeds  the  determination  of  the  point  H. 

Scholium.  The  equally  eccentric  points  A  and  B  might 

likewise  be  taken  in  the  extension  of  the  diameter  without 

the  cirde,  and  then  the  corresponding  point  H  will  lie  be* 

yond  them.     When  the  arc  DC  is  a  quadrant,  the  point  F 

will  coincide  with  £,  and  the  inflected  lines  become  equal. 

In  this  case,  AC* =OD.HE|  which  is  evident,  since  (II.  10. 

EL)  AC* = OD*  +  O A*  =  OD* + OD.OH.    The  rectangle 

under  the  inflected  lines  attains  a  maximum  likewise  in  the 

same  situation ;  for  HE  being  the  greatest  line  that  can  be 

drawn  from  H  to  the  circumference,  the  rectangle  HE, 

OD^  and  consequently  AC,  BC  is  greatest  when  the  point 

C  terminates  a  quadrant.      There  is  another  maximum 

which  belongs  to  the  point  directly  opposite  to  C  below  the 

diameter.    This  rectangle  AC,  BC  has  also  two  minima^ 

when  HF  passes  into  HD  in  the  positions  of  D  and  £, 

the  inflected  lines  being  AD,  BD,  and  AE,  BE. 

If  the  points  A  and  B  fall  on  the  extremities  of  the  dia- 
meter, the  point  H  will  evidently  coincide  with  D;  and 
consequently  the  rectangle  under  the  chord  of  an  arc,  and 

* 

the  chord  of  its  supplement,  is  equivalent  to  the  rectangle 
under  the  radius  and  the  chord  of  the  double  arc,  a  pro- 
perty demonstrated  in  the  Elements  of  Trigonometry. 
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Pl(OP.  XXVIIL    PORISM. 

A  circle  and  a  straight  line  being  given  in  po- 
sition, a  point  may  be  found,  such  that  aoy 
straight  line  drawn  from  it  to  the  given  line,  shall 
be  a  mean  proportional  between  the  segments  in- 
tercepted by  the  given  circumference. 

Let  the  straight  line  AB,  and  the  circle  HKF  be  givea 
in  position  y  it  is  possible  to  assign  a  point  D,  through 
which  a  straight  line  FDC  being  drawn,  CD  shall  be  a 
mean  proportional  between  the  segments  C£  and  CF« 


ANALYSIS. 

From  D  let  fall  upon  AB  the  perpendicular  IDG,  and 
join  CI  and  HK.  Because  CE :  CD : :  CD  :  CF,  CD*  = 
CE.CF  =  (III.  26.  £1.)  CK.CI ;  and,  since  61  passes 
through  the  point  D,  GH  :  GD  :  :  GD  :  GI,  and  GD*  = 
GH.GL  But  (IL  10.  El.) 
CD*  =  CG* + GD*,  and  con- 
sequently  CK.C1  =  CG*  + 
GI.GH  ;  take  these  away 
from  CI*  =  CG*+GI*,  and 
there  remains  CI.KI=GI.HI. 
Whence  CI :  GI :  :  HI :  KI, 
and  consequently  the  triangles 
CIG  and  HIK,  having  acom- 
mon  vertical  angle,  are  similar. 
Wherefore  the  angle  HKI,  being  thus  equal  to  CGI, 
stands  in  a  semicircle,  of  which  HI  is  the  diameter;  con« 
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sequently  GI  is  given  in  posidoD,  and  the  points  6,  Ht 
and  I  being  thence  giveui  the  rectangle  under  GH  and  GI, 
or  the  square  of  GD,  is  given,  and  therefore  the  point  D. 

COMPOSITION. 
Through  the  centre  O  draw  the  perpendicular  GOI ; 
and  find  (VL  16.  El.)  GD  a  mean  proportional  no  GH 
.  and  GI  i  D  is  the  point  required.  For  (III.  26.  and  IL 
17.El.)CE,CF=CO*— HO»=:CG*+GO*— HO»=CG* 
+GH.GI;  but  (V.  6.  El.)  GD*=GH.GI,  and  conse. 
qaenlljr  CE.CF=CG*+GD*  =  CD*. 

This  porism  may  be  supposed  to  derive  its  origin  from 
the  problem : — **  Through  a  given  point  P,  in  the  diame- 
ter of  a  circle,  to  draw  a  straight  line  CLPM  to  the  per- 
pendicular AB|  so  that  the  rectangle  under  the  segments 
CL  and  CM  shall  be  equal  to  the  square  of  GN."  Since 
(111.26.  El.)  CL.CM=:CK.CI=CI*— CI.KIj  but  (II. 
10.EI.)CP  =  CG»+GP,  and  CI.KI=GLHI;  whence 
.  CL.CM  =  CG»  +  GI.GH,  or  making  GD*  =  GI.GH, 
CL.CM=CG*+GD»  or  CD*,  and  consequenUy  CD* 
=  GN*,  or  CD=GN.  Wherefore  the  point  D  being 
given,  the  point  C  is  also  given,  and  thence  the  straight 
line  CLPM.  The  problem  then  is  solved  by  finding  GD 
a  mean  proportional  to  GH  and  GI,  and  describing,  fit)m 
D  with  the  radius  GN,  a  circle  to  intersect  the  perpendi- 
cular in  C.  It  is  hence  evident,  that  C  is  independent  of 
the  point  P.  Let  CLM,  therefore,  coincide  with  CEF, 
and  CE.CF=GN*  =  CD*.  But  this  property  must  evi- 
dently  obtain,  whatever  be  the  position  of  the  point  C. 
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PROP.  XXIX-     PORISM. 

A  point  being  given  in  the  diameter  of  a  given 
circle^  another  point  in  the  same  extension  may 
be  found,  such  that  the  angle  contained  by  two 
straight  lines  drawn  from  it  to  the  extremities  of 
a  chord  passing  through  the  given  point,  shall  be 
bisected  by  the  diameter. 

In  the  diameter  FH  of  a  given  circle^  let  A  be  a  given 
point  through  which  any  chord  BAG  is  drawn ;  a  pmnt 
D  may  be  found  in  the  extension  of  the  diameter*  so  that 
DC  and  DB  being  joined,  the  angle  ADC  shall  be  equal 
to  ADB. 

ANALYSIS. 

Join  E69  and  draw  £0  and  BO  to  the  centre  O.  The 
triangles  EOD  and  BOD,  having  the  side  EO  equal  to  BO» 
OD  common,  and  the  angle 
ODE  equal  to  ODB,  and 
being  likewise  of  the  same 
affection,  since  the  angles 
DEO  and  DBO  are  evi- 
dently  both  acute — are  (L 
21.  El.)  equal,  and  conse« 
sequently  the  angle  EOG 
is  equal  to  BOG.  Whence  the  triangles  OEG  and  OBG 
are  (I.  3.  EL)  also  equal,  and  therefore  EB  is  perpendicular 
to  the  diameter  FH.  Wherefore  (VI.  9.  El.)  FA  :  AH : : 
FD :  DH ;  but  the  ratio  of  FA  to  AH  being  given,  and 
consequently  that  of  FD  to  DH,  the  point  D  (VI.  6.  EI.) 
is  given. 


/ 
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COMPOSITION. 

"Make  (VI.  8.  EL)  OA :  OH : :  OH :  OD,  and  then  D 
is  the  point  required.  For  join  OC  and  OB.  Becaase 
OH =OC,  OA :  OC : :  OC :  OD ;  wherefore  the  triangles 
AOC  and  COD*  having  thus  the  sides  about  their  com- 
mon  angle  DOC  proportional,  are  similar ;  and  hence  the 
angle  OCA  is  equal  to  ODC.  In  the  same  manner,  it  is 
proved  that  the  angle  OBA  is  equal  to  ODR  But  BOC 
being  an  isosceles  triangle,  the  angle  OCA  is  equal  to  OBA; 
whence  the  angle  ODC  is  equal  to  ODB. 

This  porism  is  likewise  derived  from  the  local  theorem 
given  in  Prop.  12.  For  AC|  DC,  and  AB,  DB  being  in- 
flected in  the  same  ratio,  AC :  AB : :  DC  :  DB;  and  con* 
sequentlj  (VI.  10.  cor.  £1.)  the  angle  BDC  is  bisected  by 
DA. 

PROP.  XXX.    PORISM. 

A  point  being  given  in  the  circumference  of  a 
circle,  another  point  may  be  found,  so  that  two 
straight  lines  inflected  from  them  to  the  opposite 
circumference,  shall  cut  off,  on  a  given  chord,  ex- 
treme segments,  whose  alternate  rectangles  shall 
have  a  g^ven  ratio. 

Let  the  circle  ADBE,  the  point  A,  and  the  chord  DE, 
be  given  in  position,— another  point  C  may  be  found,  6uch 
that  the  straight  lines  AB  and  CB  inflected  to  the  opposite 
circumference}  shall  form  segments  containing  rectangles 
DG,  FE,  and  DF,  G£,  in  the  ratio  of  KM  to  LM. 
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ANALYSIS 

V 

Join  GA>  and  produce  it  to  meet  the  extension  of  die 
chord  £D  in  H. 

Because  KM :  LM : :  DOFE  :  DF.GE,  by  division, 
KL:  LM:  :DG  FE— DF.GE ;  DF.GE;  but  DG.FE— 
DF.GE  =(DF  +  FG)(GE  +  FG)_DF.GE=FG.DE, 

and  consequently  KL:  LM       K l,  m 

::FG.D£:  DF.GE.  Make 
KL  :  LM : :  D£ :  DH,  then 
KL  :  LM  :  :  FG.DE  : 
FG.DH ;  whence  FG.DH 
s  DF.GE,  and  adding 
DF.FG  to  both,  FH.FG= 
DF.FE  =  (in.  26.  El.) 
AF.FB.  Wherefore  FH  :  FB : :  AF  :  FG,  and  (VL  IS. 
El.)  the  triangles  AFH  and  GFB  are  similar,  and  conse- 
quently the  angle  AHF  is  equal  to  FBG  ;  but  the  angle 
AHF  is  given,  since  the  points  A,  H,  and  D  arc  given, 
and,  therefore,  the  chord  AC,  cutting  off  from  the  given 
circumference  a  begment  that  contains  a  given  angle  ABC 
or  FBG  is  given,  and  thence  the  point  C. 

COMPOSITION. 

Produce  the  chord  ED  to  H  in  the  ratio  of  KM  to  LM, 
join  HA,  and,  at  any  point  B  in  the  circumference,  make 
the  angle  ABC  equal  to  AHF ;  C  is  the  point  required. 

For,  the  triangles  AFH  and  GFB  being  evidently  simir 
lar,  FH  :  FB  :  :  AF  :  FG,  and  FH.FG  8  FB.AFs 
DF.FE}  whence  FH  FG—DF.FG=DF.FE— DF.FG, 
or  FG.DHsDF.GE.  But  KL  :  LM  :  :  DE  :  DH :  : 
FG.DE  :  FG.DH,  and  therefore  KL  :  LM  :  :  FG.DE: 
DF.GE }  consequently  (V.  9.  El.)  KM :  LM : :  FG.DE+ 
DF.GE,  or  DG.FE :  DF.GE. 
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The  porism  now  investigated  arises  naturally  out  of  this 
prohlem: — *'  From  two  given  points  A  and  C,  one  of 
which  lies  in  a  given  circumference^  to  inflect  straight  lines 
AB  and  CB,  so  as  to  intercept  on  the  chord  D£  segments 
that  contain  rectangles  D69  F£  and  DF,  G£»  which  are 
in  a  given  ratio/'  For,  the  point  H  beiog  assumed  as  be- 
fore^ the  analysis  requires  that  the  angle  ABC  should  be 
made  equal  to  AHF,  Whence,  if  on  AC,  a  segment  of 
a  circle  were  described  containing  that  angle,  its  contact 
or  intersection  with  the  given  circumference  would  deter* 
mine  the  point  of  inflection.  Supposing,  therefore^  the 
two  circles  entirely  to  coincide,  the  problem  will  in  that 
case  become  indeterminate^  or  admit  of  innumerable  anr 
swers. 


PROP.  XXXI.    PORISM. 

Two  points  and  two  diverging  lines  being  gi* 
ven  in  position,  straight  lines,  inflected  fjx)in  those 
points  to  one  of  the  diverging  lines,  intercept  seg* 
ments,  on  the  other,  from  points  that  may  be 
found,  and  containing  a  rectangle  which  will  be 
likewise  assignable. 

Let  DF  and  £F  be  inflected,  from  the  pointo  D  and  E, 
to  the  diverging  line  AC  $  they  will  cut  ofi^  segments,  on 
AB,  from  points  I  and  K,  which  may  be  found,  so  that 
the  rectangle  IH,  OK  shall  be  given. 


&  M 
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ANALYSIS. 

Join  EI  and  EA,  DA  and  DK,  and  produce  ED  to  meet 
AC  in  P.  Since  A,  F,  and  P  are  so  many  points  of  in- 
flection, it  is  evident,  from  the  hypothesis,  that  I  A.  AK = 
IH.GK  =  IN.NK  ; 
whence  IH :  lA : :  AK : 
GK,  and,  by  division, 
AH  :  lA  :  :  AG  :  GK, 
and  alternately  AH :  AG 
::IA:GK.  Through 
E,  draw  LENf  parallel 
to  AB  and  meeting  AC 
and  FD  produced;  then 
(VI.  V.  El.)  LE  :  LM  : :  AH  :  AG  : :  lA  :  GK.  Again, 
because  IA.AK=1N.NK,  IN  :.IA::  AK:  NK,  by  divi- 
sion  AN  :  lA  : :  AN  :  NK,  and  consequently  IA=NK. 
Wherefore,  by  substitution,  LE  :  LM :  :  NK :  GK,  and 
LE :  EM  •  i  NK :  GN,  or  alternately  LE :  NK : :  EM :  GN, 
that  is,  (VL  *^.  El.)  ED:  DN;  hence  (VL  14.  El.)  the 
triangles  LDE  and  KDN  are  similar,  and  LDK  forms 
one  single  straight  line.  Join  DO.  Since  lAszHK, 
LE :  lA : :  LE  :  NK,  that  is,  (VL  2.  El.)  EG  :  OI  :  : 
ED :  DN,  and  therefore  (VI.  1.  cor.  1.  El.)  DO  is  paral- 
lei  to  AB.  But  the  parallels  OD  and  LM  being  given  in 
position,  the  prjnts  O  and  L,  and  thence  I  and  K,  are  gi- 
ven, and  consequently  the  rectangle  lA,  AK  is  given. 

COMPOSITION. 

Draw  DO.  EL  parallel  to  AB  and  meeting  the  exten- 
sion of  AC ;  join  EO,  LD,  and  produce  them  to  meet  AB 
in  I  and  K  ;  these  are  the  points  required.    For  DF  and 
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£F  being  inflectedi  L£  :  lA  : :  OE  :  OI : :  ED  :  DN :: 
DM:DG  :  LM :  GK,  and  alternately  L£:LM::IA:GK; 
bat  LE:  LM  : :  AH  :  AG,  and  therefore  lA  :  GK  :  : 
AH  :  AG;  consequently  (V.  8.  and  11.  El.)  lA:  IH : : 
GK  :  AK,  and  IA.AK=1H.GK. 

Tbe  porism  thus  investigated  follows  from  this  problem : 
**  Two  straight  lines  AB  and  AC  being  given  in  position, 
with  the  points  I  and  K»  E  and  D,  to  find  a  point  F,  such 
that  the  inflected  lines  EF  and  DF  shall  intercept  s^ 
ments  IH  and  GK,  containing  a  given  space/'  For,  when 
tbe  points  I  and  K  have  the  position  before  assigned,  the 
construcUon  becomes  indeterminate. 

PROP.  XXXII.    PORISM. 

Three  diverging  lines  being  given  in  position, 
a  fourth  may  be  found,  such  that  straight  lines 
can  be  drawn  intersecting  all  these  and  divided 
by  them  into  proportional  segments. 

Let  AB,  CD,  and  AE  be  given  diverging  lines,  and 
HIKL  any  transverse  line  cut  by  them  in  given  ratios ;  a 
fourth  diverging  line  FG  may  be  found  limiting  the  seg* 
ment  KL. 

ANALYSIS. 

Produce  EA  and  GF  to  meet  in  M';  through  K  and  P 
draw  NO  and  PO  parallel  to  AB  and  FG,  and  meeting  in  O; 
join  CO ;  let  HfVKfh'  be  another  transverse  line  divided  in* 
ta  proportional  segments ;  draw  P^rO'  parallel  to  PIG  and 
meeting  CO  in  O^  and  join  O'K'  and  produce  it  to  N^ 

Because  KG  is  parallel  to  PH,  HI :  IK : :  PI :  10 ;  and, 
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Now>  if  the  ratio  of  CA  to  AF  should  b^  the  same  tts 
that  of  Y  to  Z|.  the  point  T  will  coincide  with  C,  and  the 
straight  line  TO  with  CO.  The  probletn,  therefore,  be- 
comes, in  this  case,  porismatic,  or  every  point  whateirer 
in  CO  has  the  property  which  belonged  before  to  the 
single  point  O. 


DEFINITION. 


Isoperimetrical  figures  are  such  as  have  equal  perimeters, 
er  the  same  extent  of  linear  boundary. 

PROP.  XXXIII.    PROS. 

In  a  straight  line  given  in  position,  to  find  a 
point,  whose  distances  from  two  given  points  on 
the  same  side  shall  together  be  the  least  possible. 

Let  it  be  lequired,  from  the  points  A  and  B  to  some 
point  in  CD,  to  draw  AG  and  BG|  forming  jointly  a  mi'- 

nimum. 

ANALYSIS. 

From  B|  either  of  the  given  points,  let  fiiU  BE  a  per- 
pendicular upon  CD,  and,  having  produced  it  equally  on 
the  opposite  side,  join  GF.  It  b  obvious  that  the  triangles 
BEG,  FEG  are  equal,  and  consequently  that  BG=GF} 
whence  AG  +  GF  is  a  minimum.  But  the  points  A  and 
F  are  evidently  both  given,  and  since  (1. 15.  £1.)  the  short- 
est  communication  between  them  is  a  straight  Kney  its 
intersection  G  with  CD  is  given,  and  therefore  the  in- 
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fleeted  lines  AG  and  BG  are 

given  in  position.                               \ 

Cor  ll  hence  appears  tbati                 \ 
when    the   combined    dis-                     ^ 
tance  of  the  points  A  and  B 

B 

is  the  least  possible,  the  in- 
eideot   angles    AGC    and     « 
BGD  are  equal 

Scholium.  Hence  also  the  solation  of  a  similar  problem:— 
^*  In  a  straight  line  given  in  position,  to  find  a  point  the 
difference  of  whose  distances  from  two  given  points  shall 
be  the  greatest  possible.''  If  these  points  lie  on  the  same 
aide  of  the  straight  line  CD,  it  is  evident  that  the  difie- 
rence  between  AG  and  QG 
being  (I.  15.  £1.)  less  than 
the  base  AB»  this  must  be 
the  extreme  limit,  or  the 
difference  must  reach  its 
fnaxmum  when  AG  and 
BG  coincide  with  AB,  and 
consequently  the  point  G 
occurs  where  the  produc- 
tion of  AB  meets  CD.— But  if  A  and  B  lie  on  opposite 
aides  of  CD,  let  fall  the  perpendicular  BE,  which  produce 
tin  EF  be  equal  to  it,  and  join  AF  and  GF.  The  triangles 
BEG,  FEG  are  evidently  equal,  and  therefore  BG=GF; 
but,  in  the  triangle  AFG,  the  difference  of  AG  and 
GF,  being  less  than  AF,  must  attain  its  greatest  extent, 
when  that  triangle  is  supposed  to  flatten  into  a  straight  line ; 
in  which  case  the  angle  AGE  is  equal  to  BGC. 

M 
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PROP.  XXXIV.    THEOR. 


Straight  lines  drawn  from  two  given  points  to 
the  circumference  of  a  given  circle  are  the  least 
possible,  when  they  make  equal  angles  with  a  tan- 
gent applied  at  the  point  of  inflection. 

Of  all  the  straight  lines  inflected  from  the  points  A  and 
B  Co  the  circumference  of  the  circle  GDH,  AD  and  BD> 

which  meet  the  tangent  £F  at  equal  angles,  form  together 
a  minimum* 

For,  by  the  last  proposition,  AD 
and  BD,  falling  at  an  equal  inct« 
dence,  are  jointly  shorter  than  any 
other  lines  inflected  from  the  points 
A  and  B  to  the  straight  line  EF; 
but  (I.  16.  El.)  such  lines  drawn  to 
that  tangent  are  less  than  the  ex* 
terior  lines  which  terminate  in  the 
circumference ;  whence,  for  both 
these  reasons  combined,  AD  and  BD  must  form  the  mmi* 
mum  of  all  the  straight  lines  inflected  to  the  circuniference 
GDH. 

Cor.  It  may  be  shown  nearly  in  the  same  way,  that  the 
lines  from  A  and  B  obtain  their  maximum^  when  they  are 
inflected  to  a  point  where  DC  meets  the  opposite  concave 
circumference. 
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PROP.  XXXV.    PROB. 

To  find  a  point,  whose  distances  from  three  gi- 
ven points  are  the  least  possible. 

Lei  it  be  required,  from  the  points  A,  B,  and  C,  to  draw 
AD|  BDy  and  CD,  such  that  their  sum  shall  be  a  mini- 


ANALYSIS. 

If  the  distance  BD  were  supposed  to  remain  constant, 
the  position  of  D,  in  the  circumference  of  a  circle  described 
from  B  with  the  radius  BD,  must,  by  the  last  proposition, 
be  such,  when  AD  and  CD  together  compose  a  minimum^* 
that  the  angle  ADB  shall  be  equal  to  CDB.  For  the  same 
reasGHf  if  AD  continued  invariable^  BD  and  CD,  complete 
ing  the  minimum^  must  Form 
with  it  equal  angles  ADB  and 
ADC.  Whence,  uniting 
these  conditions,  the  straight 
lines  AD,  BD,  and  CD  all 
make  equal  angles  about  their 
point  of  concourse. 

COMPOSITION. 

Connect  the  triangle  ABC,  and  upon  each  of  the  sides  AC 
and  BC  describe  equilateral  triangles,  and  again  circum- 
scribe these  by  circles,  which  will  intersect  in  the  required 
point  D.  For,  the  angles  ADC  and  CDB,  being  the  sup- 
plements of  angles  of  equilateral  triangles,  are  each  equal 
to  two-third  parts  of  two  right  angles,  or  to  one- third  of 
four  right  angles  ;  consequently  three  such  angles  will  stand 
about  the  point  D.    Again,  while  one  ef  the  lines  AD,  BD 
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and  DC  remains  constant,  the  other  two  making  equal  an- 
gles with  it  are  the  least  possible,  and  consequently  the  ag- 
gregate of  all  the  three  is  a  minimum. 

PROP.  XXXVI.    PROB. 

In  a  straight  line  given  in  position,  to  find  a 
point,  at  which  the  straight  lines,  drawn  to  two 
given  points  on  the  same  side,  shall  contain  the 
greatest  angle. 

Let  it  be  required  to  draw  AC  and  BC,  so  that  the  an- 
gle ACB  shall  be  a  maximum. 

ANALYSIS. 

Describe  a  circle  about  the  points  C,  A,  and  B.  Because 
the  angle  ACB  is  greater  than 
any  other  which  has  its  vertex 
in  D£,  the  circuniFerence  must 
lie  within  that  straight  line, 
and  therefore  DE  touches  the 
circle. 

It  is  hence  evident,  (III.  26. 
cor.  El.)  that  GA.GB  =  GC*; 

and,  therefore,  the  point  C  is  assigned,  by  finding  GC  a 
mean  proportional  to  GA  and  GB. 

PROP.  XXXVII.    PROB. 

To  find  a  triangle  with  a  given  perimeter,  and 
standing  on  a  given  base,  which  shall  contain  the 
greatest  area. 

Let  it  be  required  to  find  a  triangle  ABC,  constituted 
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on  the  base  AC,  and  containing,  within  a  given  perimeter, 
the  greatest  possible  sur&ce. 

ANALYSIS. 

Since  the  base  of  the  triangle  ABC  is  constant  while  its 
area  forms  a  maximum^  the  corresponding  altitude  must 
evidently  be  the  jgreatest  possible,  and  consequently  the 
vertex  B  must  lie  in  a  parallel  the  remotest  from  AC.  Sup* 
posing,  therefore,  the  parallel  D£  to  retain  its  place^  the 
sum  of  the  sides  AB  and  CB,  and 
consequently  the  whole  perimeter  of 
the  triangle,  will,  by  the  thirty-third 
Proposition  of  this  Book,  be  the  least 
possiblei  when  the  angle  ABD  is  equal 
to  CBE.  Whence,  preserving  the 
same  perimeter,  the  parallel  wiU  be  enabled  to  recede  to 
the  greatest  distance  from  AC,  if  these  incident  angles  sUIl 
maintain  their  equality ;  but  D£  being  parallel  to  AC,  the 
alternate  angles  BAC  and  BCA  (I.  22.  £1.)  are  likewise 
equal,  and  consequently  their  opposite  sides  CB  and  AB. 
The  triangle  ABC  is  thus  isosceles  ^  and  it  is  also  given, 
fbr  its  sides  are  all  given. 

Cor.  Hence  an  equilateral  polygon  is  that  which,  under 
a  given  number  of  sides,  contains,  within  the  same  peri- 
meter, the  greatest  possible  surface :  For,  the  rest  of  the 
figure  remaining  constant,  suppose  any  two  adjacent  sides 
to  vary,  and  the  accrescent  triangle  so  formed  will,  by  this 
proposition,  be  a  maximum^  when  those  sides  are  equal. 
The  polygon,  deriving  its  expansion  from  the  aggregate  of 
the  exterior  triangles,  pKiBt  therefore  be  the  greatest  pos- 
sible^ when  such  triangles  are  in  every  -combination  isosce- 
les, and  consequently  all  the  sides  of  the  figure  equal. 
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PROP.  XXXVIII.    THEOIL 

If  a  polygon  have  all  its  sides  given,  except  one, 
it  will  contain  the  greatest  area,  when  it  can  be 
inscribed  in  a  semicircle,  of  which  that  indeter- 
minate side  is  the  diameter. 

Let  the  polygon  ABCDEF,  having  given  sides  AB,  BC^ 
CD,  D£  and  EF,  stand  upon  a  base  AF,  which  is  varis- 
I  ble ;  the  area  will  attain  its  maxirmem^  when  AF  becomes 

the  diameter  of  a  circnmscribing  semicfrcle. 

For,  AD  and  FD  being  mflected  to  anj  point  D^  the 
spaces  ABCD  and  DEF  will  evidently  remain  the  sanM^ 
while  the  angle  ADF  is  en- 
larged, or  the  points  A  and  F 
are  distended.  Whence  the 
polygon  must  contain  the 
greatest  area,  when  the  in- 
cluded triangle  ADF  contain- 
ed by  given  sides  AD  and  DF,  is  a  maximum.  Now,  this 
will  take  place  when  the  altitude  of  the  triangle,  or  the 
perpendicular  let  fall  from  the  vertex  F  upon  AD,  is  the 
greatest  possible.  Wherefore  (I.  17.  El.)  ADF  is  a  right 
anj^e,  and  consequently  (III.  19.  £1)  the  point  D  lies  in 
a  semicircumference.  But  the  same  reason  applies  to  every 
other  intermediate  point  B,  C,  or  E,  of  the  polygon,  which 
consequently,  in  its  state  of  maximum^  is  disposed  within  a 
semicircle  described  on  the  variable  side  AF. 

Cor.  1 .  Hence  a  polygon,  whose  sides  are  all  given,  con- 
tains the  greatest  area,  when  it-  can  be  inscribed  in  a  circle. 
For  let  ABCD  be  a  polygon,  which  has  each  of  its  aides 
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AB»  BC^  CDf  and  AD  giren.  Draw  the  diameter  AF» 
tfid  join  DF.  The  polygon  ABCDF  is  thus  a  moMimum  s 
bat  the  triangle  ADF  being  evidently  detoroiinnte^  the  re<» 
maining  polygon  ABCD  is  likewise  a  maMmum. 

Cor.  2.  Hence  a  regular  palygon  is  that  wbichi  with  a 
^▼en  perimetefy  formed  ))y  a  given  namber  pf  si^es^  conr 
tains  the  greatest  area.  For^.  by  the  corollary  to  the  last 
PropodUon^  the  sides  are  all  eqnal;  but  its  SQgJes  are 
(III.  \%  oor.  2.  and  16.  £1.)  also  eqnal,  sinoe  it  occupies 
the  circnni^sreDGe  of  a  circle* 


PROP.  XXXIX.    THiX)R* 

A  circle  contains,  witbin  a  given  perimeter,  the 
greatest  possible  area. 

From  the  preceding  investigations,  it  appears,  that  the 
perimeter  and  number  of 
sides  being  given,  the  fi- 
gure of  greatest  capacity  is 
a  regular  polygon.  Let 
ABCDEF  be  such  a  poly- 
gon,  bounded  by  the  gi-' 
ven  perimeter:  Bisect  the 
corresponding  arcs  of  the 
drcumscribing  circlci  and 
another  regular  polygon 
MBGCHDIEKFLA  will  arise,  having  twice  the  number 
of  sides.  Draw  the  diameter  MI,  and  join  MD  and  OD. 
Both  polygons  are  alike  composed  of  triangles  equal  to 
ODN  and  ODI,  and  consequently  the  area  of  the  poly- 
gon ABCDEF  is  to  that  of  MBGCHDIEKFLA  as  ON 
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to  OI,or  as  20N  or  PN  to  20I  or  MI.  Bat  if  this 
terior  polygon  MBGCHDIEKFLA  were  contracted  to 
the  same  perimeter  with  ABCDEF,  its  area  would  (VL 
24.  El.)  be  diminished  in  the  ratio  of  DI*  to  DNS  that  is» 
(III.  19.  and  VI.  15.  cor.  1.  EI.)  in  the  ratio  of  the  rect- 
angle MI,  NI  to  MN,  NI,  or  that  of  MI  to  MN.  Whence 
(V.  16.  EI.)  the  original  polygon  is  to  another  of  equal  pe- 
rimeter and  with  double  the  number  of  sides,  as  PN  to  MN» 
An  isoperimetrical  figure  thus  has  its  area  always  increased, 
by  doubling  the  number  of  its  sides.  Continuing  this  da» 
plicatioui  therefore,  the  regular  polygons  which  arise  in 
succession  will  have  their  capacity  peipetually  enlarged* 
"Whence  the  circle,  as  it  forms  the  limit  or  extreme  boun- 
dary of  all  those  polygons,  must,  with  a  given  circomfe- 
renee,  contain  the  greatest  possible  space. 
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Akt  straight  line  produced  will  either  cross 
another  straight  Hne  in  a  single  point,  or  will 
wholly  coincide  with  it;  but  the  same  straight 
line,  in  its  extension,  can  meet  the  bendings  of  a 
curve  more  than  once.  The  number  of  such  pos* 
sible  intersections  will,  therefore,  in  every  case^ 
serve  to  discriminate  the  several  orders  of  lines. 
A  straight  line  itself,  since  it  oiily  admits  of  being 
cut  once,  belongs  strictly  to  the  First  Ordeju  A 
line  which  is  capable  of  a  double  intersection  by  a 
straight  hne  must  evidently  be  incurved,  and  will 
range  in  the  Second  Order.  These  lines  form^ 
next  to  the  circle^  the  simplest  kind  of  curves. 


BOOK  I. 


LINES  OF  THE  SECOND  ORDER, 


GENESIS  OF  THE  CUEVE. 

The  LOCUS  of  a  pointy  whose  distances  from  a  given 
point  and  from  a  straight  line  given  in  position 
have  a  given  ratio^  is  a  lin£  of  the  second  or- 
der. 


L 


f£T  F  (fig.  1.  2.  and  3.)  be  a  given  point,  and  CE  a 
Btraight  line  given  in  position;  if  another  point  D  so  move 
on  the  same  planei  that  its  distance  DF  from  F  shall  have 
always  to  the  perpendicular  D£,  or  its  distance  from  the 
line  CE,  the  constant  ratio  of  the  given  lines  X  and  Y,— -it 
will  describe  a  Line  of  the  Second  Order. 

» 

It  is  evident,  that  the  describing  point  will  always  occu- 
py two  corresponding  places  D  and  D^  (fig.  9.  10.  and 
11.)  equally  distant  on  either  side  of  the  dividing  perpen- 
dicular CF;  for  the  distances  of  both  these  from  the  given 
straight  line  being  the  same  as  CH,  their  distances  FD 
and  Fiy  from  the  given  point  F  must  be  equal,  and  con- 
sequently the  right  angled  triangle  HFD  is  equal  to  HFiy, 
and  its  side  DH  equal  to  D'H.  Hence  the  curve  consists 
of  two  equal  similar  bends,  parted  by  the  extension  of  the 
perpendicular  CF,  which  thus  forms  their  axis. 

It  likewise  appears,  that  the  curve  must,  in  every  case^ 
cross  the  perpendicular  CF^  between  tbe  points  C  and  F; 
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for  CF  may  (VI.  4.  £1.)  be  divided  at  A  in  any'giyeii  ratio* 
Bat  when  X  is  equal  to  ¥»  (as  in  fig.  1.)  the  carve  will  not 
meet  that  perpendicular  again ;  since  evidently  no  point  in 
the  continuation  of  CF,  on  either  side,  can  be  equally  dig- 
tantfrom  C  and  F.  If  X  be  less  than  Y,  (as  in  fig.  2.)  the 
curve  will  again  cross  the  perpendicular  CF,  on  the  right 
hand,  at  a;  for  (VI.  6.  cor.  El.)  a  point  may  be  always  found 
beyond  F,  such  that  its  distances  izF  and  aC  shaD  have  the 
given  ratio.  But  if  X  be  greater  than  Y,  (as  in  fig.  3.)  the 
curve  will  re-appear,  on  the  left  hand  of  CF,  at  a,  where 
the  distance  d¥  comes  to  have  to  aC  the  given  ratio  of  X 
to  Y. 

The  generic  curve  is  thus  distinguished  into  three  subor- 
dinate species :  1.  When  it  stretches  out  into  a  single  un- 
limited branch,  (fig.  1.);  2.  When  it  returns  into  itself, 
and  consists  of  two  united  and  continuous  branches,  (fig.  2.) ; 
and,  3.  When  it  spreads  both  ways,  and  forms  two  opposite 
diverging  branches,  extended  indefinitely,  (fig.  3.) 

If  the  given  point  F  should  coincide  with  C,  th^  locus 
will  evidently  merge  in  the  perpendicular  CF,  or  (VI.  15. 
£L}  pass  into  two  straight  lines,  making  given  angles  with 
CE,  and  lying  obliquely  above  and  below  that  perpendicu- 
lar. But  if  the  given  straight  line  C£  be  supposed  to  have  a 
situation  immeasurably  remote  from  the  given  point  F,  the 
perpendicular  distances  D£  of  the  describing  point  D,  now 
comparatively  unchanged  by  its  varying  portion,  may  be 
considered  as  bearing  the  same  ratios ;  and  consequently 
the  distance  DF  of  that  point  from  F,  after  a  very 
reduced  proportion,  to  be  viewed  as  continuing  still  unal- 
tered, or  the  curve  becomes  transformed  into  a  circle.  The 
double  straight  line  and  the  circle  may  thus  be  regarded  as 
forming  the  opposite  and  extreme  limits  of  the  lines  of  the 
second  order.  The  relations  of  the  circle  will  hence  be 
found  included  in  the  general  properties  of  these  curves. 
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DEFINITIONS. 
1.  The  gi^en  or  fixed  point  is  tercned  the  Focus. 
9.  The  straight  line  given  in  position  is  tefrmed  the  JXrec^' 

trix. 
S.  The  given  ratio  of  the  distances  of  the  describing  point 

from  the  focus  and  from  the  directrix  is  called  the  De* 

termining  Ratio* 

4.  A  perpendicular  firom  the  directrixt  passing  throng  the 
focus,  and  extended  within  the  curve,  is  called  the  Axis. 

5.  The  point  where  the  curve  crosses  the  axis  is  called  the 
Vertex. 

6.  The  middle  point  of  the  portion  of  the  axis,  limited  or 
intercepted  by  the  vertices  of  the  curves  is  called  the 
Centre. 

7.  The  distance  of  the  fi>cus  firom  the  centre  is  termed  the 
Eccentricity. 

8.  When  the  determining  ratio  is  a  ratio  of  equality^  the 
curve,  consisting  of  a  single  extended  branch,  is  named 
a  Parabola. 

9.  When  the  determining  ratio  is  a  ratio  of  minority^  the 
curve,  relapsing  in  a  continuous  line,  is  named  an  El- 
lipse. 

10.  When  the  determining  ratio  is  a  ratio  oi  majority^  the 
curve,  spreading  on  both  sides  into  diverging  branches, 
is  named  an  Hyberbola. 

Thus,  in  fig.  1.  2.  and  S.  F  represents  the^ocus,  CE  the 
directrix^  and  the  ratio  of  X  to  Y  the  determining  ratio ; 
the  extended  straight  line  CF  is  the  axis  of  the  curve,  A 
or  a  its  vertex,  O  (fig.  2.  and  3.)  the  centre,  and  OF, 
(fig.  2.  and  3.)  the  eccentricity.  Fig.  1.  exhibits  the  Pap 
rabola,  which  has  only  one  vertex  A.  Fig.  2.  exhibits  the 
Ellipse,  of  which  the  vertices  A  and  a  lie  both  on  the 
same  side  of  the  directrix :  And  fig.  3.  represents  the  Hy- 
perbola, which  has  its  vertices  A  and  a  on  opposite  sides 
of  the  directrix. 
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PROPOSITION  I.    PROBLEM. 

Given  the  focus,  the  directrix,  and  the  determi- 
ning ratio  of  the  curve,  to  find  the  termination 
dTits  axis. 

Let  (fig.  1.  2.  and  S.)  the  focus  F,  the  directrix  CE  and 
the  determiniDg  ratio  X  :  Y  be  given ;  to  find  the  point 
A  or  a,  where  the  curve  intersects  the  perpendicular  CF, 
to  the  directrix,  extended  through  the  focus. 

ANALYSIS. 

The  vertex  A  being  a  point  in  the  curve,  the  ratio  of  AF 
to  AC,  its  distance  6*001  the  focus  and  from  the  directrix, 
is  the  same  with  the  determining  ratio,  or  that  of  X  to  Y ; 
but  the  interval  CF  is  given,  and  consequently  this  point 
A  of  internal  section  is  given  (VI.  6.  cor.  El.}. 

If  the  determining  ratio  be  that  of  equality,  it  is  obvious 
that  no  corresponding  external  section  can  exist.  But  if 
the  determining  ratio  be  not  that  of  equality,  the  point  a 
of  external  section  is  likewise  given  :  For  (fig.  2.  and  3.) 
aF  being  to  aC  as  X  to  Y,  it  follows  (V.  1 1.  El.)  that  aF 
is  to  CF,  or  the  difference  between  aF  and  aC,  as  X  is 
to  its  excess  or  defect  from  Y;  and  consequently  (VI.  4<. 
El.)  the  point  a  is  given,  lying,  in  the  former  case,  (fig.  2.) 
cm  the  same  side  of  C  with  F,  and,  in  the  latter,  (fig.  3.) 
on  the  opposite  side. 

COMPOSITION. 

From  the  focus  draw  FG  parallel  to  the  directrix,  and 
equal  to  a  fourth  proportional  to  Y,  X  and  CF,  the  point 
G  will  evidently,  from  the  genesis,  belong  to  the  curve. 
On  the  directrix  make  Ch  and  CH,  below  ami  above  C, 
each  equal  to  CF ;  join  Gh  and  GH,  which  being  extend- 
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ed  will  cut  the  axis  in  the  points  A  and  a^  the  vertices  of 
the  curve.  For,  from  the  property  of  diverging  lines,  F6 
is  to  CA  or  CF,  that  is  X  is  to  Y»  as  AF  is  to  AC,  and 
consequently  A  is  a  point  in  the  curve.  Again  (VL  3.  £1.) 
FG  i6  to  CH  or  CF,  that  is  X  is  to  Y,  as  aF  is  to  aCf 
and  therefore  a  is  likewise  a  point  in  the  curve. 

In  the  case  of  the  parabola,  (fig.  1.)  X  being  equal  to  Y> 
FG  is  equal  to  CF  or  CH,  and  HG  is  therefore  parallel 
to  CF;  whence  the  second  vertex  of  the  curve  disappears. 
In  the  case  of  the  ellipse,  (fig.  2.)  X  being  less  than  Yy 
FG  is  also  less  than  CF  or  CH,  and  HG  necessarily  con- 
verges towards  the  same  side  of  C  with  the  focus.  But  in 
the  case  of  the  hyperbola,  (fig.  3.)  X  being  now  greater  than 
Y,  FG  is  likewise  greater  than  CF  or  CH,  and  GH  meets 
the  axis  on  the  opposite  side  of  the  focus. 

Cor.  1.  Hence  in  the  ellipse  and  hyperbola,  the  distance 
of  the  focus  from  the  directrix  is  divided  internally  and  ex- 
ternally in  the  same  determining  ratio. 

Cor.  2.  Hence  in  the  ellipse  and  hyperbola,  the  eccentrici* 
ty  is  to  the  semiaxis,  and  the  semiaxis  to  the  distance  of  the 
centre  from  the  directrix,  in  the  determining  ratio.  For 
since  CF  is  divided  by  the  curve  externally  and  internally 
in  the  given  ratio,  X  is  to  Y  (V.  19.  cor.  1.  £1.)  as  the 
difference  or  sum  of  aF  and  AF,  that  is  20F  or  20A,  is 
to  the  difference  or  sum  of  aC  and  AC»  that  is,  20A  and 
20C,  and  consequently  (V.  S.  El.)  X  :  Y : :  OF :  OA : : 
OA :  OC. 

Cor.  3.  Hence  also  in  the  ellipse  and  hyperbola,  the  se- 
miaxis is  a  mean  proportional  between  the  eccentricity  and 
the  distance  of  the  centre  from  the  directrix.  This  follows 
immediately  from  the  preceding  .corollary,  since  OF  :  OK. 
:  :  OA  :  OC. 


PROP,  Ih    PROB- 

Given  the  focus^  the  directrix^  and  the  dete^ 
ixiimng  ratio,  to  find  iJie  intersection  of  the  curve 
with  a  stinigfat  line  which  is  given  in  position^  and 
paralltl  to  the  axis* 

Tlie  fitraif  bt  line  ED,  parallel  to  the  aauff*  being  giveii 
in  pOBitioiH  (fig*  4k  5.  aod  6f)  it  U  r^uired  to  find  th« 
poiiil  D  where  it  maets  the  curre* 

Case  f  •  When  the  determining  ratio  is  thcct  of  equality. 

ANALYSIS. 

Join  FD,  and  from  Ae  focus  draw  F£  to  the  point  where 
the  parallel  crosses  the- directrix.  Because  (fig.  4.)  FD  i^ 
now,  by  hypothesisi  equal  to  ED,  the  triangle  EDF  is  iso* 
sceles,  and  consequently  (1. 10.  El.)  the  angle  EFD  Is  equal 
to  FED ;  but  the  straight  lines  FE  and  ED  being  given 
in  position,  the  angle  FED  is  given,  and  therefore  the  e- 
qual  angle  EFD«  Whence  the  position  of  FD  is  also  gi* 
ven,  and  consequently  its  intersection  with  the  parallel  ED. 
Again,  since  the  angles  DFE  and  DEF  are  both  of  them 
afcute,  and  therefore  together  less  than  two  right  angles, 
FD  must  (I.  9.  EI.)  always  meet  ED ;  but  this  it  can  do 
only  once,  and  hence  D  is  the  single  point  where  ED  cuts 
the  curve,  or  where  the  distances  DF  and  DE  from  the 
focQs  and  from  the  directrix  are  equal. 

Every  parallel  to  the  axis  will  thus  meet  the  parabola, 
and  the  curve  must  therefore  spread  indefinitely  on  bpth 
sides. 
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COMPOSITION. 

From  the  vertex  A,  (fig.  40  erect  AQ  perpendicular  to 
CF,  and  from  Q  draw  QD  at  right  angles  to  FE^  and  pro- 
duce it  to  meet  ED  in  D ;  this  point  is  the  intersection  of 
the  parallel  with  the  curve. 

For  AF  being  by  hypothesis  equal  to  AC,  the  side  FE 
of  the  triangle  CFE  is  (VI.  1.  EL)  bisected  by  AQ;  aad 
the  triangles  QDE  and  QDF,  having  the  side  QE  equal 
to  QF,  QD  common  to  both,  and  their  contained  right 
angles  EQD  and  FQD  equal,  the  base  DE  is  (I.  3.  £1.) 
equal  to  DF,  And  consequently  D  is  a  point  in  the  curve. 

Case  II.  When  the  determining  ratio  is  a  ratio  qfmino-' 
rity  or  majority. 

ANALYSIS. 

FD  and  F£  being  joined ;  because  (fig.  5.  and  6.)  the 
points  F  and  E  are  given,  and  the  inflected  lines  FD  and 
ED  have  a  given  ratio  qf  inequality,  the  locus  of  the  point 
D  is  (III.  IS.  Geom.  Anal.)  a  given  circle.  But  the  pa- 
rallel ED  is  likewise  given  in  position,  and  therefore  the 
point  or  points  D  and  dy  where  it  either  touches  or  cuts 
the  circle,  (if  these  lines  meet  at  all,)  are  hence  given. 

COMPOSITION. 

4 

Join  EF,  and  from  the  centre  O  and  the  vertex  A 
(fig.  5.  and  6.)  draw  OP  and  AQ  perpendicular  to  the 
axis,  meeting  the  extension  of  the  oblique  line  EF  in  the 
points  P  and  Q ;  and  from  P,  as  a  centre,  with  the  radius 
PQ,  describe  a  circle  touching,  if  possible,  or  cutting  ED  in 
D  ^nd  d  i  these  are  the  two  points  where  the  parallel  ED 
intersects  the  curve. 

For,  join  PD  and  P^  /  and  because  (Prop.  L  cor.  S.) 
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OF  is  to  OA  as  OA  is  to  OC,  and  the  diverging  lines  PE 
and  OC  are  cut  proportionally  by  the  perpendiculars  or 
parallels  OP  and  AQ ;  therefore  PF  is  to  PQ,  as  the  same 
PQ  is  to  PE ;  that  is,  since  the  radii  PQ  and  PD  are  equal, 
as  PF  to  PD,  so  is  PD  to  PE.  Whence  the  triangles 
FPD  and  DPEl,  having  a  common  angle  at  P,  and  their 
containing  sides  proportional,  are  (VI.  13.  El.)  similar; 
and,  for  the  same  reason,  the  triangles  FP^  and  ^PE  are 
similar.  Consequently  FD  is  to  PF,  so  is  DE  to  PD,  and 
alternately  FD  is  to  DE,  so  is  PF  to  PD  or  PQ,  that  is, 
{VI.  1.  EL  as  OF  to  OA.  In  like  manner,  Fd  is  to  PF 
as  dE  to  P(£,  and  alternately  F^  is  to  dE  as  PF  to  Pd  or 
PQ,  that  is,  as  OF  to  OA,  or  in  the  determining  ratio. 
Wherefore,  D  and  d  are  points  in  the  curve* 

In  the  hyperbola  (fig.  6.)  the  parallel  D^,  lying  always 
between  P  the  centre  of  the  circle  and  the  point  Q,  must 
necessarily  be  cut  by  the  circumference  in  two  points ;  and 
bence,  as  the  circle  enlarges,  the  reflected  branches  of  that 
carve  diverge  continually. 

But  in  the  ellipse  (fig*  5*)  when  PR,  the  perpendicular 
to  ED,  becomes  equal  to  PQ,  the  circle  will  touch  EDj 
or  this  parallel  line  will  meet  the  curve  only  in  a  single 
point.  Beyond  this  limit,  PR  will  exceed  PQ,  and  conse- 
quently the  circle  will  not  re^ch  the  parallel.  The  ellipse, 
therefore,  after  attaining  its  extreme  width,  must  again  re* 
torn  into  itself. 

Cor.  K  Hence  in  the  ellipse  and  hyperbola,  a  straight 
line  drawn  from  the  centre  perpendicular  to  the  axis,  bi* 
sects  that  portion  of  a  parallel  which  is  intercepted  by  the 
curve.  For  (fig.  5.  and  6.)  PR  being  at  right  angles  to 
the  chord  Dd  of  the  circle,  must  (III.  4.  El.)  bisect  it. 

Cor.  2.  Wben  the  points  D  and  £/ coalesce  at  B,  the  angle 
PDE|  and  consequently  PFD,  becomes  each  a  right  angle  j 
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niierefore  tlie  a^iicent  angle  BFE  is  lihewise  a  right  anglcy 
and  ooiitained  la  a  semicircle ;  and  if  a  perpendicular  were 
let  fall  upon  its  diameter  B£f  the  rectangle  under  tbe  scg* 
Qieats  equal  and  opposite  to  OF  and  FC  would  (III.  26. 
cor.  I.  £1.)  be  equivalent  to  the  sqnare  of  that  perpeadi- 
eularjor  OB.  But  since  OF  is  to  OA  as  OA  to  OC,  the 
rectangle  OFt  OC  is  equivalent  to  tbe  square  of  OA,  and 
hence  the  excess  of  tbe  square  of  OA  above  that  of  OF» 
which  is  the  same  as  the  rectangle  OF,  FC,  is  eqaivsleat  to 
the  square  of  OB,  Uie  lateral  limit  of  the  ellipse. 

Cor^  S.  Hence  the  angles  PFD  and  PFi  are  supple- 
mental in  the  ellipse,  and  mutually  equal  in  the  hyperbola; 
and  the  oblique  line  £F  bisects  tbe  angle  DF^  im  the  hy- 
perbola, and  is  peipendicular  to  the  bisecting  line  in  the 
eUipse. 

PROP-  III.    PROB. 

The  focu8»  the  directrix,  and  the  determioia^ 
ratio  being  given,  to  find  the  intersection  of  a  line 
o€  the  second  order  with  a  straight  line  given  in 
position,  and  perpendicular  to  the  axis. 

It  is  required  to  find  where  the  perpendicular  DHIV 
(fig.  9.  10.  and  11  *}  which  is  given  in  position,  meets  tbe 
curve. 

ANALYSIS. 

From  the  focus,  draw  FD  and  FD'  to  the  points  of  in* 
tersection  with  the  curve.  And,  because  FD  is  to  HC* 
the  distance  of  the  point  D  or  ly  firom  the  directrix,  in  tbe 
determining  ratio,  and  HC  itself  is  given,  therefore  FD  or 
Fiy  is  also  giveoy  and  the  locus  oCD  or  D'  is  a  given  cir* 
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ele»  having  F  for  its  centre ;  but  the  pcirpeiidicular  DHiy 
bring  giveti  in  position,  its  intersecttons  with  that  circle, 
«&d  oom^qoeally  with  the  curvei  are  likewise  given. 

COMPOSITION. 

Draw  the  perjpeiidiciilar  FO  from  the  foens,  and  roake 
it  (VI.  S.  £K)  to  FC  in  the  det^ mining  ratio ;  G  is  evi- 
dentty  a  point  in  the  curve.  Join  CO,  and  produce  it  to 
meet  DHEK  In  L  From  F  as  a  centre,  with  the  radius  HI» 
ilescribe  a  cirde  cutting  the  perpendicniat  ib  D  and  jy  $ 
these  are  the  points  where  that  perpendicular  intersects  the 
curv^* 

For  {VI.  1.  EL)  HI  or  FD  is  to  HC  as  FG  to  FC,  and 
consequently  FD  or  FD'  is^o  HC,  or  to  the  distance  pf  the 
points  D  and  jy  from  the  directrix,  in  the  given  ratio ; 
whence  D  and  D'  are  points  in  the  curve. 

Cor.  1.  It  is  obvious,  from  this  construction}  that  whea 
FH  becomes  equal  to  IH,  the  perpendicular  DHiy  will 
meet  the  curve  in  a  single  point  only ;  and  that  if  FH 
should  exceed  1^,  it  will  not  meet  the  curve  at  all.  Biit 
when  FH  becomes  equal  to  IH,  the  angle  HFI  is  equal 
to  HIF,  and  each  of  them  is  consequently  half  a  right  an* 
gle.  To  define  the  limits  of  intersection,  therefore,  draw 
FL  and  Fl  on  either  side  at  half  right  angles  with  CO, 
and  from  the  points  L^  and  /,  where  they  meet  the  oblique 
line  CK,  let  fall  perpendiculars  LA  and  2a,  which  will  li- 
mit the  transverse  axis. 

Cor,  2.  In  the  parabola  (fig.  9.)  FG  is  filways  equal  to 
FC,  and  the  obliquity  FCG  is  equal  to  half  a  right  angle ; 
in  the  ellipse,  (fig.  10.)  FG  is  less  than  FC,  and  FCG  is 
less  than  half  a  right  angle;  but  in  the  hyperbola  (fig.  II.) 
FG  being  greater  than  FC,  the  obliquity  FCG  is  greater 
than  half  a  right  angle.    VS^herefore  in  the  parabola,  F( 
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is  parallel  to  CK|  and  never  meets  it,  or  the  carve  6treCcfa« 
out  indefinitely.  In  the  ellipse,  F/  converges  to  CK  on  the 
same  side  with  the  focus  F ;  but  in  the  hyperbola,  it  meeta 
that  boundary  on  the  opposite  side,  or  the  curve  reappears 
in  a  reflex  position* 

Car.  S.  The  oblique, line  CK  (fig.  9.  10.  and  IK)  is  a 
tangentto  the  curve  at  G,  and  the  intercepted  perpendi*^ 
cular  OK  from  the  centre  is  equal  to  half  the  axis  OA. 
For  HD,  being  less  than  the  hypotenuse  FD,  is  conse- 
quently less  than  HI,  or  every  point  except  G  lies  within 
CK.  Again,  OK  is  to  OC  as  FG  to  FC,  that  is,  in  the 
determining  ratio,  or  (Prop.  1.  cor.  2.)  as  OA  toOC; 
whence  OK  is  equal  to  OA. 


PROP.  IV.     PROB. 

Given  the  focus,  the  directrix,  and  the  deter- 
mining ratio,  to  find  the  intersection  of  the  curve 
with  a,  straight  line  drawn  in  a  given  position 
through  the  focus. 

Let  (fig.  17.  is.  19.  and  20.)  MF,  passing  through  the 
focus  F,  be  given  in  position  ;  it  is  required  to  find  where 
that  straight  line  meets  the  curve. 

ANALYSIS. 

From  the  point  of  intersection  D  or  dy  let  fall  the  per* 
pendicular  D£  or  de  upon  the  directrix  :  And  because  D£ 
and  DM  are  both  of  them  given  in  position,  their  mutual  in« 
clination,  or  the  angle  £DM,  is  given,  and  consequently  the 
right-angled  triangle  DEM  is  given  in  species.     Where- 
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fore  the  ratio  of  D£  to  DM  is  given ;  and  the  ratio  of 
FD  to  DE  being  given  from  the  genesis  of  the  curve»  the 
compound  ratio  of  FD  to  DM,  or  that  of  F^  to  dMf  is 
likewise  given.  The  distance  FM,  being  thus  divided 
internally  and  externally  in  the  same  given  ratio,  its  points 
of  section  D  and  d  are  (VI.  6.  11.  £L)  hence  given. 

COMPOSITION. 

llirough  the  focus  F  draw  GFO'  perpendicular  to  the 
axis ;  make  F6^  or  FG%  to  FC  in  the  determining  ratio; 
from  the  directrix  cut  off  on  either  side  MN  or  MN',  e- 
qual  to  MF ;  and  join  NG  or  N^G,  producing  them  to 
meet  MF,  or  its  extension,  inHot  d ;  these  are  the  points 
of  intersection  required. 

For,  from  the  property  of  parallel  and  diverging  lines 
(VI.  ^.  El.),  FD  is  to  DM,  or  Fd  is  to  rfM,  as  FG  to  MN' 
or  MN,  that  is  MF ;  but,  for  the  same  reason,  DM  is  to 
DE,  or  diH  is  to  de^  as  MF  to  FC,  and  consequently,  by 
composition  of  ratios,  FD  is  to  DE,  or  Yd  is  to  de^  as  FG 
to  FC,  that  is  in  the  determining  ratio.  The  points  D 
and  <f  are  therefore  in  the  curve.  ' 

Cor.  Hence  the  lines  NF  and  N'F  bisect  the  exterior 
angles  MFG'  and  MFG.  For  MF,  being  equal  to  MN 
or  MN',  the  triangles  MFN  and  MFN'  are  isosceles,  and 
consequently  the  angle  MFN  is  equal  to  MNF  or  the  alter- 
nate angle  NFG,  and  MFN'  equal  to  MN'F  or  N'FG. 

Scholium*  Since  the  straight  lines  MF  and  N'G  cross 
each  other,  the  nearer  intersection  D  must  obtain  in  every 
case ;  but  the  point  d  of  remote  intersection  is  subject  to  a 
▼ariety  of  conditions. 

'  Z.  In  the  parabola  (fig.  17.)  the  oblique  line  MF  Is  (I. 
18.  El.)  greater  than  the  perpendicular  FC  or  FG,  and  con- 
sequently NG  and  MF  must  always  converge  to  some  point 
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d  beyond  the  focus.  Hence,  thoqglb  die  carve  contintiaOy 
bendi  from  the  axis,  hi  extreme  diTiirie«don  is  yet  less 
than  afty  assi^able  angles 

S.  In  the  el^pte  (fig.  18.)  MF  being  greater  than  FC,  is, 
from  the  nature  of  the  conre,  still  greater  than  FO,  and 
therefore  NG  and  MF  must  always  meet  when  produced. 
Hie  ellipse  hence  entirely  enpompasses  its  focus. 

5.  In  the  hyperbola  (fig.  19.  SO.  and  81.)  rince  F6  is 
greater  than  Fb,  the  obH^ue  disttoce  MF,  though  greater 
dso  than  FO,  mqr  yet  be  greater,  equal^  or  less  than  FO ; 
die  straight  line  NG  may  therefore  conyerge  on  MF 
(fig.  19.),  mn  parallel  to  it  (fig.  SO^,  or  diterge  (tcm  it 
(fig.  21.),  and  consequently  meet  on  the  opposite  side. 
Hence,  the  divarication  of  the  hyperbola  from  its  ati$  ex- 
ceeds not  a  certain  limited  inclination. 


■*  >  * 


DEFINITION& 


11.  The*  part  of  the  axis  intercepted  by  the  curve  being 
named  the  transverse  asiSf  the  portion  of  the  perpendi- 
eqlar  passing  through  the  centre,  and  terminated  on  both 
sides  by  the  curve,  is  called  the  conjugate  axis. 

12.  A  straight  line  which  bears  to  the  distance  of  any  point 
within  or  without  the  curve  from  the  directrix  the  de- 
termining ratio,  is  called,  in  reference  to  that  point,  the 
Apportionate  Distance. 

IS.  The  distance,  whether  real  or  apportionate^  of  the  fi)cas 
from  any  point  has  to  an  oblique  line  drawn  from  that 
point  at  a  given  inclination  to  the  directrix,  a  rado  which 
is  termed  the  Deflected  Ratio. 
Thus,  in  the  ellipse  and  hyperbola,  ka  (fig.  IS.  and  14.) 

represents  the  transverse  a^is^  connecting  the  reverted 
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branches  of  the  foltner  cnrre  and  the  divei^nt  brtlicbes  6E 
the  latter.  In  the  dUpse,  B6  expresses  ^stecottfugate  cutis  ar 
the  extreme  width ;  but  in  the  hyperbola,  this  conjugate  axis 
can  stricdy  have  no  existence,  though  by  observing  the  due 
duaige  of  relations^  it  is  represented  by  an  magijuay  fine 
caukuumly  named  the  secondaty  axis. 

AgBMy  if  the  straight  line  KL  (fig.  S2.  %%.  fad  24.)  be 
to  a  perpendieular  let  fall  from  K  upon  die  diroetifx  in  the' 
ratio  of  FA  to  AC,  it  is  called  the  0pporti<nuUe  di$Umeed[ 
theiMsatK;andif  MD<2  makes  a  giveQ  angle -with  die  di- 
rectrix, the  ratio  of  KL  to  KM,or  of  DF  toDMt  isnm- 
^  tlie  d^Uctedfotio  of  that  oblique  lii 


PROP.  y.    PROB. 

The  focus,  the  directrix,  and  the  determinitig 
ratio  being  given,  to  find  the  intersection  of  the 
cnnre  with  a  straight  Jine  drawn  from  a  given 
point  in  the  directrix  through  the  centr^. 

Let  the  straight  line  MO  (fig.  7.  and  S.)  be  extended 
firom  the  point  M  in  the  directrix  through  the  centre  O^ 
to  discover  where  it  cuts  or  meets  the  curve* 

ANALYSIS. 

Join  FM,  FD  and  FD".  Since  MO  is  evidently  given 
in  position,  the  deflected  ratio  of  FD  to  DM,  or  of  FD'  to 
D'M  is  given  ;  but  FM  is  given  both  in  magnitude  and 
position,  and  consequently  the  angle  FMD  or  FMD'  is 
given.  Wherefore  the  triangle  FDM  or  FD'M  having 
given  the  side  FM>  the  angle  FMDj  and  the  ratio  of  the 
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sides  about  the  other  angle  at  D  or  IV,  are  (VI.  14.  EI.) 
giyen,  and  the  points  D  and  If  are  hence  given. 

COMPOSITION. 

Upon  the  transverse  axis  Aa,  describe  a  circle  crossing 
the  extension  of  MF  in  the  points  L  and  L' $  join  OL  and 
OL%  and4)araM  to  them  draw  FD  and  Fiy,  from  the  fo- 
cuS)  to  meet  MO  in  the  points  D  and  ly ;  these  are  the  in- 
tersections required,    u 

For,  from  the propertyof  parallel  and  diverging  lines^  as 
OM  to  DM,  SQ  is  OL  to  JD,  or  alternately,  as  FD  to  DM, 
so  is  OL  or  O  A  to  OM.  But  the  apportionate  distance  of  the 
centre  O  is  evidently  OA|  since  the  deflected  ratio  corre- 
sponding to  the  position  MDOD^  being  compounded  of 
the  ratio  O  A  to  0C>  and  of  that  of  OC  to  OM»  is  the  same 
as  the  ratio  of  OA  to  OM.  Wherefore  FD  is  to  DM  in 
that  deflected  ratio,  and  D  is  hence  a  point  in  the  curve. 
In  like  manner,  as  OM  to  DM,  so  is  OL'  to  Fiy ;  and  al- 
ternately, as  FD'  to  D'M,  so  is  OL'  or  OA  to  OM. 
Consequently  FD'  is  to  D'M  in  the  same  deflected  ratio, 
and  D'  is  another  point  in  the  curve. 

Cor.  1.  Hence  every  straight  line  drawn  through  the 
curve  is  bisected  in  the  centre.  For,  since  OF  :  OA  :  : 
OA :  OC,  the  straight  line  LL'  is  (III.  2.  An.)  cut  externally 
in  M  and  internally  in  F  in  the  same  ratio,  or  ML :  ML' : : 
FL  :  FL' ;  whence  alternately  ML  :  FL  :  :  ML' :  FL'  ,• 
but  (VL  i.  El.)  ML  :  FL:  :  MO  :  OD,  and  ML' :  FL' 
:  :  MO  :  OD',  consequently  MO  :  OD  :  :  MO  :  OD', 
and  therefore  (V.  4.  El.)  OD  is  equal  to  OD'. 

Cor,  2.  Hence  the  transverse  axis  Aa  is  in  the  ellipse 
(fig.  7.)  equal  to  the  sum,  and  in  the  hyperbola  (fig.  8.)  to 
the  difference,  of  the  lines  FD,  FD'  drawn  from  the  focus  to 
the  extremities  of  any  straight  line  DOD',  passing  through 
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the  centre  and  terminating  in  the  curve.  For  OA  :  OM: : 
FD'  .  MD' :  :  FD  :  MD,  and  consequently  (V.  19.  El.) 
OA:0M::Fiy=±=FD:Miy=i=MI>,  but^OMrzMiy+MD 
in  the  ellipse,  and  20M  =:  Miy — ^MD  in  the  hyperbola. 
Wherefore  (V.  4.  El.)  'iJOA  or  Aa  is  equal  to  FD'+FD  in . 
the  eliipse,  and  to  FIK — FD  in  the  hyperbola. 

Coi\  3.  Hence  in  the  ellipse  and  hyperbola,  the  inflect- 
ed lines  FD  and  FD'  make  equal  angles  either  on  the 
same  or  on  opposite  sides  with  the  focal  line  FM.  For 
LOL'  being  evidently  isosceles,  the  angle  OLL'  (1. 10  El.) 
is  equal  to  OL'L ;  but  (I.  22.  El.)  OLU  is  equal  to  DFM 
and  OUh  equal  to  DTM ;  whence  the  angle  DFM  is  e- 
qual  to  D'FL. 

Cor.  4.  Hence,  in  the  ellipse  and  hyperbola,  the  curve 
bears  the  same  relation  to  another  focus  and  directrix  as- 
sumed at  corresponding  distances  on  the  other  side  of 
the  centre.  For  let  0/*and  Oc  be  made  equal  to  OF  and 
OC,  produce  MO  to  meet  the  perpendicular  cm  in  m,  and 
join/D  and/D'.  The  triangles  FOD  andyOD'  are 
equal,  since  they  have  the  sides  OF  and  OD  equal  to  0/*and 
OD^  and  their  contained  angles  equal  \  whence  (I.  3.  £1.) 
the  base  FD  is  equal  to^D^.  But  OM  being  equal  to  Om^ 
MD  is  obviously  equal  to  mD^  and  therefore/  D'  is  to  mjy 
in  the  deflected  ratio ;  wbencey^D'  is  to  the  distance  of  the 
point  D'  from  the  directrix  cm  in  the  determining  ratio. 

Scholium,  It  is  evident  that  the  focal  line  MF  must  al« 
ways  cut  the  circle  about  the  ellipse  (fig.  7.)  in  two  points, 
and  consequently  MO  will  form  two  'intersections.  But 
this  line  MF  (fig.  8.)  may  either  cut  the  circle  within  the 
hyperbola,  or  touch  it,  or  lie  altogether  without  it.  When 
MF  conies  to  touch  the  circle,  the  points  L  and  L'  coalesce, 
and  the  corresponding  lines  FD'  and  FD  extend  them- 
selves in  opposite  directions  parallel  to  DOD',  which  there- 
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fore  they  cannot  meet.  In  this  position  i  the  obliquity  of 
DOIV)  in  respect  to  the  axis,  serves  to  limit  the  divergency 
of  each  branch  of  the  curve. 

ir  we  conceive  the  centre  O  to  be  removed  to  an  indefi- 
nite distance,  the  portion  of  the  circle  which  cuts  the  fi>- 
cal  line  MF  will  merge  in  a  tangent  or  perpendicular  at 
A,  and  consequently  the  intersection  U  find  the  lines  OL'9 
FIV,  and  Miy  will  disappear,  while  the  corresponding 
lines  OL  and  MD  all  become  parallel  to  the  axis.  Hence» 
in  the  parabola,  a  line  which  shopld  ten^  to  the  Cfntre  is 
^represented  by  a  parallel  to  the  axb. 

PROP.  VI.    THEOR, 

If  from  any  point  in  the  ctiry^,  two  straight 
liqes  be  drawn  to  the  foci,  their  sum  in  the  ellipse, 
and  their  difference  in  the  hyperbola,  is  equal  to 
the  transverse  axis. 

Let  (fig.  7.  and  8.)  DF  and  Dfhe  drawn  to  the  two  foci, 
their  sum  is  equal  to  Aa  in  the  ellipse  (fig.  7.)  and  their 
difference  is  equal  tp  Aa  in  the  hyperbola  (fig.  8.). 

For  join  FD  and  /D'.  The  triangles  FOD'  andyOD 
are  equals  since  they  have  the  side  OF  equal  to  Qf,  the  side 
OD'  (by  the  first  corollary  to  the  last  proposition)  equal  to 
OD9  aud  a  common  vertical  angle  $  whence  the  base  TIY  is 
eqaal  to  /D\  and  the  sum  or  difference  of  FD  and  FD'  la 
equal  to  the  sum  or  difference  of  FD  andy*D.  But  (by  the 
second  corollary  to  the  same  proposition)  the  transverse  axis 
Aa  is  ^ual  to  the  former ;  wherefore  in  the  ellipse^  the 
transverae  axis  (fig.  7«)  is  equal  to  the  sum  ofJ*D  and  FD  1 
and  in  the  hyperbola  (fig.  8.)  the  transverse  axis  is  equal 
to  the  excess  of/D  above  FD. 


LIMES  ev  TH&  8Be0N0  allllER.  SfiS 

€br.  1  i  Heoce  id  the  eUipse  «  stnMgbt  tiae  drii*ii  fisoBft 
^ihftr  of  the  fi>ci  to  the  extremity  of  the  coojngale  asiis  is 
equal  to  the  seaiitraBsverae  axis.  For  the  righUan{^edtii« 
angles  FOB  aad/OB,  having  the  side  OF  \equal  to  Of^ 
and  OB  goidbiod,  ave  (I.  8.  EL)  equal ;  and  coaaeqaeiilljR 
IPB  U  equal  to  /B,  aad  each  of  them  equal  to  half  thetfc 
sum^  or  to  half  the  transverse  ttxiB  Ae. 

Cor^  ^.  Henoe^  in  the  eUipse  and  hyptebala,  if  the  trans* 
verse  axis  Aa  be  divided  into  s^ments  AK»  aK,  equal  tsi 
atrai^t  tines  FD»  /D  drawu  from  the  curve  to  the  fodf 
die  distances  OH,  OK  of  the  centre  from  the  perpendi- 
cular let  &U  upon  the  axis,  and  from  the  point  of  sectioRf 
are  in  the  determining  ratio.  For  AK  being  made  equal 
to  FD,  it  is  evident  that  oK  will  be  equal  to^D ;  consequent* 
fy  (II.  21.  El.)/D*— FD*,  or  aK*— AK*=20F.20H=s 
(II.  17.  EL)  20A.20K,  and  OF.OHsOA.OK;  where* 
fore{V.  6.  El.)  OK:OH::OF:OA. 

Qnt.  8.  In  the  ellipse,  the  square  of  the  semieonjagate 
axis  is  equivalent  to  the  excess  of  the  square  of  the  semi* 
transverse  above  the  square  of  the  eccentricity,  or  to  the 
req)ective  rectangles  under  the  segments  into  which  the 
transverse  axis  and  the  distance  of  the  centre  from  the 
directrix  are  divided  by  the  focus.  For,  FB  being  equal  to 
OA,  it  follows  (II.  10.  El.)thatFB*orOA*=OB*+OF% 
and  OB'nOA*— OF*;  but  OA*— OF*=(IL  17.  El.) 
AFa = COF— OF* = OFC. 

Scholium.  The  analogy  of  the  hyperbola  to  the  ellipse 
may  be  preserved,  by  conceiving  a  secondary  semiaxis^ 
whose  square  is  still  the  difiference  between  the  squares  pf 
the  eccentricity  and  of  the  semitransverse  axis ;  but,  in  this 
ease,  it  is  the  defect  of  the  square  of  the  semitransverse 
from  the  square  of  the  eccentricity.  Thus,  if  AB^(6g.  8.) 
or  Ay,  equal  to  the  eccentricity  OF,  be  inflected  from  the 
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vertex  A  of  the  curve  to  the  perpendicalar  axisi  they  wiH 
define  the  imaginary  or  secondary  axis.  From  this  con« 
struction,  it  is  obvious,  that  Ob*'  or  OB*'=OF*— OA*. 

But  the  square  of  this  imaginary  semiconjugate  axis  is 
likewise  equivalent,  as  in  the  ellipse,  to  (he  rectangles  un* 
der  the  segments  of  the  transverse  axis  and  of  the  distance 
of  the  centre  from  the  directrix,  as  divided  externally  by 
the  focus.  For  OB'*=OF*— OA*=(II.  17.  EL)  AFa,and 
againOB'*orOF*— OA»=(Prop.I.cor.2.)OF*— COF=r 
ore.  Hence  the  semiconjugate  axis  of  the  hyperbola 
maybe  determined  from  the  intersection  S  of  the  directrix 
with  a  semicircle  described  on  the  transverse  axis  Aa,  or 
with  a  semicircle  described  on  OF  the  eccentricity ;  FS 
being  a  tangent  to  the  former,  and  a  chord  in  the  latter, 
and  consequently  (III.  26.  cor.  1.  and  2.  £1.)  FS' = AFiz= 
OFC.  The  right-angled  triangle  OSF  in  fig.  8.  is  thus 
to  be  viewed  as  representing  BOF  in  fig.  7.  It  is  also 
demonstrated,  as  in  the  last  corollary,  that  OD'scOA*— * 
OF*  +  OK»  =  OK»— OB'S  and  consequently  that  OD  is, 
in^the  hyperbola,  equal  to  a  tangent  drawn  from  K  to  a 
circle  described  from  O  with  the  radius  QB^, 


PROP.  VII.    THEOR. 

* 

If  the  transverse  axis  of  an  ellipse  or  hyperbola 
be  divided  into  segments  equal  to  lines  drawn 
from  the  foci  to  any  point  in  the  curve,  the  square 
of  its  distance  from  the  centre  will  be  equivalent 
to  the  sum  or  difference  of  the  squares  of  the  se- 
miconjugate axis,  and  the  distance  of  interme- 
diate  section  from  the  centre. 
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Jjtt  the  transvene  axis  Aa  (fig.  ?•  and  8.)  be  cut  in 
K»  so  tbat  AK  and  aK  diali  be  equal  to  the  focal  lines 
FDand/D;  then  in  the  empse{fig.  7.)OD* =OK'*+OB*, 
but  in  the  hyperbola  (fig.  8.)  OD*=OK*— OB». 

For  the  base  of  the  triangle  FDf  being  bisected  in  O9 
twice  the  squares  of  OD  and  OF  are  (II.  25.)  equivalent 
to  the  squares  of  FD  and  y*D,  or  the  squares  of  AK  and 
aK,  which  again  (II.  18.  El.)  are  equivalent  to  twice  the 
squares  of  OA  and  OK ;  whence  the  squares  of  OD  and 
OF  are  together  equivalent  to  the  squares  of  OA  and  OK.. 
But  in  the  ellipse  (fig.  7.)  the  square  of  OA  being  equi- 
valent to  the  squares  of  OF  and  OB,  the  squares  of  OD  and 
OF  are  equivalent  to  the  three  squares  of  OF,  OB  and  OK ; 
and,  taking  the  square  of  OF  from  both,  there  remains  the 
square  of  OD  equivalent  to  the  squares  of  OB  and  OK. 
In  the  hyperbola  (fig.  8.)  the  square  of  OF  being  equi- 
valent to  the  squares  of  OA  and  OB',  the  three  squares  of 
OD,  OA  and  OB'  must  be  equivalent  to  the  squares  of 
OA  and  OK,  and  consequently  the  squares  of  OD  and 
OB'  are  equivalent  to  the  square  of  OK,  or  the  square  of 
OD  is  equivalent  to  the  excess  of  the  square  of  OK  above 
that  of  OB'. 

Cor.  1.  Hence^  in  the  ellipse,  (fig.  7.)  OD,  the  distance 
of  the  centre  from  any  point  in  the  curve,  is  equal  to  BK, 
the  distance  of  the  extremity  of  the  conjugate  axis  from 
the  point  of  intermediate  section.  For,  by  the  proposi- 
tion, OD*=OB*  +  OK*  =  (II.  10.  El.)  BK%  and  conse- 
quently OD=BK. 

Cor.  2.  Hence,  in  the  ellipse,  (fig.  7.)  BF*— BK»  (II. 
21.  cor.  El.)  =OF*— OK*,  orOA*— OD*  =  OF»— OK» 
2=  (II.  17.  El.)  FK/,  and  consequently  OD»=OA*— FK/: 
But,  in  the  hyperbola,  (fig.  U.)  OD*=OK*— OB'*  = 
OK»— OF* + O  A» = O  A* + FK/. 
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Cor.  S.  In  both  tbe  ellipse  and  hyperbola  (fig.  ?•  and 
%)  DH*=AFa~HKA.  For,  io  the  eliipse*  OD*  ^ 
OB'+OK%  and  DH»  =:  OD»— OH»  s:  OB*— 0H*  + 
OK*=OB*-*HKAs:AFa^HKA.  But,  in  the  hyper- 
bola, OD*=OK*— OB'*,  andDH*550H*— OK*— OB* 
=rHKA~OB» = HKA_  AFo. 

Cor.  4.  In  both  the  ellipse  and  hyperbola  (fig.  7.  and  8.) 
DH*  =  AHa  ^  Fk/  For  in  the  ellipse  OD* = O  A»— Fl^/; 
and  OD*— OH*=:OA*~OH*— FK/j  that  is,  DH*8s 
AH/E— FK/    But  in  the  hyperbola  OD*sOA*+F^ 
or  OD*— OH»  =$  OA*— OH*  +  FK/;  that  is,  DH*w 
FI^— AHfl. 


DEFINITIONS. 

14*  A  focal  chord  perpendicular  to  the  transf^rse  axis^  is 

called  the  Zjotm  Rectum  or  Parameter. 
15.  A  straight  line  cutting  an  axis  at  right  angles  and  ter« 

xninating  in  the  curve,  is  called  an  Ordinate^  and  either 

segment  of  that  axis  which  it  intercepts  is  named  an  Ab^ 

sciss., 

Thus,  in  fig.  12.  13.  and  14.,  the  line  GFG^  drawn  at 
Tight  angles  through  the  focus,  is  the  Parameter  of  the 
Jxis  g  and  the  perpendicular  DH  b  an  Ordinate  to  the 
transverse  axis,  forming  the  Absciss  AH  in  the  parabola, 
and  AH  or  Ha  in  the  ellipse  and  hyperbola  t  while  DS  in 
these  two  curves  is  an  Ordinate  to  the  conjugate  or  secon* 
dary  axis,  which  it  divides  into  the  Abscissa  DS  and  Sd. 

In  the  parabola,  FG  being  equal  to  CF,  the  parameter 
GG'  is  consequently  equal  to  twice^CF  or  four  times  A^* 
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4 

t   •  •  « 

In  the  parabola,  the  square  of  an  ordinate  ap« 
plied  to  the  axis  is  equivalent  to  the  rectangle 
under  the  absciss  and  the  parameter ;  but,  in  the. 
ellipse  and  hyperbola,  the  square  of  an  ordinate 
is  a  fourth  proportional  to  the  transverse  axis,  its 
parameter,  and  the  rectangle  under  the  segments 
of  that  axis,  ' 

X*  In  ike  Parabola^ 

Let  DH(fig.  12.)  be  perpendicular  to  the  axis,  from 
which  it  cats  off  a  poAion  AH ;  the  square  of  this  ordi* 
Bate  DH  will  be  equivalent  to  the  rectangle  under  the  pa- 
rameter and  the  absciss  AH. 

•  For  join  PD.  In  the  right  angled  triangle  DHF,  the 
square  of  the  hypotenuse  FD  is  (II.  10.  £1.)  equivalent  to 
the  squares  of  DH  and  FH ;  or  the  square  DH  is  equi- 
valent  Co  die  difierence  of  the  squares  of  DF  ahd  FH,  and 
consequently  (II.  19.  £1.)  to  the  rectangle  under  the  sum- 
and  diflerence  of  DF  and  FH.  But,  from  the  nature  of 
the  curve,  DF  is  equal  to  DE  or  HC,  and  AFequal  to  AC  $• 
whence  the  sum  of  DF  and  FH  is  equal  to  the  double  of 
AH,  and  their  difference  equal  to  CF.  Wherefore  the 
square  of  DH  is  equal  to  double  the  rectangle  under  CF 
and  AHy  or  the  rectangle  under  AH  and  the  double  of 
OF,  which  is  the  parameter  of  the  axis, 

.!?•  Jn  t^e  Ellipse  and  Hyperbola* 

.  Let  J3H  (fig.  IS.  and  i4i4)'be  perpendicular  to  the  axis 
which  it  cats  jnteinAily  or  extefvally,  in. two  portions  AH 


210  GBOMETRY  OF  CUEV£8. 

and  Ha  ;  as  the  iransrerse  Aa  is  to  its  parameter,  so  is 
the  rectangle  under  the  segments  AH,  Ha,  to  the  square 
ofDH. 

For,  by  the  second  corollary  to  the  sixth  proposition, 
OA :  OF : :  OH :  OK,  and  (V.  28.  cor.  1.  El.)  OA* :  OF* 
:  :  OH*  :  OK%  and,  by  conversion,  OA»  :  OA»  y>  OP* 
: :  OH^ :  OH<i!)  OK^ ;  but,  from  the  third  corollary  to  the 
same  proposition,  the  di^ence  between  the  squares  of  OA 
and  OF  is  equivalent  to  the  square  of  OB  or  OB',  the  con- 
jugate or  the  secondary  axis,  and  (IL 1 7.  cor.  ]  •  and  2.  £L) 
the  di&rence  between  the  squares  of  OH  and  OK  is  equi- 
valent to  the  rectangle  HKh ;  whence  OA*  :  OB*  or  OB'> 
:  :  OH*  :  HKA.  Again  (V.  19.  cor.  1.  EL)  OA* :  OB* 
or  OB'* :  :  OA*  c/>  OH*  :  OB*  </>  HKA  /  the  difference^ 
however,  between  the  squares  of  OA  and  OH  is,  in  both 
cases,  equivalent  to  the  rectangle  AH,  Ha ;  and  in  the 
elUpse  (%  18.)  by  Prop.  VII.  cor.  S.  DH*zOB*  ^  HK*. 
Wherefore,  by  substitution,  OA*  :  OB* : :  AHa  :  DH'« 
Hence,  when  the  ordinate  passes  throng  the  foGos» 
OA*  :  OB*  :  :  AFa  or  OB*  :  FG* ;  and  consequentlj 
(V.  24.  EI.)OA*:OB*::OA:FG;  wherefore  O A :  F6, 
orAa:GG'::AHa:DH*. 

In  the  hyperbola,  (fig.  14.)  it  was  also  shown  in  the  same 
corollary,  that  DH*  =  OB"*  </)  HKA,  and  hence  OA« : 
OB'* :  :  AHa  :  DH* ;  wherefore  likewise  Aa  :  GG" : : 
AHa:DH*. 

Car.  1.  Hence  conversely,  die  square  of  the  conjugate  or 
secondary  axis  is  to  the  square  of  the  transverse,  as  the 
rectangle  under  the  segments  of  the  fcrmer,  or  the  diffe- 
rence between  the  square  of  the  semiconjugate  and  of  the 
distance  of  the  centre  from  the  point  of  section  in  the  d- 
lipse^  or  the  sum  of  those  squares  in  the  hyperbola,  is  to 
the  square  of  an  ordinate  applied  to  the  coiy  agate  or  se- 
condary axis.   For  (fig.  18.  and  14.)  OA* :  OB*  or  OB'* : : 
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AHffl:I>tt»,and(V.I».eor.l.'El.),OA*:OB*:!OA»— AH/i: 
OB*— DH*  (fig.  IS.),  or  OA« :  OB'*  :  :  OA»  +  AHa  : 
OB'»+DH*  (fig.  14..);  but  Siyr:OH'=r(II.  17. cor.  1. 
EL)  OA^^^AHa  (fig.  19.)  or  OA*+AHa  (fig.  14.)  and 
OB»-^DH*  (fig.  19.)=:BSfr»  wtence  (fig.  13.)  B&> :  A<t* :  t 
B»:  SD%  and  (fig.  14.)  Wb^' :  Aa* : :  OB'*+OS* :  SD'. 

Car.  2.  Hence  ordinates  or  perpendiculars  to  both  axes 
eqaaDy  distant  fironi  the  Centre  are  equal ;  foi^  the  segments 
<if  those  axes  are  then  eqoaL 

Cor.  S.  Hence  if  a  circle  be  described  on  the  transverse 
axis,  a  perpendicular  or  a  tangent  drawn  to  it  flrom  a  point 
of  internal  or  extemlJ  section  will  b6  proportional  to  the 
Gorre^NinAng  otdinatt  in  the  ellipse  or  hyperbola.  For 
(fig.  15.)  MH*=(IIL  26.  cor.  1.  EL)  AHa,  and  conse- 
quencIjAii>:B&*:tMH»:DH%orAa:B&::MH:DH, 
and  hence  theperpendicnlar  HM  is  to  the  ordinate  HD  in 
the  constant  ratio  of  the  two  axes.  Again,  because  (III.  26. 
cor.  2.  EL)  MH'*:f:  AH'a,  it  follows  that  the  tangent  MlV 
is  to  the  ordinate  t)Hf  of  the  hyperbola,  likewise  in  the 
constant  ratio  of  its  axea. 

ScAathm.  From  the  property  of  the  ellipse,  that  its  or- 
dtnates  are  proportional  to  the  perpendiculars  of  the  cir- 
cumscribing circle^  is  derived  the  principle  of  the  elliptical 
compasses.  On  the  transverse  axis  Aa  (fig.  16.)  lot  a  circle 
be  described ;  produce  the  ordinate  DH  or  D^H,  to  meet 
the  circumference  in  M;  join  OM»  and,  parallel  to  it,  draw 
DTV  or  TiyV\  cutting  the  two  axes  in  T  and  V,  or  T' 
and  V^  Because,  by  the  last  corollary,  ON:OB::MH:DH» 
and  (VL  2.  EL)  MH  s  DH  : :  OM :  TD,  it  foiloH-s  that 
ON  is  to  OB»  as  Olft  which  b  equal  to  YD  or  V'I>,  to  TD 
or  Tiy ;  and  hence  VDand  TD,  or  VD'andT'IK,  are 
equal  to  the  two  semiaxes  ON  and  OB.    If  therefore  DT, 
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or  iyT\  be  assumed  equal  to  the  semiconjngate  axis  OB* 
and  DV  on  the.same  side^  or  D^V^  on  the  opposite  side,  be 
made  equal  to  the  ^mitransverse  OA|  and  if  the  infleziUe 
line  VTD  or  \^jyT'  be  turned  round,  carrying  the  points 
V,  T»  or  Vj  T',  along  the  axes,  the  external  point  D,  or  the 
internal  point  ly,  will  either  of  them  describe  the  ellipse. 

When  the  axes  of  the  ellipse  become  equals  the  curve 
passes  into  a  circle,  corresponding  to  which  is  the  variety; 
of  hyperbola,  called  the  equilateral  6r  rectangular^  the 
square  of  its  ordinate  being  equivalent  to  the  rectangle  UQ* 
der  the  abscisses.  In  fig.  5S.^  H'D  =  H'M,  and  fiD^  =. 
(11.  17.  cor.  2.)  OA*  +  OB*=  (11.  10.  El.)  AA%  or  the  se- 
condary ordinate  JfDy  is  always  equal  to  the  hypotenuse 
hh. 

If  the  parabola  be  viewed  as  the  limiting  curve  between 
the  ellipse  and  the  hyperbola,  when  their  transverse  axis 
becomes  indefinitely  great,  its  property  may  be  compre- 
hended under  the  general  demonstration.  For  ha :  GG^ : 
AHHa  ;  DH%  or  (V.  S.  El.)  Aa.AH  :  GG'.AH  : 
AH.Ha  :  DH^,  and  alternately  Aa.AH  :  AH.Ha  : 
GG^  AH :  DH^.  But  the  ratio  of  Aa  to  Ha  approaches  to 
equality,  and  consequently  so  does  the  ratio  of  Aa.AH  to 
AH.Ha,  or  that  of  GG'.AHto  DH*.  Wherefore  ultimate- 
ly  0G'.AH=4AF.AH=DH*. 

PROP.  IX.    PROB. 

The  fo€US5  the  directrix,  and  the  determiai^ 
ratio  being  given,  to  find  the  intersection  of  the 
curve  with  an  oblique  line  given  in  position- 
Let  the  straight  line  MD  J  (fig.  32.  23.  and  24.)»  be  drawn 


UME0  OF  THE  BECONP  OBBCR. 


213 


fflom  a  given  point  M  Iq  the  directrix  at  a  given'  angle ;  it ' 
IS  required  to  find  where  it  meets  tlie  curve. 

ANALYSIS. 

'  Suppose  this  oblique  line  to  cut  the  curve  in  the  points ' 
D  and^,  and  join  FD.Fd,  and  FM.  Because  MD  is  gi-' 
Ten  in  position,  the  deflected  ratio  corresponding  to  its  in« 
ch'oation  is  given  (VI.  S.  £1.) ;  but  MF  being  given  both  in 
position  and  magnitude,  the  triangle  MFD  has  consequent* 
]y  an  angle  at  M,  with  the  adjacent  side  MF  given,  and  the 
sides  FD  and- DM  containing  another' angle  in  a  given  ra- 
tio, and  is  therefore  given'  (I.  21.  EL)  when  its  cbairacter  as- 
acute^  obtuse,  or  right  angled,  is  known. 

« If  the  remaining  angle-DFM  (fig.  22.  2S.  and  24.)  be  a' 
rightaogle,  the  triangle 'will  have  asingle  aspettt:  but  if  that' 
angle  be  oblique,  thetriangle  wilt  showa  double  form^  being 
rither  acute  or  obtuse,  and  having  tbd'attgfes  MFD  and 
MFd!  matually  aupplemental*  When' the o^icfyre  line  meets= 
the  opposite  branches  of  the  hyperbola  (fig. -25.),  the  tri-' 
angles  MFD  and  MFcf,  instead  of  having  the  satne  ver- 
tical angle  at  M,  wil^l  have  their  veitical  angles  FMD  and 
FMd  sopplemental.  In  this  case,  it- is  bbvioas,  that  onljr 
one  form  of  triangle  can  exist  on  each'^ide  t>f  FM. 

COMPOSITION. 

In  MD  take  any  point  K,  from  which  as  a  centre,  and 
with  a  "radius  equal  to  the  apportionate  distance,  describe 
a  circle  meeting  MF  in  L  and  / ;  join  KL  and  Kl  ,•  and 
parallel  to  them,  draw  FD  and  Fd  from  the  focus  to  meet 
MD  in  the  points  D  and  d;  these  are  points  in  the  curve. 

For,  from  the  property  of  parallel  and  diverging  lines, 
FD  is  to  DM,  or  F^  to  dU,  as  LK  or  IK  to  KM,  that 
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is,  in  the  deflected  latto }  and  oonsequeotly  D  and  d  urn 
points  in  the  curve. 

Cor.  K  Hence  the  lines  FD  and  Yd  drawn  fron  the  fo- 
cus to  the  points  of  section  ^  are  equally  inclined  on  either 
side  of  MF|  the  straighl  \m^  joimng  it  with  the  point  in 
the  directrix*  For  (fig,  2^.  23-  and  34.)  the  angle  DFM  s 
(1. 22.  £i.)  KU  ;=  (L  10.  EL)  KIL  s  dFH ;  and  in  the 
cfise  of  opposite  section  (fig.  25.)  DFMsKIisK/Ls 
TAFd. 

Cor.  2.  Hence^  faaTiog  produced  dF  to  meet  the  direc- 
trix in  Pf  th?  line  MF  bisecU  the  angle  DFP ;  for  iIFN» 
which  is  vertical  tp  MFP»  is  equal  to  MFD. 

Cor.  S.  If  the  acute  angles  DFM  and  i^FN  be  supposed 
tp  increase  (fig*  2?«  2$.  and  24.},  and  the  lines  FD  and  Fd 
reutuallgr  to  approach  till  tbqr  come  to  coincide,  as  in  fig,  26. 
27.  and  28. ;  tbisfit  while  MF  remaips  constant^  the  anglct 
FMD  will  gradually  aiigment }  the  secant  MDdE  now  passes 
into  a  tangent  MT^  apd  a  line  FT,  joiniiig  the  focus  with 
the  single  poipt  of  cpntpct  T9  becomes  perpendicular  to  MF. 
In  the  opposite  braoehes  of  the  hyperbola^  (^.  310  when 
the  acyacept  angles  FMD  and  FMd  are  Tight  angles,  the 
triangles  MFD  mdMFd  evidently  (I.  21.  £1.)  become  e- 
qua],  and  the  points  of  section  D  and  d  appefur  at  equal 
distances  on  opposite  sides  of  M ;  and  if  die  equal  angles 
DFM  and  dFM  become  at  the  same  time,  right  angles, 
no  sectiop  will  take  place,  but  the  points  D  and  d,  in- 
stead of  approaching,  will  separate  to  the  utmost,  asid  en- 
tirely vanish  pway. 

Cor.  4.  Hence  the  (angeuU  TM,  T'M  (£g.  26.  27.  and 
28.)  applied  at  the  ei^tremities  of  a  focal  chord  T'P,  make 
at  their  concourse  M  &  right  angle  in  the  parabola,  an  acute 
angle  in  the  elSpse^  and  an  obtuse  angle  in  the  hyperbola. 
For  the  perpendiculars  TN,  PM'  being  let  fall  upon  the 
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dinetu,  die  riglit-angM  triangles  TFM,  TNM,  ba?ii^ 
a  oownion  hTpotenuse^  and  the  side  FT9  equal  to  TN  in 
fig.  26»9  kis  than  it  in  fig*  27*»  and  greater  than  it  in  fig.  28^ 
die  angle  FMT  is  (III.  IS.  and  16.  £1.)  equal  to  NMT  in 
fig.  26.,  less  than  it  in  fig.  27.,  and  greater  than  that  an- 
g^  in  fig.  28.  For  the  same  reason,  the  angle  FMT'  is, 
in  these  successive  figures,  equal,  less,  or  greater  than 
NITP.  Consequently  the  compound  angle  TMT^  being 
thus  respectively  equal,  less,  or  greater  than  its  adjacent 
angles  TMN  and  T'MN\  is  right*angled  in  the  parabola, 
acttte  in  the  eliipsei  and  obtuse  in  the  hyperbola. 

SckoUuM*  The  difierent  phases  exhibited  by  the  con- 
course of  a  straight  line  with  the  curves  are  all  easily  de- 
rived from  the  relation  of  the  points  L  and  /  to  each  other 
and  to  the  point  M.  The  points  of  section  D  and  d  occnr 
on  the  same  side  or  on  opposite  sides  of  the  directrix,  ac- 
cording to  the  situation  of  the  corresponding  points  L  and 
/  in  respect  to  M.  When  L  and  /coincide,  KL,  and  con- 
sequently its  parallel  DF,  becomes  perpendicular  to  MF, 
and  the  secant  merges  into  a  tangent ;  but,  when  L  and  / 
concentrate  in  M,  the  straight  Kne  FD,  being  now  parallel 
to  DM,  will  never  meet  it,  and  the  points  D  and  d  will  va- 
nish in  opposite  directions.  Since  the  oblique  distance 
MK  of  the  assumed  point  K  from  the  directrix  is  greater 
than  its  perpendicular  distance,  it  is  evident  that  the  ap- 
portionate  focal  distance  KL  is  always  less  than  MK  in  the 
parabola,  and  sttO  more  so  in  the  ellipse,  but  may  be  less, 
equal,  or  greater  in  the  hyperbola.  The  points  L  and  I 
will  therefore  lie  on  the  same  side  of  M  in  the  parabola 

• 

and  ellipse,  (fig.  22.  and  23.),  and  according  to  the  degree 
of  the  inclination  of  DM  wOl,  in  the  hyperbola  (fig.  24. 
and  25.)  lie  on  the  same  side  of  M,  coalesce  with  it,  or  ap- 
pear  on  opposite  sides ;  and  hence  the  sections  of  the  ob- 
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liqoe  line  DM  with  the  parabola  and  difpse»  if  it  meets  the 
curve,  will  take  place  on  the  same  side  of  the  dtrectrixtimt. 
it  will  always  cut  the  hyperbola  eithier  on  the  same  or  op- 
posite sides,  except  in  the  limit  of  transition. 

DEFINITION- 

16.  Any  straight  line  drawn  through  the  centre  to  termi- 
nate both  ways  in  the  curve,  which  in  the  parabola  is  re- 
presented  by  a  parallel  to  the  axis^is  called  a  JDiameter, 

Thus  in  fig.  34;,  TH,  a  parallel  to  the  axis,  is  a  diame* 
ier  of  the  parabola ;  and,  in  fig.  35.  and  36.,  TO^  drawn 
through  the  centre  is  a  diameter  to  the  ellipse  or  hyperbo- 
la. 

PROP.  X.    THEOR. 

f 

If  through  any  point  of  the  curve,  a  diameter  be 
produced  to  meet  the  directrix,  a  perpendicular 
let  fall  from  that  point,  upon  the  straight  line 
jcnning  the  intersection  of  the  directrix  with  the 
focus,  will  be  a  tangent. 

Let  a  diameter  be  extended  through  tlie  point  T, 
(fig.  34*  S5.  and  3Q>)  to  meet  the  directrix  in  M,  and  tbia 
point  be  joined  with  the  focus,  a  straight  line  TL  or  // 
drawn  at  right  angles  to MF,  will  touch  the  curve  lit  Tor 

1.  tn  the  Parabola. 

Produce  (fig.  34.)  TL  to  meet  the  directrix  in  Z,  and 
join  FT  and  FZ.  The  triangles  LTF  and  LTM,*  having 
tlie  side  TF  equal  to  TM,  the  side  TL  common,  and  the 
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dtl^ac^nt  angles  at  L  right  angles,  are  equal  (I.  ^!.  ET.)/ 
and  therefore  the  angle  FTL  or  FTZ  is  equal  to  MTL 
or  MTZ.  Again,  the  triangles'  FZT  and  MZT,'  having 
thus  the  angles  at  T  equal,  and  their  containing  sides,  are 
equal  (I.  S.  £1.) ;  wherefore  the  angle  TFZ  is  equal  to 
TMZ,  and  hence  a  right  angle.  Consequently,  by  Cor.  3, 
to  the  last  Proposition,  TZ  touches  the  curve  at  T. 

IS.  In  the  Ellipse  and  Hyperbola* 

Produce  (fig.  S5.  and  36.)  TL  to  the  directrix  at  Z,  draw 
OP  parallel  to  TZ,  extend  MF  to  meet  it  in  I,  and  joini 
FT  and  FZ.  From  the  property  of  parallel  and  diverging 
lines,  TL :  TZ : :  OI :  OP,  and  consequently  (V.  IS.  £1.) 
TL.TZ  :  TZ*  : :  OI.OP  :  OP*.  But  the  right  angled 
triangles  PCF  {ind  PIF,  standing  on  the  same  base  PF» 
are  contained  iti  a  circle;  wherefore  OI.OPzsOF.OC9? 
"(Prop.  I.  cor.  2.  and  V.  6.  £1.)  OA*,  and,  hence,  by  subati- 
tution,  TL.TZ :  TZ* : :  OA*  :  OP*.  Again,  the  deflected 
ratio  corresponding  to  the  obliquity  TZ  or  OP  is  evidently 
the  ratio  of  O  A  to  OP ;  whence  TF :  TZ :  :.0  A :  OP,  and 
(V.  2«.  cOr.  1.)  TF*  :  TZ*  : :  OA»  :  OP.  By  identity  of 
ratios,  then,  TF» :  TZ*  :  :  TL.TZ :  TZ* ;  consequently 
TF*  =  TL.TZ,  and  (V.  6.  El.)  TL  :  TF  :  :  TF :  TZ. 
Wherefolre  the  triangles  LTF  and  FTZ,  having  a  com* 
mon  angle  at  T,  are  similar  (VL  13.  El.),  and  hence  TFZ 
being  equal  to  TLF  is  a  right  angle ;  TZ  is  therefore  a 
tangent. 

Cor.  1 .  Hence,  in  the  ellipse,  if  a  diameter  SOs  be  drawn 
parallel  to  a  tangent  TZ,  applied  at  the  extremity  T  of 
another  diameter,  the  tangent  SR  applied  to  its  own  ex- 
tremity S,  will  reciprocally  be  parallel  to  this  other  diame* 
ter  TOi.  For  OFC  and  MFI  being  at  right  angles  to 
the  sides  MP  and  OP  of  (be  triangle  MOP,  it  follows 
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froin  the  iboUi  supplemeiitarjr  proposition  to  tbe  Tbird 
Book  of  tbe  Elemeiiti  of  Geometry,  that  PFK  is  perpeo- 
dicnlar  to  OM ;  bot  it  9«st  be  p^rpeDdiculiur  aleo  to  tbe 
tangent  SR,  and  consequently  SR  is  parallel  to  TOl« 
Following  out  tbe  principle  <^  analogy,  SQs  (fig.  S6.)  pa- 
rallel to  tbe  tangent  at  T,  is  tbe  secondary  or  imagifuny 
diameter  in  tbe  hyperbola,  and  SR  dr^wn  parallel  to  OT 
18  reciprocally  a  tangent  to  tbe  derivative  or  interposed 
hyperbola  at  S. 

Cor.  S.  Hence,  in  the  same  curves^  if  the  tangents  MG 
ahd  Mg9  applied  at  tbe  extremities  of  a  focal  chords  be  pro* 
duced  to  meet  the  extension  of  tlie  parallel  diameter  SOs, 
tbey  will  intercq>t  a  portion  Yv^  which  is  equal  to  the  tran9-> 
T^rse  axis.  For  the  chord  G^  being  produced  to  meet  the  di- 
rectrix in  Q,  will  evidently  be  divided  intemoHy  in  F,  an4 
ejcternally  in  Q  in  the  same  deflect^  ratio;  whence,  from 
tbe  property  of  parallel  imd  diverging  lines,  \v  is  sinularjij 
dividadin  I  and  P,  or  lY :  I9 : :  PV:  ¥v;  and  therefore(VL 
1.  EL)  01 :  OV : :  O V :  OP,  and  (V.  6.  El.)  OV* = OLOF. 
But  the  rectangle  01,  OP  was  shown  to  be  equivalent  to 
the  square  of  OA ;  which  is  consequently  equivalent  to  that 
of  OV,  and  thence  the  line  OV  itself  is  equal  to  OA. 

Cor.  5.  Henoe,  l&ewise^  in  tbe  ellipse  and  hyperbobtf 
thesemitransverse  axis  OA  is  a  mean  proportional  between 
the  segment  OK  intercepted  by  a  perpendicular  from  tbe 
focus,  and  tbe  whole  extension  OM  to  tbe  directrix.  For 
the  quadrilateral  figure  FCMK  having  right  angles  at  C 
and  F,  is  contained  in  a  circle  s  wherefore  ,the  rectangle 
MO,  OK,  is  equivalent  to  CO,  OF,  or  to  the  square  of 
OA,  and  benee  OM  :  OA  ; :  OA :  OK.  In  like  manner, 
it  is  shewn  that  OP:  OA : :  OA ;  OX. 

Cor*  4.  Henoe,  in  those  curves,  any  semidiameter  OT  is 
a  mean  proportional  betweefl  the  segment  OK,  intercepted 
by  a  focal  ordinate  and  tbe  extension  OM  to  the  directrix. 
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For  (Prop.  IX.  cor*  2.)  FM  bisecU  the  adjacent  or  Ter« 
tical  angle  of  the  triangle  TF/,  and  consequently  FN, 
^hich  is  perpendicalar  to  FM»  biiecU  the  intdrior  or  eot- 
terior  angle ;  whence  the  base  Tt  u  cnt  internally  and  ex- 
ternally in  the  same  ratio»  and  therefore  (VI.  7.)  ON :  OT 
t  :  OT  :  OM .  Hence  also  in  both  cunret,  OX :  OS : : 
OS  :  OP»  the  parallel  OS  representing  a  conjugate  diame* 
ter  in  the  hyperbola. 

PROP.  XL    THEOE. 

A  tangent  to  the  curve  makes  equal  angles  in 
the  parabola,  with  the  straight  lines  drawn  from 
the  point  of  contact,  one  to  the  focus,  and  the 
other  parallel  to  the  axis  ;  and  in  the  ellipse  and 
hyperbola,  with  straight  line3  drawn  from  that 
point  to  the  two  &>Qim 

If,  in  the  parabola,  (fig.  26.)  TM  toacb  the  curve,  and 
TF  be  drawn  to  the  focus,  and  TN  parallel  to  the  axis ; 
TM  wiD  bisect  the  angle  FTN.  And,  in  the  ellipse  and 
hyperbola,  (fig.  27.  and  S8.)  if  TF  and  Tfhe  drawn  from 
the  point  of  contact  to  the  two  foci,  the  tangent  TM  will 
bisect  externally  or  internally  the  angle  F*I/ contained  by 
those  lines. 

1,  In  ike  Parabcia. 

For  (fig.  86.)  NLF  being  joined,  since  TL  must  be  per- 
pendicular to  it  (Prop.  lOOi  the  right-angled  triangles  FLT 
and  NLT,  having  also  the  side  FT  equal  to  NT,  and  TL 
common,  are  equal  (1, 31  •  £!•)»  and  consequently  the  angle 
FTL  is  equal  to  NTL, 

S.  2n  the  BlUpse  and  Hyperbohm 

Draw  the  diameter  TO^  (%.  27.  and  S8.}»  and  from 
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its  venote  extremity  let  tl  be  drawn  parallot  to  TL,  anet 
join.F^  Becauie  PF  is  perpendicular  to  TL  and  U,  the 
triangle*  FLT  and  Ffc  are  right-angled,  and  consequently 
(I.  SO.  Eli)  the  angles  FTL  and  ¥H  are  complementary 
to  TFL  and  t¥l ;  but  TFL  and  tFl  are  (Prop.  V.  cor.  3.> 
equal,  and  therefore  FTL  is  equal  to  F«  or  (L  22.  El.) 

to/T«. 

Co9\  1.  Hence  a  straight  line  TQ  drawn  fro;ra  the  extr^ 
mity  of  a  diameter  through  the  focus  to  meet  another  dia- 
meter parallel  to  the  tangent,  is  equal  to  the  senlhransverse 
^xis  OA.  For  draw  fo  parallel  to  TQ,  and  meeting  QO 
in  V ,  and  the  triangles  FOQ  andfOv  being  evidep tly  equal, 
FQ  is  equal  to^t? ;  but  the  triangles  QTy  and  qfv  are  isos- 
celes, since  (L  22.  El.)  the  angles  FQj  and  TjQ,  or^ 
Atidfvq,  are  equal  to  FTM  and/Tw;  consequently  TQ 
is  ^ual  to  Tj,  and  Jq  to  Fv.  But  FQ  is  equal  tofv  or  fq; 
whence  FT  and/T,  the  one  being,greater  than  TF  by  FQ, 
and  the  other  being  less  than/T  by  the  same  diflFerence,  are 
togeUier  the  double  of  TQ  5  that  Is,  (Prop.  6.)  TQ  is  equal 

toOA. 

Ccr.  2.  Hence  in  the  parabola  (fig.  26,),  the  angle  which 
any  two  tangents  TQ  and  PQ  form  at.their  point  of  con- 
course,  is  half  of  the  angle  TFP  made  on  the  same  side  by 
the  lines  drawn  from  the  focus  to  the  points  of  contact.  For 
produce  TQ  to  meet  the  extension  of  the  axis  in  R.  Since 
the  angle  FTR  is  equal  to  NTM,  it  is  likewise  equal  to 
TRF.  For  the  same  reason,  the  angle  FPS  is  equal  to 
FSP;  whence  (L  30.  El.)  the  exterior  angles  TFZ  and 
PFZ  are  the  doubles  of  TRF  and  FSP  or  RSQ ;  and 
consequendy  the  whole  angle  TFP  is  the  double  of  TQP, 
the  exterior  angle  of  the  triangle  RQS. 

Cor.  8.  Hence  also  ib  the  parabola  (fig.  26.),  the  distance 
FT  of  the  focus  from  any  point  of  contact,  js  equal  to  its 
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Sistance  from  B,  the  intersection  of  the  tangent  witli  the 
axis ;  and  if  a  perpendicular  TX  be  let  fiUl,  the  base  RX 
will  be  bisected  bj  the  vertex  of  the  curve.  For  tbetri-* 
angle  TFR  is  evidently  isosceles,  and  FR  being  equal  to 
FT,  is  equal  likewise  to  NT  or  CX,  and,  taking  away  the 
equal  portions  AF  and  AC,  there  remains  AR  equal  to 
AX 

PROP,  XII.    THEOB. 

Any  chord  drawn  parallel  to  a  tangent^  is  bi- 
sected by  the  diameter  which  passes  through  the 
point  of  contact. 

A  diameter  TH  (fig.  84. 85.  and  86.)  bisects  every  chord 
DI>,  which  is  parallel  to  the  tangent  applied  at  its  vertex 
T. 

1«  In  the  Parabola* 

Let  (fig.  84.)  the  diameter  and  the  chord  be  produced  to 
meet  the  directrix  in  the  points  M  and  L ;  about  the  inter- 
section  H,  with  a  radius  equal  to  the  appbrtionate  distance^ 
(which  is  in  this  case  evidently  HM,)  describe  a  circle,  join 
MF,  and  extend  it  through  K  to  meet  the  circumference 
again  in  N,  through  the  Focus  draw  LOTG,  parallel  to 
the  chord,  join  HG  and  HG',  Ft)  and  FD',  and  lastly 
HN. 

It  is  obvious,  from  the  construction  employed  in  Propo- 
sitifMi  IX,  that  the  focal  lines  FD  and  FD'must  be  respec- 
tively parallel  to  G^H'  and  GH.  But,  from  Prop.  V.  cor.  9. 
MF  is  perpendicular  to  the  tangent  at  T)  and  consequently 
cuts  the  paraHel  chord  DHD^  at  right  angles;  whence 
(I.  21.  El.)  the  triangles  MKH  and  NKH  are  equal,  and 
therefore  the  angle  MHK  isequdl  to. NHK.  Consequent* 
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ly  the  triangles  MHL  and  NHL  (I.  S.  £1.)  are  eqaal,  and 
both  o(  tbem  right  angled  i  and  benoe  LM  and  LN  are 
two  Mttigents  ta  the  drck.  Wherefore,  (VI.  9.  EL)  the 
line  LO  isdirided  harmonically  in  O'  and  F  by  the  circa m* 
ference  and  the  chord  MN,  or  LG  :  GF  : :  LG" :  G^F. 
But,  from  the  property  of  parallel  and  div^ging  lines* 
LG' :  G'F  :  :  LH  :  HD,  and  LG  :  GF  :  :  LH :  HD' ; 
whence,  by  identic  of  ratios,  LH  :  HD  :  :  LH  :  IID\ 
and,  therefore,  (V.  4.  £1.)  HD  is  equal  to  HIK. 

8.  In  the  Ellipse  and  Hyperbota. 

Pit>dace  (fig.  85.  and  36.)  OT  and  DIK  to  meet  the  di- 
rectrix  in  M  and  t*,  about  H  as  a  centre  with  the  ap» 
portionate  distance  describe  a  circle,  which  will  not  reach 
the  directrix  in  the  ellipse,  but  will  extend  beyond  it  in 
the  hyperbola,  join  MF,  and  produce  it  to  terminate  in  the 
circumference  at  the  points  N  and  N';  draw  OIP  parallel  to 
the  chord,  extend  LG'  FG  through  the  focus,  and  join  LN 
and  LN;  HN  and  HN',  HG  and  HG',  and  PD  and  FD'. 

From  the  property  of  parallel  and  direrging  lines^ 
GMzHld  :  :OP:  HL  :  :  OI:  HK,  and  by  composition 
OW  :  HM*  : :  OP.OI :  HL.HK.  But  OM  is  to  HM, 
as  the  apportionate  distance  of  the  centre  O  is  to  the  i^ 
portionate  distance  of  the  point  H,  or  as  the  semitnmsverse 
OA  to  the  radius  HN ;  and  consequently  OA^  :  HN*  : : 
OP.OI :  HL.HK.  Now,  the  rectangle  OP,  OI  was  pro- 
ved to  be  equivalent  to  the  square  of  OA,  and  therefore 
the  rectangle  HL,  HK,  must  be  equivalent  to  the  square 
of  HN.  Whence  (V.  6.  EL)  HL :  HN  s :  HN :  HK,  and 
the  triangles  LNH  and  NKH  or  N'KH  having  likewise 
a  common  angle,  are  (VL  18«  El.)  similar  $  consequently, 
since  NK  is  perpendicular  to  the  tangent  of  the  curve  at 
T  or  /|  or  to  the  parallel  HL,  the  angles  HNL  and 
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HN'L  are  right  aog^^  and  henoe  LN  and  LN'  both 
touch  the  circle.  Whence^  as  befaret  the  oUiqne  lino  LO 
it  harmonioally  divided  in  the  points  F  and  GK.  Bnt  FD 
and  Fiy  being  parallel  to  HG'and  HOj  theralbre  LG :  OF 
:  :  LH  :tay,  and  LG' :  G'F: :  LH:  HD^  whence HD 
is  equal  to  Hiy. 

PROP.  XIIL    PROB. 

Given  the  focus^  the  directrix,  and  the  deter- 
mining ratio,  to  draw  a  tangent  parallel  to  a 
straight  line  given  in  position. 

Let  it  be  required  to  apply  a  tangent  HI  pandkl  to 
DE,  (6g.  87.  88»  and  890* 

Suppose^  through  the  pobt  of  contilct»  a  diameter  to  be 
dnwnj  meeting  the  directrix  in  Mj  and  join  this  point 
frith  the  focQs.  Suiee  FM  is  perpendicular  to  the  tangent^ 
it  must  likewise  be  perpendicakr  to  the  parallel  DE ;  con«* 
aeqnentlj  the  point  M,  the  diameter  MX,  and  the  point  of 
contnet  T  are  all  |p?en  in  position. 

Or»  if  any  point  within  the  curve  were  assumed,  and  the 
chord  KL  drawn,  this  would  be  bisected  by  the  diameter 
M T I  bst  the  middle  point  I  is  evidently  given,  and  there* 
fiire  the  point  of  contact  T.  Whence  result  two  diflerant 
ways  of  constructing  the  proUem. 

L  From  the  focus,  let  fidl  a  perpendicular  upon  the  gi- 
ven liae^  and  produce  it  to  meet  the  directrix  in  M;  through 
M  dmw  a  diameter  cutting  the  curve  in  T,  and  parallel  to 
D£  draw  HT,  which  will  be  the  tangent  required. 

2.  Through  any  point  assumed  within  the  corve^  draw 
Ifae  chord  KL,  which  bisect  in  I»  and  through  thitf  extend 
a  diameter  to  meet  the  cor\'e  in  T,  the  point  of  contAct. 
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Id  ike  pdrabolA»  the  diameter  being  parallel  to  the  flxift 
will  not  meet  the  cacve  again ; .  but  in  the  ellipse  and  hy-* 
perbfria^  the  diameter  passing  through  the  centre  O  will 
Ugain  meet  the  curve  in  another  point  of  contact  t^ 
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The  focus,  the  directrix,  and  the  determining 
ratio  being  given,  to  draw,  from  a  given  point,  a 
tangent  to  the  curve. 

Case.  I.  When  the  given  point  is  in  the  curve  itself, 

Let  it  be  required,  from  the  point  T,  to  draw  a  tangent 
to  the  curve. 

1.  In  the  Parabola.  Suppose  (Gg.  26.)  the  tangent  TM, 
and  TN  a  parallel  to  the  axis,  to  be  produced  to  the  di- 
rectrix, and  MF  and  NLF  drawn  to  the  focus.  It  follows, 
from  Prop.  IX.  cor.  S.  that  MF  is  perpendicular  to  FT, 
from  Prop.  X.  that  NLF  cuts  TM  at  right  angles,  from 
Prop.  XI.  that  TM  bisecU  the  angle  FTN ;  and,  from  the 
third  corollary  to  the  same  proposition,  FR  is  equal  to  FT. 
Whence  four  different  modes  of  construction  :-^l.  Ha- 
ving joined  FT,  draw  FM  perpendicular  to  it,  meeting  the 
directrix  in  M,  and  join  TM.  2.  Having  drawn  TN  pa* 
rallel  to  the  axis,  join  FN,  and  upon  this  let  fiiU  the  per- 
pendicular TLM.  3.  Having  joined  FT,  and  drawn  TN 
parallel  to  the  axis,  bisect  the  angle  FTN  by  the  line  TM. 
4.  Produce  the  axis  till  FR  be  equal  to  FT,  and  TR  be- 
ing joined,  is  the  tangent  required*  The  demonstrations 
are  obvious. 

2.  In  the  Ellipse  or  Ifyperbda.  Suppose  (fig.  27.  and 
2B.)  th^  tangent  TM  and  the  line  OT  joining  the  cenhra^ 
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io  be  produced  to  the  directrix,  and  that  FM  and  FPare 
joineds  and  TF  and  '^drawn  to  the  twofocL  Then,  from 
the  propositions  already  cited>  MF  is  perpendicuJar  to  FT 
and  PF  to  MX,  and  TM  bisects  externally  (%•  ST.)  or 
iotemally  (fig.  28.)  the  angle  F'][/C  Whence  result  three 
metenl  ways  of  constructing  the  problem.  1.  Having 
jmned  FT,  draw  FM  perpendicular  to  it,  meeting  the  di^ 
necrix  in  M,  and  join  TM.    S.  Having  found  the  centre 

0,  draw  OTP  to  the  dtrectri:^  join  FP,  and  let  £ill  npoa 
ft  the  popendicular  TLM.  3.  Having  joined  both  foci 
with  the  point  T»  draw  TM  to  bisect  externally  or  inter*- 
iiaUy  the  angle  F*^ 

Case  II.  Wken  the  given poirU  is  in  ike  directrix. 

1.  In  the  Parabola.  Suppose  (fig.  26.)  the  tangent  MT 
were  drawn,  and  TN  being  let  fall  perpendicular  upon  the 
directrix^  join  FM  and  FN.  It  has  be^n  shown,  that  TF 
and  TM  are  perpendicular  to  FM  and  FN ;  and  it  is  ob* 
vious,  that  the  right-aogled  triangle  MFT  is  equal  to 
MNT.     Whence  three  different  modes  of  construction. 

1.  Having  joined  MF,  draw  FT  perpendicular  to  it,  and 
join  TM.  2.  Make  MN  equal  to  MF,  draw  NT  parallel 
to  the  axis,  and  join  TM.  S.  Draw  MT  bisecting  tlie  an- 
gle FMN. 

2.  In  the  Ellipse  and  Hyperbola.  Since  (fig.  27.  and  28.) 
the  tangent  TM  being  produced  to  the  directrix,  and  TM 
and  FT  joined,  the  angle  MFT  is  a  right  angle;  it  is  on- 
ly required  to  draw  FT  perpendicular  to  FM,  and  cutting 
the  curve  in  T  and  /,  which  are  the  points  of  contact. 

Case  111.  When  the  given  point  is  in  the  axis. 
I.  In  the  Parabola.  Suppose  (fig.  26.)  a  tangent  RT 
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were  drawn  from  a  pcHnt  R  in  the  axis ;  join  T  with  th^ 
focus,  and  draw  TN  parallel  to  the  axis.  Since  (Prop.  XL 
cor.  3.)  the  triangle  TFR  is  isosceles,  the  cmly  constractioiK 
required  is  to  inflect  FT  equal  to  FR,  and  join  TR. 

2.  In  the  Ellipse  and  Hyperbola.  Since  TR  bisects  ex- 
ternally (fig.  27.)  or  internally  (fig.  28.)  the  angle  VTff  a 
line  TS  p^pendicular  to  it  will  bisect  the  same  angle  in- 
ternally or  externally ;  and,  therefore,  the  angle  RTS  is  a 
right  angle,  and^(VI.  1 0.  and  7.  El.)  OS :  OF : :  OF  :  OR. 
Whence  this  construction  :  Find  OS  a  third  proportional 
to  OR  and  OF,  and  upon  RS  as  a  diameter  describe  a 
circle,  cutting  the  curve  in  T  and  /,  the  points  of  contact. 

Case  IV.  When  the  given  point  lies  any  where  withcut  ike 

curve. 

Let  it  be  required  from  the  exterior  point  P  (fig.  29.  SO. 
and  SI.)  to  draw  a  tangent  PT  to  the  curve. 

ANALYSIS. 

Produce  TP  to  the  directrix  ;  join  FM,  FP,  and 
FT,  and  parallel  to  this,  draw  PQ.  The  triangles  MTF 
and  MPQ  being  evidently  similar,  PQ  is  to  PM,  as  TP 
to  TM,  or  in  the  deflected  ratio  corresponding  to  the  po» 
sition  TM;  whence  PQ  is  the  apportionate  distance  of 
the  point  P,  and  consequently  given.  But  TF  and  PQ 
being  perpendicular  to  MF,  the  triangle  FQP  is  right  an- 
gled, and  it  has  the  hypotenuse  FP  and  the  side  PQ  both 
given,  and  is  therefore  given  in  species  and  magnitude. 
Consequently  the  angle  TFP  is  given,  and  FP  given  in 
position  i  the  line  MPT  is  hence  given,  and  T  the  point  of 
contact. 
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COMPOSITION. 

From  the  point  P  (fig.  29.  SO.  and  SI.)  with  a  radius 
PQ  equal  to  the  apportionate  distance,  describe  a  circle, 
which  will  obviously  touch  the  directrix  in  the  parabola, 
(fig.  S9.)  lie  within  it  in  the  ellipse,  (fig.  SO.)  and  extend 
bejond  it  in  the  hyperbola  (fig.  SI.) ;  and  from  the  focus 
draw  FQ  and  Yg  (III.  22.  El.)  touching  this  circle  and 
meeting  the  directrix  in  the  points  M  and  m  $  MPT  and 
iR/P,  being  joined,  are  the  tangents  required. 

For  join  P,  the  centre  of  the  circle,  with  its  points  of 
contact  Q  and  ;,  and,  parallel  to  these,  draw  FT  and  F/, 
meeting  MP  and  mP,  in  T  and  ti  From  the  property  of 
parallel  and  diverging  lines,  FT  is  to  TM,  as  PQ  to  PM, 
that  is,  by  construction,  in  a  deflected  ratio  corresponding 
to  the  inclination  of  PM ;  and  F^  is  to  tm^  as  P;  to  Pm, 
which  is  likewise  a  given  deflected  ratio ;  consequently  T 
and  /  are  points  in  the  curve.  But  the  angles  MFT  and 
MF^  being  equal  (L  22.  £1.)  respectively  to  MQP  and 
S119P,  are  (III.  19.  £1.)  right  angles,  and  therefore,  by 
Prop.  IX.  cor.  S.,  MT  and  M/  are  tangents  to  the  curve. 

Scholium.  It  is  obvious  that  this  construction  includes 
the  two  preceding  cases.  "When  the  given  point  occurs  in 
the  directrix,  the  circle,  with  the  terminations  M  and  m  of 
its  tangents,  all  coUaspe  in  the  same  point;  and  the  con- 
tacts of  the  curve  are  therefore  determined,  as  before,  from 
the  focal  chord  drawn  at  right  angles  to  MF.  When 
that  given  point  is  placed  on  the  other  side  of  the  direc* 
trix,  the  circle  described  from  it  will  in  the  parabola  touch, 
and  in  the  ellipse  lie  beyond,  the  directrix;  in  either  case 
the  points  Q  and  q  of  circular  contact  occur  beyond  the 
points  M  and  m  of  the  directrix,  and  consequently  both 
tangents  may  be  always  applied  to  the  curve.  But  in  the 
hyperbola,  when  the  point  P  (fig.  S2.)  is  situate  beyond 
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the  centre,  the  points  Q  and  f  appear  on  the  other  nde  of 
M  and  m*  and  the  tangents  throw  themselves  to  the  oppo* 
site  branch  of  the  curve.     If  the  given  point  &Ils  in  the 
centre  O  of  the  hyperboU  (fig.  38.)  the  corresponding  dr- 
cle,  being  then  described  on  the  transverse  axis  Ag,  will 
meet  the  directrix  in  the  points  of  contact  Q  and  q  /  for 
(Prop.  1.  cor.  2.)  OF,  OA  or  OQ,  and  Oc  being  continoed 
proportionals,  the  triangles  OFQ  and  OQC,  having  like- 
wise the  angle  at  O  common,  are  similar,  and  consequently 
the  angle  OQF  is  equal  to  the  right  angle  OCQ,  and 
(III.  24.  £1.)  FQ  touches  the  circle  at  Q.   Wherefore  the 
straight  lines  OQB^'  and  Oqb'^  represent  the  tangents  to  the 
hyperbola,  though  they  can  never  meet  the  curve,  since 
the  perpendiculars  FT  and  F^,  which  should  mark  the 
points  of  contact,  are  now  parallel  to  them. 


DEFINITION. 


17.  A  straight  line  drawn  on  either  side  from  the  centre  of 
an  hyperbola  in  the  extreme  position  of  a  vanishing  tan- 
gent, is  called  an  Asymptote, 

Thus,  in  fig.  83.,  the  straight  lines  OQ  and  O7,  deter* 
mined  by  the  intersection  of  circles  described  on  Ka  and 
OF,  being  the  limits  of  all  the  tangents  which  can  be  ap- 
plied to  the  curve,  are  asymptotes  to  the  hyperbok. 

PROP.  XV.    THEOR. 

If  a  perpendicular  to  the  principal  axis  of  an 
hyperbola  be  extended  to  the  asymptotes,  the 
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rectangle  under  its  segments  intercepted  by  the 
curves  is  equivalent  to  the  square  of  half  the  se- 
condary axis. 

Let  the  ttraight  line  IHI'  (fig,  38.)  cut  the  axis  Ka  at 
right  angles ;  the  rectangle  IDf  Dr  is  equivalent  to  the 
square  of  OD^. 

For,  from  similar  triangles,  O A :  A6  : :  OH :  IH,  and 
(V.  22.  cor.  1.  El.)  OA*  :  AB"*  : :  OH* :  IH»,  and  by  di- 
vision,  OA» :  AB"»  : :  OH*— OA* :  IH»— AB"*.  But  the 
axis  Ka  being  bisected  in  the  centre  0>  OH* — OA*  = 
{II.  17.  cor.  1.  EI.)  AH.Ha;  wherefore  OA*  :  AB''*  : : 
AH.Ha  :  IH*— AB"*.  Now,  by  Prop.  8.  OA*  :  AB"*  : : 
AH.Ha :  DH*,  and  consequently  IH*— AB''*=iDH*  or 
IH*=DH»+AB"*.  But  ir  being  evidently  bisected  in 
H,  it  follows  that  IH*=DH*+ID.Dr,  and  therefore 
ID.Dr'=  AB"*  ;  but  AB''  =  QF  =  OB',  and  ID.DF  = 
OB'*. 

Cor.  1.  Hence,  of  a  parallel  to  the  axis,  the  rectangle  un- 
der its  segments  intercepted  by  the  asymptotes  and  the 
carve,  is  equivalent  to  the  square  of  the  semitransverse. 
For,  from  similar  triangles  p  A :  AB'' : :  Hi' :  DI : :  Di :  DP, 
and,  by  compounding  the  analogies,  OA*  :  AB  *  : 
Di.Dt'  :  DI.DFj  the  second  term  being  equal  to  the 
fourth,  the  first  term  roust  be  equal  to  the  third,  or  OA* = 
Df.Df. 

Cor.  2,  Hence  the  asymptotes  continually  approach  tfaie 
ciAire,  but  never  meet  it  For  let  LKL'  be  another  pei^ 
pendicular  to  the  axis  more  remote  from  the  vertex  A, 
Sinoe  OB'*  =  ID.DI'=ML.LM',  therefore  (V.  6.  EL) 
ID  :  ML  : :  LM' :  DF ;  but,  from  the  divergency  of  the 
curve  and  its  asymptotes,  LM'  is  greater  than  DF,  and 
consequently  ID  is  greater  than  ML,  or  ML  is  less  than 
ID. 
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PROP.  Xyi.    THEOR. 

Any  straight  line  drawn  through  an  hyperbola 
has  equal  segments  intercepted  oh  both  sides,  be- 
tween the  curve  and  its  asymptotes. 

The  chord  Dd  (6g«  36.  and  37.)  produced  both  way9  to 
the  asymptotes,  has  its  exterior  portion  DY  equal  to  dy. 

For,  having  bisected  D(2  in  H,  draw  the  diameter  OH 
meeting, the  directrix  in  M>  through  which  let  WMw  be 
drawn  parallel  to  Dd ;  join  the  focus  F  widi  the  point  B 
where  the  asymptote  Cuts  the  directrix;  join  also  FW^  Fv 
and  FM,  meeting  the  chord  Dd  in  U,  and  at  T  apply  the 
tangent  TZ.  By  Prop.  IX.  cor.  3.9.  TLF  is  a  right  angle, 
and  consequently  WMw  is  perpendicular  to  MF.  But  BF 
is  perpendicular  to  OB,  and  OF  bisects  the  angle  BOS, 
and  cuts  Bb  at  right  angles ;  wherefore,  by  the  seventh 
supplementary  proposition  to  the  Sixth  Book  of  the  Ele- 
ments, the  oblique  line  MW  is  equal  to  Mid.  Consequent- 
ly, from  the  property  of  parallel  and  diverging  lines,  HY 
is  likewise  equal  to  Hy ;  but,  by  the  last  proposition,  HD 
is  equal  to  Hd,  and  therefore  the  remainit^  portion  DY 
is  equal  to  dy. 

Cor.  1.  Hence  a  tangent  bounded  by  the  asymptotes  of 
an  hyperbola  is  bisected  in  the  point  of  contact  For 
(fig.  36.)  the  points  of  section,  D  and  d^  coalescing  in  T» 
it  follows  that  TZ  =  Tz;  and,  in  the  same  manner, 
(fig.  37.)  thepointo  W  and  tt?  coinciding  "F,  TZ^ becomes 
equal  to  TV. 

Cor.  2.  Hence  the  same  straight  lines  are  likewise,  on 
the  other  opposite  sides,  asymptotes  to  an  interposed  se^ 
cmdary  or  conjugate  hyperbola,  having  for  its  axes  those 
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€f  the  principal  hyperbola  interchaDged.  This  secondary 
hyperbola  is  represented  in  figures  9S.  and  37.  by  two 
doted  branches^  the  principal  axis  being  B'^. 

Cor.  S.  Hence,  from  the  eqaality  of  the  segments  D Y 
and  dxft  intercepted  between  the  curve  and  its  asymptotes, 
is  derived  an  easy  method  of  tracing  an  hyperbola  fropi  a 
series  of  points.  Thus,  in  fig.  75.,  ON  and  OS  being  the 
asymptotes,  and  C  a  point  in  the  curvel;  i^  through  C 
any  straight  line  QCS  be  drawn,  terminating  in  those 
asymptotes,  and  SR  be  made  equal  to  QC,  then  will  R  be 
another  point  of  the  hyperbola. 


DEFINITIONS. 


18.  A  point  which  is  bisected  by  any  diameter  is  said  to  be 
ordinatehf  ^piied,  either  half  of  it  is  called  an  ordinate^ 
while  the  segments  into  which  it  divides  the  diameter  are 
each  'termed  an  absciss* 

IB.  In  the  parabola,  the  parameter  of  any  diameter  is  equal 
to  the  double  ordinate  passing  through  the  focus ;  but, 
in  the  ellipse  and  hyperbola,  it  is  a  third  proportional 
to  that  diameter  and  the  conjugate. 

« 

Thus,  (fig.  48.  44.  and  45.)  DHi  is  ordinately  applied 
to  the  diameter  TO/,  DH  or  dH  is  an  ordinate^  and  the 
si^gments  TH  and  Hi  are  abscisses. 

Again,  in  the  parabola  (fig.  34.),  the  chord  GPg  ordinate  < 
ly  spplied  to  the  diameter  TH  is  called  the  parameter  of 
that  diameter ;  and  in  the  ellipse  and  hyperbola,  (fig.  35. 
and  36.),  the  diameter  Tt  is  to  its  conjugate  Ss,  as  the 
same  &  to  the  parameter  of  T/. 

It  fi)llows  that  in  the  parabolat  the  parameter  of  a  dia* 
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meter  is  equal  to  four  timeB  the  distattee  of  its  vertex  fin 
die  focus.  For  GM  and  gM  bring  joined)  the  right  angM 
triangles  MLT  and  FLT  are  eridently  eqaal*  and  ML  b 
equal  to  FL;  and  since  TL  and  NF  cut  MF  and  MN 
fMoportiooally,  therefore  NT  is  eqoa)  to  TM  or  TF.  Butt 
by  Prop.  IX.  cor.  4.,  the  angle  GM^  is  a  right  angles  and 
hence  contained  in  a  semicircle,  of  which  the  diameter  ia 
Og  and  the  centre  N ;  conseqoaitly  NG  is  equal  to  UMp 
and  is  the  double  of  TM. 
J" 

PROP.  XVII.    THEOR. 

If  a  straight  line,  with  a  given  inclination,  meet 
a  given  line  of  the  second  order,  the  rectangle  un- 
der its  segments,  intercepted  from  any  point  in  it, 
has  a  given  ratio  to  the  difference  of  the  squares 
of  the  real  and  apportionate  distances  of  that  point 
from  the  focus. 

Let  the  straight  line  KD^  (fig.  22.  28.  24.  and  25.) 
making  a  given  angle  with  the  directrix  or  axis,  meet  the 
given  curve  in  the  points  D  and  d ;  the  rectangle  under 
its  segments  DK,  Kd  has  a  given  ratio  to  the  difference 
between  the  square  of  FK,  the  real  distance  of  aqy  point  Kf 
from  the  focus,  and  the  square  of  the  apportionate  distance 
of  the  same  point. 

For*  produce  KDd  to  meet  the  directrix  in  M;  join 
FM,  FD,  and  F^^,  and  draw  KL  and  K/  respectively  pa- 
rallel to  FD  and  ¥d.  It  is  evident,  from  Proposition  VII, 
that  the  points  L  and  /  must  lie  in  the  circumference  of  a 
circle  described  from  K,  with  a  radius  equal  to  its  appor- 
tionate distance ;  and  let  FK  be  drawn  to  cut  that  circum* 
ference  in  the  points  I  and  i.  Yroni  the  property  of  pa- 
rallel and  diverging  lines,  KD  :  LF  :  :  MK :  ML,  and 


lAVM  OV  VBM  SECOND  OSDEB.  SSS 

Kd'.lBi:  MK  :  Ml;  wherefore,,  bj  compoundiDg  diete 
andogieB,  liK-KD  :  LF.F/  :  :  MK*  :  LM.M/.  But 
(lU.  26.  El.)  LF.F/=dF.Fi«(II.  17.  EL)  FK*— KL*; 
and^ibrUiesaixieTeiuoii,  LM.Mi=vM.MV=MK*— KL% 
or(%M.)  K:L«— MK»;  wbeiiceiiK.KD;FK«-^KL*:: 
MK*  :  MK*— KL%  or  KL*-MK*.  Again,  unoe  KM 
has  a  giv^i  inclinatioD,  it  has  likewise  a  given  ratio  to  the 
apportionate  distance  KL;  and  consequently  the  ratio  of 
the  square  of  MK  to  its  difference  from  the  square  of  KL 
it  given.  Wherefore  the  ratio  of  the  rectangle  under  the 
intercepted  sqpnents  KD  and  Kd  to  the  difference  of  the 
squares  of  FK  and  KL,  is  given. 

Cbr.  K  Hence  the  rectangles  under  the  intercepted  s^ 
mentsof  lines^  drawn  parallel  from  points  either  within  or 
without  the  curve,  are  proportional.  For  KaA  and  CPc 
(fig.  40.  41.  and  42.)  being  parallel,  the  rectangles  AKa 
and  CPc  have  each  the  same  given  ratio  to  the  respective 
differences  between  the  squares  of  the  real  and  apportionate 
distances  of  the  points  K  and  P  from  the  focus ;  and  KiB 
and  dPD  being  parallel,  the  rectangles  BK5  and  DTd 
likewise  have  another  given  ratio  to  the  same  differences 
of  these  squares.  Wherefore  (V.  3.  El.)  AKa  :  CVc  :  : 
BKi:DPrf::OG»:OH«. 

Cbr*  8.  If  the  secant  passes  into  a  tangent,  or  the  chord 
into  a  diameter,  the  rectangles  under  the  segments  become 
squares ;  and  hence  A'K'*  :  B'K'*  :  :  CPc  :  DPA  For 
the  same  reason,  tangents  are  proportional  to  their  paral* 
M  diameters. 

Cdt\  S.  Hence  (fig.  52.)  the  chord  Ee,  that  joins  the 
points  of  contact  of  two  tangents,  is  ordinateiy  applied  to 
the  diameter  CA,  which  passes  through  T,  their  point  of 
concourse.  For  draw  OL  and  0/  from  the  centre  paral- 
lel to  the  tangents,  and  (Prop.  XIII.)  apply  another  tan* 
gent  B6  parallel  to  Ef ;  join  TA  i  and  produce  it  to  meet 
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that  chord  in  K.  Bedaose  BE :  Ae : :  (VI.  I.  El.)  TE:T<f: : 

OL:<rf,  and  BE:  BA:  :OL:  OGand  &tf  :iA::0/:  (%t 
it  follows  that  BA  zbAii  OO :  O^,  and  therefore  E^  is  bi- 
fleeted  in  K$  but  this  chord  (Prop.  XIL)  is  likewtae 
bisected  by  O  A,  which  joins  the  point  of  contact  A  with 
the  centre^  and  consequently  TAK,  with  the  diameter, 
forms  one  straight  line. 

PROP.  XVIII.    THEOR. 

If^  through  any  point  in  an  hyperbola,  a  straight 
line  be  drawn  with  a  given  inclination  and  termt* 
nating  in  the  asymptotes,  the  rectangle  under  its 
segments  is  equivalent  to  a  given  space. 

If  the  straight  line  YDy  (6g.  S8.)  cross  the  asymptotes 
at  a  given  angle,  and  meet  the  curve  at  the  point  D  or  d^ 
the  rectangle  YD,  Dy,  or  Yd^  dy,  is  given ;  or,  if  IK Yy<2, 
with  a  given  inclination,  meet  the  opposite  branches  of  the 
hyperbola,  the  rectangle  D%  Dy,  or  Yd\  dy,  is  likewise 
given. 

For  join  the  focus  with  the  point  Y  in  the  asymptotCt 
and  the  point  B  where  that  asymptote  cuts  the  directriit 
and  let  fall  the  perpendicular  YZ.  Because  YDy  has  a 
given  inclination,  the  rectangle  DY,  Yd  (by  the  last  Pro- 
position) bears  a  given  ratio^tothe  difference  of  the  square 
of  the  real  and  of  the  apportionate  distance  of  the  point  Y 
from  the  focus.  But  the  right  angled  triangle  YZB  being 
evidently  similar  to  OCB,  YZ  is  to  YB  as  OC  to  OB  or 
OA,  that  is,  in  the  determining  ratio,  and,  consequently, 
by  definition  1 8.,  YB  is  the  apportionate  focal  distance  of 
the  point  Y.  Again,  since  the  triangle  FBY  is  right-an- 
gled, the  square  of  FB  is  equivalent  (IL  10.  cor.  £1.)  to 
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fhe  difference  between  the  aqaftree  of  YF  and  YB^  or  of 
the  real  and  apportionate  diatances  s  bat  the  perpendicular 
FB  U  giveB»  and  therefore  the  rectangle  DY,  Ydf  which  has 
a  ^ven  ratio  to  it,  is  likewise  given.  Now  (by  Prop.  XIIL}» 
the  scgm^ita  DY  and  Dy  are  equal  to  tb/  and  dYf  and» 
GCMisequently,  the  rectangle  YDy  is  also  given. 

Cbr.  1.  Hence  the  rectangle  under  the  segments  DY  and 
1)^  of  any  straight  line  drawn  through  a  point  of  the  curve 
and  terminating  in  the  asymptotes,  is  equivalent  to  the 
square  of  the  intercepted  parallel  tangent  QT,  or  of  the 
parallel  semidiameter.  For  tOTH  being  a  diameter  to  Dd^ 
the  tangent  QT;  is  (Prop*  XVL  cor.  1.)  bisectc;d  At  the 
point  of  contact  T,  and  consequently  the  rectangle  QTq 
is  the  same  i^  the  square  of  QT.  Wherefore,  since  Dd 
and  QT,  being  parallel,  have  the  same  inclination  to  the 
asymptotes,  the  rectangle  YDy  and  the  square  of  QT 
bear  likewise  the  same  ratio  to  the  square  of  FB,  and  are 
thence  mutually  equivalent.  In  the  same  manner,  it  is 
abown  that  the  rectangle  YDy  is  equivalent  to  the  rect* 
angle  TO^,  or  to  the  square  of  the  seinidiameter  OT. 

Cdr.  2.  Hence  the  rectangle  under  the  straight  lines  Dy 
and  DX,  drawn  to  the  asymptotes  at  given  angles  from 
any  point  in  the  curve,  is  given ;  for  the  triangle  XDY  is 
evidently  given  in  species,  and  consequently  the  ratio  of 
DY  to  DX,  and  that  of  the  rectangle  D  Y,  Dj/,  to  DX,  Dy, 
are  given ;  but  the  rectangle  DY,  Dy  being  given,  the 
rectangle  DX,  Dy  is  therefore  likewise  given.  The  gra- 
dual  approximation  of  the  asymptotes  to  the  curves  with- 
out  ever  meeting  it,  is  thence  manifest. 

Car.  S.  Hence  rhomboids  OADM  and  OBEN  (fig.  61.) 
inscribed  between  an  hjrperbola  and  its  asymptotes  are  e- 
quivalent;  and  consequently,  (VI.  23.  cor.  2.  £].)  straight 
fines  AD  and  BE  drawn  from  the  curve  parallel  to  one' 
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asynptotei  are  reciprocatly  m  the  distenoes  OA  and  OB 
which  they  intercept  on  the  other. 

H^ice  ako  the  triangles  inscribed  between  the  curve  and 
its  asymptotes  are  equivalent* 

PROP.  XIX.    THEOR. 

In  the  parabola,  the  square  of  an  ordinate  ap- 
plied  to  any  diameter,  is  equivalent  to  the  rect- 
angle under  the  absciss  and  the  parameter  of  that 
diameter ;  but  in  the  ellipse  and  hyperbola,  the 
square  of  an  ordinate  is  a  fourth  proportional  to 
its  diameter,  the  parameter,  and  the  rectangle  un- 
der the  segments  of  that  diameter* 

1.  In  the  Parabola* 

Let  TH  (fig.  43.)  be  a  diameter,  to  which  DHdisordt- 
nately  applied  i  the  rectangle  mider  TH  and  its  parame- 
ter is  equivalent  to  the  square  of  HD.  For,  draw  the 
tangent  TX,  join  FT  and  FM,  which  produce  to  meet 
D^  in  P,  and  join  MI,  Mt .  But  the  parallels  IFf  and 
lyjid  having  the  same  inclination  to  the  axis,  and  the 
apportionate  distances  of  the  points  N  and  H  from  the 
focus  being  in  this  case  equal  to  NM  and  HM ;  it  foU 
lows,  by  Prop.  XVII,  that  NI*  :  HD*  : :  NM*— NP» 
:  HM'— HF*.  Now  NF  and  HP  being  (Prop.  VII. 
cor.  2.)  perpendicalar  to  MP,  third  term  of  the  Boahgf 
NM»— NF»  ss  (I.  10.  cor.  El.)  MF»,  and  the  fourth  term 
HM»  —  HF»  =s  (II.  17.  £1.)  MF.2PX  or  4MX.PX: 
whence  NI»  :  HD»  :  :  MF»  or  4MX.MX  :  4MX.PX 
: :  (V.  25.  cor.  2.  El.)  MX.PX : :  (VI.  1.  El.)  MT  :  TH. 
But  NI»  =  NM»  =  4.MT.MT,  and  therefore  (V.  4.  EL) 
HD* =4MT.TH,  or  the  square  of  HD  is  equivalent  to  the 
rectangle  under  TH  and  the  parameter. 
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2.  La  the  Ellipse. 

Let  DH  d  (fig.  4i.)  be  ordinately  applied  to  the  diame* 
ter  TOf»  ef  wUch  SOs  is  coDJogate  $  thea  T^  :  Ss*  : : 
TH/:HD».     , 

For  &  being  parallel  to  Dd,  the  rectangles  formed  by 
the  intersections  at  the  points  O  and  H  are  (Prop.  XIV* 
cor.  1.)  proportional,  that  is,  TO^  or  TO»  :  SO$  or  SO  : : 
TH/  :  DHrf  or  HD%  and  consequently  T^  :  Ss* : :  TH/  : 
HD*,  or  T^ ;  parameter : :  TUt :  HD*.  '    , 

S.  In  the  Hyperbola. 

Let  DHi2  (fig.  45.)  be  ordinately  s^pHed  to  the  diame- 
ter toT^  and  SOS>  equal  to  the  tangent  QTj^ » intercepted 
by  the  asymptotes,  represents  the  conjugate,  or  is  the  ima* 
ginary  or  secondary  diameter ;  then  will  T/* :  Ss^ : :  THb : 
HD*. 

For  the  tangent  at  T  being  parallel  to-  the  ordinate  HD, 
it  follows,  that  OT :  TQ  : :  OH  :  HY,  or  (V.  22.  cor.  1. 
EL)  OT*  :  TQ*  : :  OH* :  HY*  ;  and  consequently  (V.  19. 
cor.  1.  El.)  OT*:TQ*orOS*::OH*--Or* :  HY*— TQ*. 
Bot  (11.  17.  El.)  OH*~OT*  =  Ttt,  and,  by  cor.  K 
Prop.  XVIU.  TQ»= YDy,  or  HY*— TQ*=HY*-YD^ 
=(11.  17.  cor.  1.  El.)  HD* ;  whence  OT* :  TQ*  :  :  TH^ : 
HD*,  and,  therefore  T^ :  Si* : :  TBt :  HD%  or  Tt :  para- 
meter  ::TH^:HD*. 

Cor.  \.  Hence  in  the  parabola  (fig.  43.)  the  square  of 
the  perpendieolar  DK  to  a  diameter,  is  equivalent  to  the 
rectttogle  under  the  absciss  TH  and  the  parameter  of  the 


Cor.  2.  Hence  ako  in  the  parabola,  the  rectangle  under 

the  si^gments  DF  and  Pd  of  a  chord  is  equivalent  to  the 

,  rectangle  under  the  intercepted  portion  AP  of  any  diame* 

ter  cutting  it  and  the  parameter  of  the  diameter  TH  \m 
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wliicb  the  chord  is  ordinatdy  applied.  For,  haying  drawn 
AV  an  ordinate  or  parallel  to  Ddf  then  HD'sTH.iFT^ 
and  VA«  or  HP*'=TV.4FT,  and  conseqoently  HD*~ 
HF*=DFrf=AP.4FT, 

PEOP.  XX.    THEOR. 

Any  strs^ight  line  extended  from  the  concourse 
of  two  tangents  is  divided  harmonically  by  the 
curve  and  the  chord  which  joins  the  points  of  con* 
tact. 

Let  CA  and  PB  (fig.  46.  47.  and  48.)  be  two  tangents, 
and  CDE6  a  straight  line  drawn  through  their  point  of 
concourse  C  to  cut  the  curve  at  D,  and  terminate  in  remo- 
ter flexure  at.O^  while  at  E  it  crosses  the  chord  AB  joining 
the  points  of  contact ;  this  line  CG  is  harmonically  divided 
in  the  intermediate  points  D  and  E,  or  CG :  CD  : :  EG : 
ED. 

For,  through  D  and  G,  the  points  of  section  by  the  curve, 
draw  the  parallels  IDL  and  KGMttaieeting  the  tangents  in 
I,  L,  and  K,  M,  and,  through  the  point  of  concourse  C, 
draw  a  diameter  CD^G^  This  diameter  must  (Prop.  XVII. 
cor.  S.)  bisect  the  parallel  chords  DN,  AB|  and  GH  ; 
but  (VI.  2.  £1.)  it  bisects  likewise  the  transverse  lines  IL 
and  KM;  whence ID  =  NL,  and  KG=:MM,or  IN=DL 
and  KH=GM.  Again,  from  the  property  of  parallel  and 
diveiging  lines,  CK :  CI : :  KG :  ID : :  GM :  DL,  and  con- 
sequendy,  by  composition  of  ratios,  CK'  :  CP :  t  KGM  or 
GKH  :  IDL  or  DIN.  Now,  since  the  secante  KGH  and 
IDN  are  parallel,  AK>  :  AP  :  :  GKH  :  DIN  (Prop. 
XVI I.  cor.  U.) ;  whence,  by  identity  of  ratios,  CK* :  CI* : : 
AK* :  AP,  and  therefore  CK  :  CI : :  AK  :  AI.  But  (VI. 
l.EL)CK:  CI::CG:  CD,  and  AK:  AI: :  EG:  ED, 
and  hence  CG  :  CD  : :  EG :  ED. 
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Cor.  \ .  Hence  the  intercepted  portion  DG  of  the  secant 
is  cut  internally  and  externally  at  the  points  E  and  C  in 
the  same  ratio ;  and  consequently  (VL  7.  £1.)  when  this 
secant  passes  through  the  centre^  the  semidiameter  Oiy  is 
a  mean  proportional  between  the  distances  OE'  and  OC 
intercepted  by  the  ordinate  AE'  and  the  tangent  AC. 

Cor.  2*  Hence,  if  from  any  point  B  (fig.  49<)  in  thedia* 
meter  of  an  ellipse,  an  ordinate  AB  be  drawn,  and  a  per- 
pendicular BE  erected  to  meet  a  circle  described  on  CD* 
the  tangents  AT  and  ET  applied*  at  their  extremities  will 
concur  in  the  same  point  T  of  the  diameter  produced.  For 
join  OE,  and  from  the  similar  triangles  OBE  and  OET, 
OB :  OE  or  OC : :  OE  or  OC :  OT;  the  same  property  as 
in  the  ellipse^  and  consequently  the  point  T  is  identical. 

Cor.  5.  When  the  straight  line  CBE  or  Cde  drawn 
through  the  point  of  concourse  C  or  C^  to  meet  the  curve 
and  the  chord  joining  the  points  of  contact,  is  parallel  to  the 
axis  in  the  parabola,  or  when  it  is  (fig.  47.)  parallel  to  eitlfer 
asymptote  in  the  hyperbola,  it  will  evidently  never  meet 
the  curve  again,  and  must,  therefore,  have  its  exterior  and 
interior  segments  Cd  and  de  equal.  In  the  parabda  this 
property  is  easily  demonstrated  directly  |  for  (fig.  48.) 
draw  dm  parallel  to  CA,  n^eeting  the  diameter  from  A,  up- 
on  which  let  fiill,  from  A  and  B,  the  perpendiculars  A/  and 
Bi.  By  cor.  1.  to  the  last  proposition,  the  squares  of 
these  lines  are  equivalent  respectively  to  the  rectangles  un- 
der the  abscisses  Am  and  de,  and  the  parameter  of  the 
axis ;  wherefore  Am  or  Cd  is  equal  to  de. 

Cor*  4t.  Hence  if  two  tangents  AD  and  BD  to  a  para- 
bola (fig.  94.),  be  cut  by  a  third  tangent  ECG,  their 
segments  will  be  mutually  proportional.  For  the  diame- 
ters DH,  EI  and  GL  will  bisect  the  chords  AB,  AC  and 
BC;  whence  AH=:BH»  AI=1K»  and  KLsLB,  and 
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coiiS6quei|dyIH=KL.  Wherefore  AE :  ED ::  AI :  IH 
IK:KL::£C:C6::HL:LB::DO:OR 
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Chords  drawn  through  the  focus  are  proper* 
tional  to  the  rectangles  under  their  s^ments. 

la  fig.  17,  18,  19.  and  21,  the  chord  DD"  is  to  HH; 
pM  the  reclangles  ander  the  segmenta  DF  and  Fiy,  in- 
tercepted by  the  focus,  to  the  rectangle  under  HF  and  FH'. 

For  draw  the  perpendicular  ordinate  GG',  bisect  the 
chord  DD'  in  P»  and  produce  it  to  meet  the  direc- 
trix in  M.  From  the  property  of  the  curve,  F6  :  FD  : : 
FC  :  DE  :  :  FM  ;  DM;  and  for  the  same  reason^ 
FG'  :FD' : :  FM  :  D'M;  whence  FG  or  FG' :  SPD  : : 
FM  :  SPM,  or  FG  :  PD  :  :  FM  :  PM.  But  since  by 
Prop.  XVII.,  D^M  is  cut  harmonically  in  the  points 
F  and  D,  it  follows  (VI.  7.)  that  PF:  PD::  PD:  PM, 
and  therefore  PF :  PM  : :  PF*  :  PD* ;  and,  by  division, 
FM  :  PM : :  PD*— PF*  or  DFD' :  PD*.  Whence,  by 
identity  of  ratios,  DFiy :  PD*  :  :  FG :  PD : :  ( V.  24.  EL) 
FG.PD :  PD* ;  and  therefore  the  rectangle  under  DF, 
FD'  is  equivalent  to  the  rectangle  under  PD  and  FG,  or 
under  the  chord  DD',  and  the  half  of  FG.  In  like 
manner,  it  may  be  shewn  that  the  rectangle  under  FH  and 
FH'  is  equivalent  to  the  rectangle  under  the  chord  HH^ 
and  the  half  of  FG.  Wherefore  the  rectangles  DFiy 
and  HFH'  are  as  ibe  chords  DD'  and  HH'. 

Cor.  I.  Hence,  in  the  ellipse  and  hyperbola,  the  rectangle 
under  the  transverse  axis  Aa,  and  any  focal  chord  DD'  is 
equivalent  to  the  square  of  the  parallel  diameter  10I'« 
For,   since  the  transverse  axis  itself  is  a  focal    chords 
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Aa  t  Diy : :  A¥a :  DFIKj  but,  by  Prop.  XVII.  cor.  1.,  iho 
rectangle  AFa  is  to  DFIV  as  the  square  of  OA  is  to  that 
of  OX,  or  as  the  square  of  Aa  to  that  of  IF.  Wherefore 
Aa*  :  ir* : :  Aa :  DD' : :  Aa' :  Aa.DD,  and  consequently 

Aa.Diy=ir». 

Car.  2.  Hence  in  the  ellipse  aod  hyperbola  (fig.  35*  and 
S6.}  a  diameter  Tt  is  to  the  transverse  axis  Aa^  as  the  fo^ 
cal  chord  Gg  to  the  parameter  of  that  diameter  to  which  it 
is ordinately applied.  For  T^:  & : :  & :  parameter,  or  Ss'ac. 
T/.  parameter;  but  Ss^  =  Aa.G|g,  and  consequently  T^  pa^ 
lameter  =  Aa.Cig, oxTtiAuiiQg: parameter  of  T^. 

PROP.  XXII.    THEOB. 

The  sum  of  the  squares  of  two  conjugate  dia« 
meters  in  the  same  ellipse,  and  their  difference  in 
the  same  hyperbola,  is  equivalent  to  a  gived 
space. 

1.  IniheEUipse* 

Let  SO5  and  TO^  (fig.  90.)  be  two  conjugate  diame* 
ten ;  their  squares  are  together  equivalent  to  the  squares 
of  the  two  axes. 

For  produce  the  conjugate  diameters  to  meet  the  diree* 
tiix  in  M  and  F,  join  MF  and  PF,  and  extend  them  to  K 
and  I ;  through  the  focus  draw  FN  and  FX  parallel  to  PO 
and  MO,  and  upon  FO  let  faU  the  perpendiculars  NY  and 


Since  (Pr^.  X.  cor.  4.)  OM.ONsOTS  and  (Prop.  X. 
cor.  S.)  OM.OK=OA»3COF,  therefore  OT»  =  COF— 
OM.KN.  But,  FN  being  parallel  to  PO,  the  angle  KNF 
is  equal  to  MOI,  and  the  angles  at  K  and  at  I  are  botb 
right  angles  I  whence  the  triangle  KFN  is  similar  to  IMO^ 

S 
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and  consequently  KN  :  FN  : :  OI :  OXf,  and  OM.KN=r 
OI.FN  or  lOX.  Wbertfore,  by  substitution,  OT^rr 
COF — lOX ;  and  in  the  teme  manner}  it  is  proved  tbat 
OS» = COF— KON.  Now,  the  right-angled  triangles  OIP 
and  OZX  being  evidently  similar,  OF  :  OI  rr  OX  :  OZ» 
atod  OF.OZ  =  OLOX;  whence  OT*  =  COF— ZOF= 
OF.cz.  For  the  same  reason,  OS*=:OF:CY,  and  con- 
wqnently  OT»  +  OS*  =  OF  (CZ  +  CY)OF.CF  + 
OF  (CZ+FY).  Now,  GF.CF  =  OB*,  and  the  triangle* 
OYN  and  FZX  being  evidently  equal,  the  segments  PZ 
and  FY  are  together  equal'  to  the  whole  diagonal  OF,  and 
hence  OF  (CZ+FY)  =  OF.OC  =  OA*.  Wherefore 
T/*+S5=Afl»+B6*. 

2*  In  the  Hyperbola^ 

Let  T  (fig.  91.)  be  any  point  in  the  curve*  from  which 
OT  is  drawn  to  the^centre>  and  the  tangent  G»  T£  to  the 
asymptotes ;  GE  was  shown  (XVIII.  cor.  1 .)  to  be  equal 
to  the  imaginary  or  secondary  conjugate  diameter,  and 
the  difference  between  its  square  and  that  of  twice  DC  re- 
mains the  same  in  every  position. 

For  the  same  construction  being  employed  as  before, 
only  changing  the  position  of  the  lines,  it  is  obvious  that 
OT*=OM.ON=OM.OK+OM.KN.  But  the  right-an- 
gled triangles  OCM  and  OlM  are  similar  to  OKP  and 
NKF,  and  therefore  OM  :  OC  :  :  OF :  OK,  and  OM:  Ol 
: :  FN  :  KN ;  consequently  OM.OK  zr  OF.OC,  and 
OM.KN=:OI.FN.  But  the  right-angled  tnangles  OIP 
and  FYN  being  similar,  OI  :*  OF  :  :  FY  :  FN,  and 
OI.FN  =  OF.FY=:OF.OZ.  Whence,  by  substitution, 
OT*=pF.OC+OF.OZ=OP.CZ.  In  like  manner,  it 
may  be  proved  that  OS*=:OP;CY,  wherefore  OT*— OS*=: 
OF(CZ— CY)  =  OF(OC— CF)»  =  OF.OC -OF.CFs 
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OA*— OB* ;  and  consequently  OT»— OS* = O A*— OB'*, 
Bud  thoice  T^— &» = A«*— B'**. 

Car.  I.  HeAce,  in  an  equilateral  hyp^bola  which  cor- 
responds to  the  circle,  since  the  axes  are  equal,  any  con* 
jugate  diameters  must  also  be  constantly  equal.  This  ap- 
pears  likewise  from  the  inspection  of  fig.  58.;  for  thctrian* 
gle  QOq  being  right-angled',  the  middle  point  T  of  Q;  is 
the  centre  of  a  semicircle  described  on  that  base,  and 
consequently  the  radius  TO  =:  TQ ;  but  TQ  is  equal  to 
the  semidiameter  which  is  secondary  or  conjugate  to  OT. 

Cor.  2.  Hence  in  the  ellipse^  the  squares  of  the  sum 
and  of  the  di£ference  of  two  conjugate  diameters  are  toge* 
iher  constant  in  the  same  curve.  For,  it  is  evident  from 
II.  18.  EL,  that  the  squares  of  the  sum  and  of  the  dif- 
ference of  any  two  lines  are  equivalent  to  twice  their 
squares. 

PROP.  XXIIL    THEOR. 

If  two  tangents  applied  at  the  extremities  of  a 
diameter  meet  an  oblique  tangent,  their  rectangle 
is  equivalenito  the  square  of  a  parallel  semidiame^ 
ter  ;  and  the  rectangle  under  the  segments  of  this 
third  tangent  at  its  point  of  contacts  is  equivalent 
to  the  square  of  a  semidiameter  drawn  parallel  to 
it.  ., 

Let  (fig.  52.  and  55.)  AB  and  CD  be  two  tangents  ap- 
plied at  the  extremities  of  the  diameter  AC,  and  limited 
by  a  diird  tangent  BED ;  and,  if  OG  and  OL  be  drawn 
from  the  centre  parallel  to  AB  or  CD  and  BD,  then  will 
AB.CD=OG*  and  BE.ED=OL*. 

For  produce  the  diameter  AC  and  the  tangent  BD  td 
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meet  in  T;  also  produce OG  to  H,  and  draw  EI,  £K  pa^ 
rallel  to  AC  and  AB.  From  the  property  of  paraUel  and 
diTerging  lines,  AT  :  AB  :  :  TK  :  K£  :  :  TO  :  OH  : : 
TC :  CD.  And  oonseqoently  (V.  28*  £1)  AT*  :  AB*  : : 
AT.TC  :  AB.CD : :  KT-TO :  KE.OH ;  but  (Prop.  XX. 
cor.  f.)  AT.TC  =  KT.TO,  and  therefore  AB.CD= 
K£.OH  or  OI.OH.  Now  (Prop.  XX.)  OI,  OG  and  OH 
being  continued  proportionals  OLOHsOO*,  and  hence 
AB.CD=OG*.  Again,  because  the  tangents  CD  and 
£D  are  parallel  to  the  semidiameters  OG  and  OL|  there- 
fore (Prop.  XVII.  cor.  ?.)  CD* :  £D*  :  :OG*  :  OL* ;  but 
the  lines  TC  and  TD  being  divided  similarly  by  the  several 
parallels,  and  OK,  OA  and  OT  being  proportionals,  it 
follows  that  HE}  HB  and  HT  are  likewise  in  continued 
proportion ;  and  hence  AB :  CD : :  BT :  TD : :  BE :  ED, 
and  (V.  25.  cor.  2.)  AB.CD  :CD*  ::  BE.ED:ED* :  or 
alternately  AB.CD  :  BE.ED  : :  CD*  :  ED*.  Wherefore 
AB.CD  :  BE.ED : :  OG* :  OL*,  and  since  it  was  proved 
that  AB.CD=OG%  therefore  BE.ED=OL». 

Cbr.  Hence  TE.EH= OL».  For  TD  :  ED : :  TB :  BE, 
whence  TD  :  ED  : :  DB  or  2BH  :  2EH  :  :  BH  :  EH, 
or  by  division,  TE  :  ED  :  :  BE  :  EH,  and  therefore 
BE.EDorOL*=TEEH. 

PROP.  XXIV.    THEOR. 

The  rhomboid  which  circumscribes  a  given  line 
of  the  second  order,  contains  a  given  space. 

Let  DE  and  GH  (fig.  54.  and  57.)  be  conjugate  diame- 
ters, and  KI|  LM,  and  KL,  IM  tangents  applied  at  their 
extremities,  and  which  will  evidently  form  a  paraiielogram ; 
this  figure  IKLM  is  equivalent  to  the  rectangle  under  the 
two  axes  ha  and  B6. 
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*Por,  in  flgores  S5.  and  S6.,  from  the  properties  alrea- 
dy demoDBtr^ed,  and  from  those  of  parallel  aqd  diverging 
lines,  it  is  evident  that  MO  :  MN: :  MI :  MF:  :0I:  OX 
:  :  OLOPor  OA*  :  OX.OPorO&P;  and  again  MO :  MN 
:  :  MI :  MF  : :  MI.IF  or  IL* :  MF.IF  or  OF.FC,  that 
is,  OB^  Wherefore,  by  identity  of  ratios,  OA^ :  OS*  : : 
IL*  :  OB',  and  consequently  OA  :  OS  :  :  IL  :  OB; 
whence  the  rectangle  under  the  semiaxes  OA  and  OB  is 
eqaivalent  to  the  rectangle  under  the  semidiametcr  OS 
and  the  perpendicular  IL,  which  is  obviously  the  area  of 
-the  rhomboid  T&  Whence  the  whole  circumscribing 
rhomboid,  being  the  ^quadruple  of  this,  roust  contain  a 
space  equivalent  to  the  rectangle  under  both  the  axes  Aa 
and  Bb. 

Cor.  Hence  the  inscribed  rhomboid  formed  by  joining 
the  extremities  of  the  two  axes  is  equal  to  half  their  rect^ 
angles. 

PROP,  XXV.    THEOR. 

In  liie  ellipse  aod  hiyperbola,  the  rectangle  un- 
der  perpendiculars  let  fall  from  the  foci  upon  any 
tangent  to  the  curve,  is  equivalent  to  the,  square 
of  the  semiconjugate  axis  ;  and  the  rectangle  un- 
der straight  lines  which  join  the  foci  with  the 
point  of  contact,  is  equivalent  to  the  square  of  a 
semidiameter  drawn  parallel  to  the  tangent. 

Let  (fig.  £5.  and  56.).DC£  be  a  tangent  to  the  curv^ 
FD  and  y*£  perpendiculars  let  fiiU  upon  it  from  the  tvro 
foci,  FC  and  /C  straight  lines  drawn  likewise  from  them 
to  the  point  of  contact,  OI  a  semidiameter  parallel  to  DE, 
and  OS  the  semioonjugate  axis ;  then  will  FD/£=:OB% 
and  FC/CsOP. 
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I 

For  joiQ  OD^  OC,  QE,  and  produce  FD  to  meei/C  aad 
OE  in  the  points  G  and  H.  Beoaiise  the  ^cterior  au(^ 
FCG  is  bisected  by  the  teogentt  the  right  abgled  triani^ 
CDF  add  GDG,  ba^ifig  the  angle  FCDsGCD,  and  the 
side  CD  common^  ar«  equal;  whertfore  GCssFQ  and 
/C=icGCs=/OdtrFCv  But  the  transverse  axis  As  is  e- 
qual  to/C+FC  in  the  elli|l8e»  and  tp/C— FC  in  the  hy- 
perbola; whence  CD,  as  it. bisects  FG  and  ]^  is  eqnal  to 
the  half  of  Aa  or  to  OA^  #nd  consequently  the  point  I> 
lies  in  the  drcumference  of  a  ^circle  described  upon  the 
transverse  axis.  In  like  tnaiiner,  it  is  sheim  that  the  point 
£  lies  in  the  same  circle.  Next,  the  triangles  OHF  and 
OEj^  having  their  vertical  angles  U  O  equals  the  angle 
OFH  equal  to  the  alternate  angle  Q^£^  and  the  side  OF 
equal  to  Of,  are  equal,  (L  SI.  EL),  and  therefi^re  OH  is 
equal  to  OE»  and  jiie  point  H  lies  in  the  same  circumib- 
rence.  But  from  the  property  of  the  circle,  the  rectangle 
under  FD  and  FH  ory*E  is  equivalent  to  the  rectang^ 
under  AFand  Fa,  that  is,  (Prop.  6.  cor.  8.)  to  the  square 
OB.  Again,  since  Aar:y*C=±:FC,  therefore  (IL  15«  and  16. 
El.)  Afl»  2=/C*  +  FC»=l=2PC/C ;  but  (IL  2«.  El.)/C»+ 
FC»=r20C»+^OF*,andcooseqaentiy20A'=:OC»+OF* 
lisFCfC.  Now  (Prop^  M.)  OA*=t=OB»=OC*=fcOP, 
and  adding  OF*  to  both,  20A*  =  OC*  +  OF*=±=OI% 
whence  FC/C=OP. 

Cor.  1.  Hence  if  a  perpendicular  ON  (fig.  5S.  and  56.) 
be  let  fall  from  the  centre  upon  a  tangent,  OA  :  ON  :  : 
OI :  OB.  For  from  similar  triangles,  FC :  FD  :  :/C  :/E, 
and  (V.  19.  El.)  FC:  FD :  :/C=±=FC  or  20A  :/E=i=FD 
or  20N;  but  by  composition  of  ratios,  FC* :  FD* :  FC/C 
w  OP  :  FD/E  or  OB*,  and  consequently  OA*  :  ON*  : : 
OP  :  OBS  or  OA :  ON  s :  OI :  OB. 
;     Cor.  2.  JFIenoe  also  FC  :  FD: :  OI :  Oa    For,  by  tibe 


fircMding  #tff olUqr,  JCf  :  FIP :  r  EC/C  or  OP :  FD/E, 

.  ^  I  C!9f /  Si  Httite  in  tfaeelli|>se  (fig.  53.)  if*  perpendicalar 
CRp-at  die  oMitact  of  a  langeiitt  Bod  whieh  is  Bometimes 
called  a  teohpio/,  be  prodiiced  to  meet  the  conjugate  axis  in 
rj  ttenvJU  OA' :  OB* : :  Cr :  CB.  For  appfy  the  oedi- 
fiate  Cf  to  t^  iraoB^enfie  fp(is^  iHd  siBoe  QR  evidently  bi- 
4^(»  ibe  ttpglff  F<^  i(  follows  that  FC  is  to  FR  as  /C  to 
/E,  or  as  FC+/C  pr  AiJ  to  FR+/R  or  F/,-  whence 
OA»  :  OF*  :/C»— FC%  or  yP»_FP» : /R*— FRs  or 
OA>:QF»;:QF.OP:0'F,OR::OP:OR;butOP:OR:: 
€> :  rR,  and^  oonseqiiQlidy  OA*  «  OP  i  :  Cr  :  rR,  or 
i)A* :  OB*: :  C> :  Hq. 

PROP.  XXVI.    THEOR. 

In  the  ellipse  the  rectangle  under  a  straight  line 
drawn  from  the  focus  to  the  curve,  and  the  semi- 
transverse  axis  increased  or  diminished  by  the  in- 
ternal or  ext^nal  portion  intercepted  between 
the  focus  and  a  perpendicular  let  ^adi  upon  it  ftom 
the  c^itroy  is  equivident  to  the  square  of  the  se« 
micoii]tigate« 

Upon  a  straight  line  FD  or  Fd  (fig.  62.)  drawn  from 
the  focus  to  tbe  curve»  let  fall  the  peFpendioukr  OH  finom 
the  centre  intercepting  a  segment  FH»  then,  Aa  and  Bi 
being  the  two  axes^  FD  (OA  +  FH)  s  OB*  or  Fd 
(OA— FH)=:OB\ 

For  let  C£  be  the  directrix,  produce  the  axis  Aa  to 
meet  it,  and  draw  DE  or  de  parallel  to  OC,  and  DG  or 
dg  parallel  to  C£.  The  right-angled  triangles  DF6,  or 
dFg,  and  OFH  being  evidently  similar,  FD  :  FG,  or 
Fd  :  F^  :  :  OF  :  FH,  and  hence  (V.  6.  EL)  FD.FH= 
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OF.F6,  or  FcI.FHsFg.OF.  Bat,  from  the  nature  of 
tbecunre,  FD:DEorC6,  or  Fii:  Q  : :  OF:OA»  and 
coBseqttently  FD.OA  31  OF.CG,  or  FdOA  s  Cg.OF. 
Wherefore,  by  combining  tbete  equivalent  rectangles, 
FD.OA+FD.FH  =  OF.qg  +  OF.FG,  and  FAOA— 
FD.FHsr  OF.C^  — OF.F^,  tbat  is,  Fl>(OA+FH)=s 
OF  (CG  +  FG)  =  OF.CF,  or  Frf  (OA  —  FH)  =r 
OF  (dgr  _  F^)  1=  OF.CF.  Now  (Pl-op.  VI.  cor.  d. 
OF.CFs=  AF.FacOBS  and  hence  FD  (OA+FH)=0B« 
«Fd(OA^FH). 

*  Cor.  1.  It  is  evident  that  the  some  property  might  be 
extended  to  the  hyperbola.  Bat  in  this  case  the  rectangle 
under  FD,  and  the  excess  of  OA  above  FH,  is  eqaivaknt 
to  the  square  of  the  secondary  semioxis,  or  to  the  excess 
of  the  eccentricity  above  that  of  the  semitransverse.  As 
the  line  from  the  focus  approaches  to  a  parallelism  with 
the  asymptote»  FH  becomes  nearer  equal  to  OA,  and 
eonsequently  FD  tends  towards  indefinite  extension. 

Cbr.  2.  Hence  in  the  parabola  (fig.  66.)  if,  from  the 
point  C  in  the  directrix,  a  perpendicular  CI  be  let  fidl  up- 
on FDj  then  wUl  FD  (CF+FI)=5CP,or  Fd(CF— FI) 
s:CF\  For  the  triangles  CFl  and  DFG,  or  dFg^  being 
similar,  CF  :  FI : :  FD  :  FG,  or  Yd  :  Fg,  and  therrfore 
CF.FG  =  FD.FI,  or  CG.FI,  and  CF.Fg  =  FAFI,  or 
Cg.Fl ;  with  each  of  these  conjoin  CF.CGor  CF.Qf,and 
CF*=FD  (CF+ FI),  or  CF* = Fd  (CF— FI). 

Scholium.  This  proposition  is  of  singular  use  In  astrono* 
my.  The  semitransverse  axis  OA  (fig.  G2.)  being  express- 
ed by  unit,  let  the  semiconjagate  be  denoted  by  6,  the  eo- 
centricity  OF  by  1,  the  radius  vector  FD  by  r,  and  the  true 

anomaly f  or  the  angle  AFD,  by  ^ ;  then  FH=t  cot  9,  and 

1 i» 

*•  ?^ l-i-i* ^^il+t  cos  ^),  and  consequently rss^  , 


^ 
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Tor  tbe  cometary  motions,  the  parabola  nay  be  amim- 
ed  witb  sufficient  accaracy.    In  this  Gaite»  let  the  paraine- 

ter  of  tbe  axis  be  denominated  by  j>,  add  -^  z  ry^  +^  co$^\^ 

orp\  =r  (2p+2ji  cot  ^ ) ;  whence  r  =  |  (|  ^  coi^)' 

These  expressions  are  easily  expanded  into  infinite  se- 
ries, in  which  again  the  powers  of  cos  p  may,  by  the  appli- 
cation of  the  arithmetic  of  sines,  be  changed  into  the  co- 
sines or  sines  of  multiple  arcs. 


PROP.  XXVII-    THEOR. 

If  one  of  the  asymptotes  of  an  hyperbola  be  di- 
vided into  segments  in  continued  proportion,  by 
parailels  to  tbe  other  asymptote,  straight  lines 
drawn  from  the  centre  to  the  point  where  these 
meet  the  curve,  will  contain  equal  sectors. 

In  the  asymptote  OI  (fig.  61.)  of  an  hyperbola,  let  dis- 
tances from  the  centre  be  assumed,  snch  that  OA  is  to  OB^ 
as  OB  to  OC  $  and,  from  the  points  of  division,  draw  AD, 
BE  and  CF  parallel  to  the  other  asymptote  OL,  and  meet- 
ing the  curve  In  D,  E  and  F  \  then  if,  fitim  the  centre,  the 
radiating  lines  OD,  OE,  and  OF  be  drawn,  they  will  form 
the  sector  DOE  equivalent  to  EOF. 

For,  at  the  middle  point  £!,  apply  a  tangent  to  the  carve, 
and  join  tbe  points  D  and  F  by  a  chord,  extending  both 
these  lines  to  meet  the  asymptotes  in  H,K  and  1|L ;  and 
produce  the  radiating  line  OE  to  meet  the  chord  DF  in 
G.  From  the  property  of  the  asymptotes,  the  intaxsept- 
ed  portion  EK  is  equal  to  EH,  and  DL  to  FI ;  whence 


j(Vh  h  KL)  lihe  miretpcmdu^.  M^gment  OR  is  eyal  to 
J^Hy  md  QA  to  CI.  i^pun,tbjep^4diekA{)^ 
^re  (Prop.  ^VIII.  cor.  S.)  reciprocally  aa  the  distances 
'OA,  Od  ami  OC  from  the  centre,  and  conseqttendy  CF 
18  to. BE  as  OB  to  OC,  or  as  OA  to  OB }  that  is,  CF  is 
to  HE»  as  CI  tp  BH,  or  alternately  CF  is  to  CI,  as  BE  to 
BH ;  wherefore  the  triangles  EBH  and  FCI,  having  the 
sides  about  the  equal  angles  at  B  and  C  thus  proportional, 
are  similar ;  ahd  hence  the  angle  BHE  is  equal  to  CIF, 
and  the  tangent  HEK  is  (I.  2'^.  £1.)  parallel  to  IGL. 
Consequently,  the  diameter  OE  bisects  the  chord  DF,  and 
therefore  the  curve  space  DEED,  which  may  be  made  up 
of  these  chords ;  taking  away,  therefore,  the  equal  spaces 
EDG  and  EFG  from  the  equal  (II.  2.  EL)  triangles  ODG 
^nd  OFG,  there  remaihs  the  alBCtor  DOB  equal  to  EOF. 
Cor.  I*  Heneeonebf  the  ufmptotm  of  an  hyperiboJa 
,bei9g  divided  inio  eootiniied  pr^pprtiop,  straight  lines 
drawn  froai  the  points  of  section  parcel  to  the  other 
asymptote,  will  contain  equal  spaces  without  the  curve* 
For  since  (Prop.  XVIII.  cor.  S.)  the  rhomboid  OADM 
is  equivalent  to  OBEN,  and  they  are  bisected  by  their  dia- 
mials  OD  find  OE,  it  is  evident,  that  the  two  triangles 
QDM  and  OEQ  are  together  equivalent  to  UADU^  con- 
i|equently  taf^ipg  these  severally  away  from  the  mixtilineal 
.f^f^ce  pBEQA^t  there  remains  the  sector  ODE  equivalent 
K»,t|ie  ipace  ABED.  la  the  sane  manner,  it  is  shown, 
that  the  sector  OEF  is  equivalent  to  BCFE»  and,  conse- 
quently,' the  successive  spaces  ABED  and  BCFE  are  equi- 

Tiilflnt. 

jpor.  2L  Henoe,  from  the  nature  of  l(^arithms,  the  sec- 
f^r§  ODE,  ODF,  &c  or  the  collective  spaces  ADEB, 
JkDEFCy  &9.  will  represent  the  logarithms  of  the  ratios  of 
O A  to  OBji  to  pC)  Sec  I  aod|  if  QA  denote  the  unit  of  the 
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•ritkmetical  scale,  the  sector  ODE,  or  the  space  ADEB, 
will  express  the  logarithm  of  OB  oa  any  logarithmic  sys- 
tern  depending  on  the  angle  of  the  asymptotes* 


DEFINITION. 

so.  A  circle  is  said  to  osculate  a  curve,  when  no  other  circle 
can  be  made  to  pass  between  it  and  the  curve. 

This  species  of  contact  of  a  circle  with  a  curve  is  evi- 
dently closer  than  that  of  a  mere  straight  line  touching  it. 
As  the  tangent  is  the  limit  of  a  secant,  or  the  position  to 
which  a  straight  line,  joining  tw)  adjacent  points  in  the 
curve,  continually  approximates  as  these  are  brought  near- 
er ^  so  the  osculating  or  equicurve  circle  is  the  limit  to  which 
a  circle,  described  through  three  adjacent  points  in  the 
curve,  continpally  approaches  as  their  mutual  interval  con- 
tracts. While  the  tangent  thus  indicates  the  final  direc- 
tion of  two  contiguous  points,  the  circle  marks  the  ultimate 
arrangement  of  three  points  which  are  about  to  coalesce. 
The  osculating  circle  may  therefore  be  derived,  either  from 
the  consideration  of  three  approximating  points,  or  from 
that  of  a  tangent  combined  with  a  point  merging  the  same 
contact. 


PROP.  XXVIIL    THEOR. 


An  equicuWe  cirde  interoepte  irom  a  diameter 
passing  through  the  point  of  osculatiQit),  a  segment 

equal  to  ilie  parameter  of  that'cliameten 

J         •  •     • 
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Let  (fig.  65.  68.  and  64.)  a  cirde  osculate  the  cnrre  at 
the  point  C ;  it  will  cat  off  from  the  diameter  drawn  thro' 
that  point,  a  chord  CE,  which  is  equal  to  the  parameter  of 
that  diameter. 

For  assume  a  point  p  near  the  vertex  of  the  diameter 
Ccf  to  which  apply  the  double  ordinate  mpn,  and  through 
the  three  points  m,  C  and  n  describe  a  circle  cutting  Cc  in 
e.    In  the  point,  the  ellipse  and  hyperbola  (fig.  65.  and 
63.)  by  Prop.  XI.  the  diameter  Cc  is  to  its  parameter  CE, 
as  the  rectangle  Cp.pc  to  the  rectangle  tnp.pn.    But,  from 
the  property  of  the  circle,  the  rectangle  mp>pn  is  equina* 
lent  to  the  rectangle  Cp,pe.    Wherefore  Ce  is  to  CE,  as 
the  rectangle  Cp.pc  to  the  rectangle  Cp.pe^  or  (V.  25. 
cor.  ^.)  Bspc  to  pet  and  alternately  Cc  is  to  pc^  as  CE  to 
pe ;  but  the  ratio  of  Cc  to  pc  approaches  to  eqaali^,  the 
nearer  the  point  p  is  taken  to  C,  and  therefore  the  ratio 
CE  to  pe  approximates  continually  to  that  of  equality ;  or 
the  point  £  is  the  ultimate  limit  of  c,  and  the  parameter 
CE  is  consequently  the  intercepted  chord  of  the  oscula- 
ting circle. 

In  the  parabola  (fig.  64.)  the  rectangle  under  absciss  Cp 
and  the  parameter  CE  is  equivalent  to  the  square  of  mp 
or  to  the  rectangle  under  mp  and  jpn,  that  is,  from  the  pro- 
perty of  the  circle,  the  rectangle  under  Cp  and  pes  conse- 
quently pe  is  equal  to  CE,  or  the  portion  of  the  diameter 
intercepted  by  theequicurve  circle  is  ultimately  equal  to  its 
parameter. 

Cor.  1.  Hence  in  the  ellipse  and  hyperbola,  the  square 
of  a  semiconjugate  OD  to  the  diameter  COc  passing 
through'  the  point  of  osculation,  is  equivalent  to  the  rect- 
angle under  a  perpendicular  CK,  let  fall  from  that  point 
on  the  conjugate  and  CH  the. radius  of  curvature* 
For  having  drawn  the  diameter  CHI  of  the  equicurve 
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circle,  firom  its  centre  H  let  fidl  the  perpendicular  HG  up- 
on the  diord  CE  $  and,  since  this  circle  and  the  curve  have 
the  same  tangent  at  C,  it  is  evident  that  CHI  roust  be  per* 
pendicular  to  that  tangent  or  to  the  parallel  diameter 
HOdj  and  that  the  perpendicular  HG  will  bisect  the  chorA 
C£  in  the  point  G.  Now^,  the  right-angled  triangles  CGH 
and  CKO  being  evidently  similar,  CG  :  CH : :  CK :  CO, 
and  since  CciBdiiDd  :  CE  or  CO  :  CD  : :  CD :  CQ| 
so  CG-CO  or  OD* = CK,CH. 

Cor.  2.  Hence  in  the  ellipse  and  hyperbola,  (6g.  65.  and 
69.)  the  semiconjugate  OD  of  the  diameter  passing  through 
the  point  of  oscniationi  is  to  the  radius  CH  of  curvature, 
as  the  rectangle  under  the  semiaxes  OA  and  OB,  to  the 
square  of  that  semiconjugate  OD.  For  (V.  25.  cor.  2.)  OD 
:  CH  : :  OD.CK  :  CH.CK;  but  (Prop.  XXV.)  OD.CKL 
sOA.OB,  and  by  the  last  corollary,  CH.CK=OD*; 
whence  OD  :  CH  : :  OA.OB  :  OD*. 

Cor.  S.  In  the  same  ellipse  or  hjrperbola,  the  radius  of 
curvature  is  proportional  to  the  third  power  of  the  diame- 
ter which  is  conjugate  to  the  one  passing  through  the  point 
of  osculation.  For  the  several  lines  in  the  last  analogy 
being  expressed  numerically,  it  follows  (V.  6.  El.)  that 
CH  (OA.OB)=OD3;  but  the  axes  being  constant,  CH 
most  be  proportional  to  OD^  or  D^. 

Cor.  4.  Hence  in  the  parabola  (fig.  64f.)  the  parameter 
of  the  axis  is  to  the  normal  CP  at  the  point  of  osculation, 
as  the  parameter  of  the  diameter  at  that  point  to  the  radius 
of  curvature.  For  -the  right*angled  triangles  CLP  and 
COH  being  obviously  similar,  PL  :  CP  :  :  CG  :  CH,  or 
2PL  :  CP : :  2CG  or  CE :  CH;  but  CE  is  the  parame- 
ter of  the  diameter  passing  through  C|  and  since  (VL  15. 
cor.  El.)  CL*=TL.LP  or  2AL.LP,  it  is  evident  that 
2PL  is  the  parameter  of  the  axis. 


95^  '  •BOMETBT  OF  CimVBS. 

PROP.  XXIX.    PROa 

Qiven  a  portion  of  9  Line  of  the  Secopd  Or* 
der>  to  find  the  axis  and  foci* 

I^t  kAP.  (6g.  i670  be  the  portion  of  a  curve,  whoee  i|zU 

«nd  foci  ar^  ta  be  determiped.  . 

« 

Assume  in  the  curve  any  two  points  C  and  D^  and  draw 
tbe  parallel  chords  Cc  and  Dd,  which  bisect  in  I  and  H 
by  the  straight  line  Kk*  Again^  take  other  two  points 
£  and  O^,  and  draw  the  parallel  chords  Ee  and  6g,  which 
bisect  likewise  by  the  straight  line  Hn.  These  straight 
lines  Kk  and .  Nn  must  evidently  be  diAroetersy  and  they 
will  run  parallel  to  each  other  in  the  case  of  thf  para- 
bola,  will  converge  in  that  of  the  ellipse  and  diver^ 
in  that  of  the  hyperbola.  In  these  two  last  cases,  the  in- 
tersection of  the  diameters,  K^  and  Nti,  will  assign  the  oen* 
tre  C  of  the  curve.  Next,  take  any  point  P  in  the  curve, 
and  from  the  centre,  with  the  radius  OP,  describe  a  circle 

■  » 

meeting  the  curve  again  in  p,  join  the  chord  I^,  and  bisect 
it  at  right  angles  by  Ao,  which  is  obviously  the  transverse 
axis,  B6  perpendicular  to  it  being  the  conjugate,  and  tbe 
foci  F  andybeing  determined  by  the  intersection  of  a  circle 
described  from  B  with  the  radius  OA.  But  in  ihe  hyper* 
bola,  the  imaginary  or  secondary  axis  B^  is  found  from 
the  analogy  AQ.Q^z :  QP* : :  Aa* :  B6^^,  and  the  foci  found 
by  making  OF  or  Q/* equal  to  the  hypotenuse  AB. 

In  the  case  of  the  parabola  (Gg*  68.)  assuming  any  point 
II  in  the  curves  let  fall  on  the  diameter  KIH,  a  perpendi- 
cular RX,  and  bisect  it  at  right  angle$^  by  the  straight  line 
AV,  which  is  consequently  the  axis ;  join  the  vertex  A 
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widi  the  point  R,  and  draw  the  perpendioiilav  R$,  OMelr ' 
ing  tbe  axis  in  8$  and  because  AR8  W  riglit*a»gi6dt 
RV'srAV.VS;  but  (ftop.  VIII.)  RV^r^AV.parttbeieF, 
so  the  tegm^it  V8  it  equal  lo  the  parameter  of  the  axis, 
and  the  fourth  part  of  it  therefore  gives  the  focal  distance* 
AF. 

PROP.  XXX.    PROB. 

Given  two  conjugate  diameters  of  an  ellipse  or 
hyperbola  to  determine  the  curve. 

Let  OC  and  CD  (fig.  69*  and  70.)  be  two  semidiamei- 
tera  which  are  conjugate ;  it  u  required  to  find  the  axes 
and  fixu. 

ANALYSIS 
Let  Aa  and  B&  be  the  two  axes  required,  and  at  C,  the 
vertex  of  the  semidiameter  OC,  apply  &  tangent,  and  pro* 
dnce  it  to  meet  those  9xe9  19  the  points  I  and  K ;  on  IK 
describe  a  circle,  which  (III.  S2.  £1.)  will  pass  through  0| 
and  again  meet  OC  jn  E^  and  bisect  QE  b}r  tl^e  perpendi- 
cular HG.  From  tb?  property  of  the  ^rp\ef  OC.CEs; 
IC.CK;  but  the  tangent  to  the  curve  at  C  has  (Prop.  XIX, 
oon)  the  rectangle  under  its  segments  IC^  CIC^  intercepted 
bgr  the  axes^  equivalent  to  the  square  of  the  parallel  diametef 
OD,  and  consequently  OC.CEsODs  and  C£  is  thus  a 
diird  proportional  to  the  semidiameters  OC  and  OD,  or  is 
equal  to  half  the  parameter  of  the  diameter  COer.  Where- 
fore tbe  point  E  is  given,  and  consequently  the  perpendi* 
cular  GH  which  bisects  OE  and  its  concourse  H  with  the 
tangent,  are  given ;  the  circle  described  from  this  point  H 
MM  a  centre,  is  therefore  given,  and  also  its  intersections  I 
and  K  with  the  tangent    The  chords  OI  and  OK  are 
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thenoe  given^  and  being  contained  in  a  8emicirde»  they  are 
mutoaliy  at  right  angles*  and  therefore  mark  the  poahioa 
of  the  two  axes.  From  C  draw  CL  and  CM  parallel  to  OK 
and  OI;  the  semitransTerse  axis  OAf  being  (Prop.  XX. 
cor.  S.)  a  mean  proportional  between  OL  and  OI,  is  gi- 
ven ;  and  so  is  the  semiconjugate  axis^OB,  being  a  mean 
proportional  between  OM  and  OK. 

COMPOSITION. 

Make  OC  to  OD  as  OD  to  the  semiparameter  of  the 
diameter  COc,  and  place  this  third  proportional  from  C9- 
either  in  the  opposite  (fig.  69.)  or  in  the  same  (fig.  70.) 
direction  with  the  centre  O ;  bisect  OE  by  the  perpendi- 
cular GH,  which  produce  to  meet  the  straight  line  ICK 
drawn  parallel  to  OD  ;  from  H,  with  the  radios  HO,  de- 
scribe a  circle  cutting  ICK  in  the  points  I  and  K ;  join  OI 
and  OK|  and  let  fall  upon  them  the  perpendiculars  CL 
and  CM;  between  OL,  OI  and  OM,  OK,  find  (VI.  16. 
£1.)  the  mean  proportionals  OA  and  AB :  these  are  the 
semiaxes  required. 

For  IC.CK  =  (IIL  S2.  El.)  CO.CE  s  OD%  and  the 
oblique  line  ICK,  being  parallel  to  OD,  is  a  tangent  to  the 
curve,  and  consequently  intersects  the  axes  in  I  and  K. 
But  OA  is  one  of  the  semiaxes,  because,  by  constnicticHit 
OA*=OL.OI;  and  fpr  a  like  reason,  OB  b  the  other  se- 
miaxis. 

But  two  conjugate  diameters  being  given,  the  curve  may 
be  traced  by  a  succession  of  points  firom  another  inrestigaf 
tion,  which  will  afford  also  a  very  commodious  mechanical 
construction. 
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U  In  tie  ElUpte. 
ANALYSIS- 

From  D  (fig.  72.  imd  7S.)  the  vertex  of  tbe  longer  ie- 
nudittDeter,  let  fiiU  upon  the  other  Bemidiameter  tbe  per* 
pendiciilar  DE,  on  which  take  DP,  either  within  (fig.  7S.) 
or  without  (fig.  73.)  it,  eqpial  to  this  shorter  •emidiameter 
OQ  and  join  OP  with  the  centre ;  in  the  diameter  DOd 
anume  any  point  I,  throagfa  which  draw  OIH  parallel  to 
OC,  and  meeting  the  curve  in  the  points  O,  H,  and 
draw  IKL  pai^lel  to  D£»  intersecting  OP  and  OC  in 
K  and  L,  and  jcSn  OK,  which  produce  to  meet  OC  in 
M.  Because  (Prop.  XIX.)  OD*  :  DLI^  or  OD'—OP 
: :  OO :  IG',  and  thi.  diveiging  lines  OD  and  OP  are  cut 
propoitionaUy  to  the  transverse  parallels  DP  and  IK, 
tfcerefiire  DP^  :  DP>— IK*  :  :  OC> :  IG*  i  but,  by  con- 
etmcdon,  DP  ss  OC,  or  DP*  s  OC*,  and  consequently 
DP»— IK*=IG%  or  IG*+IK»=DP-.  Now  IK  being 
paraliel  to  DE,  which  is  perpendicular  to  CE  or  to  GIH» 
the  triangle  GIK  is  right  angled,  and  therefore  (IL  10.  £1.) 
IG^+IK*=:GK*  =  OC* ;  whence  GK,  being  thus  equal 
to  tbe  shorter  semidiameter,  is  given.  Again,  from  the 
property  of  parallel  and  diverging  lines,  DP  :  P£  :  : 
IK :  KL : :  GK  :  KM ;  but  GK  is  equal  to  DP,  and  there- 
fi>re  KM  is  equal  to  PE,  that  is,  to  the  difference  or  sum 
of  tbe  perpendicular  DE  and  the  shorter  semidiameter  OC. 
And  since  OP  and  OC  are  both  given  in  position,  the 
point  K  is  given,  and  consequently  M,  and  likewise  G,  a 
point  in  the  curve. 

COMPOSITION. 

Having  let  fall  the  perpendicular  DE  upon  the  shorter 
diameter,  make  DP  equal  to  the  half  of  it^  and  draw  0P» 
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in  which  take  any  point  K,  and  inflect  KM  equal  to  the 
sum  (fig.  72.)  or  the  di£Perence  (fig.  7S.)  of  4)£  and  OC, 
and  in  KM  or  iU  extension  make^KG  equal  to  OC ;  then 
will  G  be  a  point  in  the  cur?e.  For^  parallel  to  D£,  draw 
IKL,  meeting  DOd  in  I,  and  join  GI.  Because  IK :  KL : : 
DP.  or  GK  :  PE  or  KM,  therefore  IG  is  parallel  to  OC» 
and  the  triangle  GIK  right  angled ;  but  since  CD :  OI  r : 
DP  :  IK,  it  foUows  that  OD» :  OD»— OP  or  DLld :  : 
DP*  or  OC» :  DP*— IK*,  that  is,  GK*— IK«  or  IG%  and 
alternately  OD* :  OC*  iiDl.Id  :  IG*;  wherefore  IG  being 
parallel  to  the  diameter  OC,  is  an  ordinate  to  the  curve.* 

Scholium.  It  hence  appears,  that  if  the  position  of  OP 
be  determined  by  a  previous  construction,  and  an  inflexi- 
ble line  GKM,  having  its  segments  equal  td  those  of  the 
perpendicular  DPIL,  be  turned  about  so  that  the  point  K 
shall  move  along  OP,  and  M  along  OG:,  the  intermediate 
or  extreme  point  G  will  describe,  an  ellipse.  The  rectaiK 
gular  trammel  described  in  the  scholium  to  Proposi- 
,tion  VIII,  was  therefore  dependant  on  a  particular  case  of 
this  very  general  construction. 

« 

2.  In  the  Hyperbola' 

ANALYSIS. 

Let  (fig.  75.)  ON  and  OS  be  the  asymptotes,  and,  li- 
mited by  these,  draw  the  tangent  NCP,  which  is  conse- 
quently parallel  to  OD ;  and  its  segments  CN,  and  CP» 
being  each  likewise  equal  to  OD,  are  given  in  position  and 
magnitude ;  wherefore  the  points  N,  P,  and  the  asymptotes 
ON,  OP,  are  given.  Through  C  draw  any  other  straight 
line  QCRS ;  and  the  intercepted  portion  RS,  being  equal 
to  CQ,  is  consequently  given,  and  thence  the  point  &  ia 
the  curve. 
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COMPOSITION. 

Through  C  draw  NCP  parallel  to  OD,  and  make  CN 
and  CP  equal  to.it ;  join  ON  and.  OP,  which  will  be  asymp- 
totes to  the  curve ;  and  having  drawn  any  straight  line 
QCR8,  make  the  segment  RS  equal  to  CQ  i  then  will  R 
be  a  point  in  the  eurre^  as  it  is  evident  from  the  property 
«f  the  aqrmptoces. 


r   > 


caw  3 


BOOK  U. 


PROP.  I.    PROB. 

A  line  of  the  second  order  being  given,  to  find 
two  conjugate  diameters  which  shall  contain  a  gi- 
ven angle. 

If  diis  angle  be  a  right  angle^  the  oonjogate  diameteri 
are  evidently  the  two  axes  themselves.  In  any  other  case, 
let  it  be  required  in  the  given  carve  (fig.  79.)  to  discover 
the  equal  conjugate  diameters  Cc  and  D^ 


ANALYSIS. 

Assume  in  that  curve  any  point  E,draw  GHE  and  GI^ 
parallel  to  those  diameters,  and  join  OE  and  Oe.  It  is  ob* 
vious  that  GHOI  must  be  a  rhomboidi  having  its  opposite 
sides  equal ;  and  since  the  chords  EG  and  Ge  are  parallel  to 
their  conjugate  diameters  Dd  and  Cc,  they  are  ordinatdy 
applied,  or  bisected  by  those  diameters.  Whence  EH  is  e- 
qual  to  HO,  which  is  equal  to  OI,  and  again  HO  is  equal 
to  OI  or  to  Icf  but  (L  22.  El.)  the  angle  EHO  is  equal 
to  EO^,  and  consequently  to  the  angle  Ok  /  where- 
fore (I.  S.  El.)  the  triangles  HOE  and  I^O  are  equal,  and 
the  angle  HEO  being  equal  to  lOe,  the  lines  £0  and  Oe 
totm  one  straight  line,  which  is  consequently  a  diameter. 
The  points  E  and  e  are  hence  both  given,  and  the  angle 
EG^  being  equa)  to  the  opposite  angle  DOC  o^  the  rhom- 
boid, the  mutual  inclination  of  the  conjugate  diameters  is 
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given;  wherefore  (III.  16.  EI.)  the  locas  of  the  vertex 
is  a  given  drcle,  and  consequently  the  intersection  O 
of  this  with  the*  corve  is  given ;  and  GE^  O^  being  thus 
given,  the  parallel  diameters  JX)d  nnd  COc  are  likewise 
given. 

COMPOSITION. 

Draw  any  diameter  EOe,  on  which  describe  (III.  28. 
EL)  a  wtgokent  of  a  circk  contaiiung  an  angle  equal  to  the 
given  inclination  of  the  conjugate  diametersi  and  meet- 
ing the  curve  in  a  point  G,  join  GE,  Qcf  and  parallel  to 
these  draw  DO^f,  COcj  these  are  the  conjugate  diameters, 
required.  For  the  angle  DOC  which  they  contain,  is  e- 
vidently  equal  to  EGe  /  and  since  HO  bisects  E^^  it  like- 
wise (VI.  1.  El.)  bisects  GE,  which  is  therefore  ordinate- 
ly  applied  to  COc,  and  consequently  DOd,  being  parallel 
to  it,  is  a  conjugate  diameter. 

SchoUwn.  It  is  obvious  that  the  arc  of  the  circle  will  cut 
the  carve  in  two  points,  except  in  the  case  of  contact,  or 
when  the  diameters  are  equally  inclined  to  the  transverse 
axis.  Conjugate  diameters  forming  a  given  angle  mayi 
therefore,  have  in  general  two  distinct  positions. 

In  the  ellipsCf  the  angle  contained  by  them  cannot  be 
less  than  the  acute  angle  formed  by  the  chords  joining  the 
extremity  of  the  transverse  axis  with  the  extremities  of  the 
conjugate ;  but  in  the  hyperbola,  no  limitation  exists. 

In  the  parabola,  the  construction  of  the  problem  is  sim« 
pier.  The  indiiiatioo  of  as  ordinate  to  the  diameter  or 
to  the  axis,  will  in  diis  case  represent  the  angle  whieh 
wiNdd  have  been  formed  by  the  conjugate  diameterSf  If 
fivND  the  vertex  of  a  parabola,  therefore^  a  chord  bedrawJH 
irt  the  givtai  aof^  with  the  axis,  the  diameter  bisecting  it 
is  the  one-reqniML 
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PROP.  II.    PROS. 

An  ellipse  being  given,  to  find  two  equal  con- 
jugate diameters. 

Let  Coc  and  DOd  (  fig.  78.)  be  die  leqaired  equal  dia- 
meten  of  an  ellipse. 

ANALYSIS. 

From  A«  one  ex  remity  of  the  transverse  axis^  draw 
AB  parallel  to  DOdj  meeting  the  curve  in  the  pcnnt 
By  and  join  B0&.  Because  equal  diameters  must  evi« 
dently  be  inclined  equally  to  either  axis,  the  angle 
COA  or  EOA  is  equal  to  DOA,  that  is  to  (L  22.  £1.) 
OAE,  and  hence  (I.  10.  £1.)  £A  is  equal  toEO;  bat 
AB,  being  parallel  to  the  diameter  DO^  is  conse* 
quently  bisected  by  its  conjugate  COc  in  £,  and  the 
straight  lines  EA,  EO,  and  EB  are  all  equaL  Where* 
fore  the  angle  AOB9  being  thus  contained  in  a  semicircle^ 
is  a  right  angle,  and  TiOb  is  hence  the  conjugate  axis. 
Join  A£ ;  and  since  the  angle  OAb  is  evidently  equal  to 
OAB>  it  is  equal  to  A«' C,  and  COc  is  parallel  to  Ab,  The 
equal  conjugate  diameters  COc  and  DOi/,  being  there* 
fore  parallel  to  the  chords  AB  and  A6,  are  given  in  posi- 
tion. 

COMPOSITION. 

Join  the  extremities  of  the  axes  AOa  and  B06»  by  the 
straight  lines  AB  and  A6,  parallel  to  which  draw  the  dia* 
meters  COc  and  DOdj  these  are  equal  and  conjugate. 
For  the  angle  EOA  being  equal  to  OAb  or  to  E AO,  conae* 
quenlly  £  A  is  equal  to  EO.  Again,  the  angle  £OB  being 
equal  to  the  vertical  angle  bOc,  is  equal  to  BOd  or  to 
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EBOy  and  th^efore  £0  is  equal  to  £B.  Whence  £A  is 
eqaal  to  £B»  and  BEA  is  ordinatdy  applied  to  CO, 
which  is  therefore  conjugate  to  the  parallel  diameter  DOd. 
But  these  diameters  are  likewise  equal,  for  they  are  equally 
incUned  to  both  the  axes. 


PROP.  III.    THEOR. 

Two  tangents  being  applied  to  a  line  of  the  se- 
cond order,  if  from  any  point  in  one  of  them  a 
straight  line  be  drawn  parallel  to  the  other,  the 
portion  of  it  intercepted  by  the  chord  joining  the 
points  of  contact  will  be  a  mean  proportional  to 
its  segments  made  by  the  curve. 

Let  (fig.  59.)  AT  and  BT  be  two  tangents  to  the  curve, 
and  CDErf  drawn  parallel  to  AT,  cutting  in  E  the  chord 
AB  which  joins  the  points  of  contact ;  the  intercepted  seg- 
ment CE  is  a  mean  proportional  between  CD  and  Of. 
For,  from  the  property  of  parallel  and  diverging  lines, 
AT:  BT  :  :  CE  :  BC,  or  AT*  :  BT* :  :  CE»:  BC» ;  but 
(I.  17.  cor.  2.)  AT*  :  BT*  : :  DCd  :  BC*,  and  conse- 
quently CE*  :  BC» : :  DQf :  BC*;  whence  DCi=CEs 
and  (V.  6.  El.)  CD :  CE  ::  CE:  Cd. 

Cor.  I.  Hence,  if  a  third  tangent  IHG  be  drawn  paral- 
lel to  AT,  the  segment  HI  will  be  equal  to  HG.  For  the 
points  D  and  d  coalescing  in  I,  it  follows,  that  HI* = HG', 
orHI=HG. 

Cor.  2.  Hence  in  a  parabola  (fig.  60.},  if  the  tangents 
AT,  BT,  and  the  chord  AB  meet  a  diameter  LQ  in  the 
points  M,  Cf  and  N ;  the  segment  ON  will  be  a  mean 
proportional  between  DC  and  OM.    For  from  C  draw 
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CD  parallel  to  tb6  tangent  AT»  and  meetiiig  the  prodoe^ 
tion  of  AB  in  R.  From  the  property  of  parallel  and  di« 
verging  lines,  CR  :  AM  : :  CN  :  NM,  or  CR*  :  AM' :: 
CN' :  NM' ;  bat,  since  it  has  been  shown  that  CR'sDGi; 
therefore  DCd :  AM> : :  CN*  :  NM\  Again  (Prop.  XVII, 
cor.  2.)  DCd  :  AM*  :  :  OC  :  OM»  and  conseqnently 
OC:OM::CN':MN';  whence(V.  26.EL)OC:ON:: 
ON :  OM. 

Car.  S.  Hence,  in  the  parabola,  (fig.  60.)  if  from  any 
two  points  A,  B,  straight  lines  be  inflected  to  another  point 
K  in  the  curve,  the  intercepted  portions  OP,  OQ  of  the 
diameter  will  have  a  given  ratio.  For  draw  the  tangent 
KL ;  and,  by  the  last  corollary,  EC  and  KL  being  tan- 
gents, OP*aOC.OL ;  and  since  AM  and  KL  are  taB« 
genu,  OQ>  =  OM.OL^  Consequently  OP  :  OQ*  :  : 
OC :  OM }  but  the  tangents  AM  and  BC,  and  thence  OC 
and  OM,  are  given^  and  theref<^e  the  ratio  of  OP*  to 
OQs  and  that  of  OP  to  OQ,  are  likewise  given. 

PROP.  IV.    PROB. 

To  find  the  locus  of  the  concourse  of  two  taiv-. 
gents  a{>plied  at  the  extremities  of  a  chord  or  se- 
cant drawn  through  a  given  point  within  or  with* 
out  a  given  line  of  the  second  order. 

Let  A  (fig.  94,  95,  96  and  97.)  be  a  given  point  through 
whidi  any  chord  or  secant  ABC  is  drawn ;  it  is  required 
to  find  the  locus  of  the  point  D»  where  the  tangents  at  B 
and  CmeeL 
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1.  In  ike  ease  of  the  Parabola* 

ANALYSIS. 

Ilirough  A»  (fig.  94«  and  95.)  draw  A£  parallel  to  the 
axis,  medkiDg  the  curve  in  E,  at  which  point  apply  the 
tangent  EL^  and  parallel  to  this  draw  D6 ;  bisect  the 
chord  BC  in  I»  join  DI^  and  draw  EH  parallel  to  BI. 
Because  DI9  drawn  from  the  concourse  of  the  tangents 
BD  and  CDj  bisects  BC,  it  is  a  diameter,  and  conse- 
quently EH  is  an  ordinate  applied  to  it.  Wberefbrei 
(I.  20.  Schol.)  Dl,  being  a  subtangent,  is  bisected  at  the 
vertex  K,  or  the  absciss  IK  is  equal  to  KD,  and  HK  to 
KL»  and  hence  the  remainder  IH  is  equal  to  the  exterior 
aegment  LD ;  but  the  'figures  GDLE  and  EHIA  being 
rhomboids,  IH  and  LD  are  equal  to  AE  and  EG;  and 
since  AE  is  given,  EG  and  the  point  G  muse  also  be  given. 
Whence  GD^  the  locus  of  the  point  D,  being  parallel  to 
the  ^ven  tangent  £F,  is  given  in  position. 

COMPOSITION. 

Parallel  to  the  axis,  draw  AEy  and  produce  it  if  neces* 
aary  till  EG  be  equal  to  AE ;  through  C  draw  GD,  pa* 
ralld  to  a  tsoigent  £L  implied  at  E ;  GD  is  the  locu$  re- 
quired. For  join  DB,  DC  and  drawDI  bisecting  B^ 
and  the  parallel  EH.  KI  is  evidently  a  diameter  to  which 
£H  is  an  ordinate  applied  ;  whence  HK  is  equal  to  KL; 
but  by  construction,  AE  is  equal  to  EG,  and  thence  IH 
18  equal  to  LD ;  consequently  IK  is  equal  to  KD,  and  DQ 

and  DC  are  both  tangents. 

^* 

2.  In  the  case  of  the  Ellipse  or  Hyperbola. 

ANALYSIS. 

Through  the  given  point  A,  draw  the  semidiameter 
OAE|  (fig.  96.  and  97.)  at  E  apply  a  tangent  EL  meeting 

s' 
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OD  in  L)  and,  parallel  to  this  tangent,  draw  DO  to  meet 
OE  or  itfl  extension  in  G.  Because  BD  and  CO  are  both 
tangents,  OD  (I.  17.  cor.  3.)  must  bisect  in  I  the  chord 
BC,  which  joins  the  point  of  contact,  and  hence  £H  being 
drawn  parallel  to  BC,  will  be  an  ordinate  applied  to  the 
semidiameter  OK.  Wherefore  (I.  20.  cor.  I.)  OI :  OK 
: :  OK  :  OD,  and  OH  :  OK  :  :  OK  :  OL  j  consequently 
(V.  6.  EI.)  OK»  =  OI.OD=OH.OL,  and  OI  :  OH 
:  :  OL  :  OD*  Now,  from  the  property  of  parallel  and 
diverging  lines,  01 :  OH  :  :  OA  :  OE,  and  OL  :  OD 
: :  0£  :  OG ;  whence,  by  identity  of  ratios,  OA  :  OE 
:  :  OE  :,  OG.  But  OA  and  OE  being  given,  OG  and  the 
point  G  are  (VL  3.  El.)  given ;  and  since  the  tangent  at 
£  is  given,  the  parallel  GD  is  likewise  given.  Wherefore 
the  locus  of  the  point  D  of  mutual  concourse  is  a  straight 
line  given  in  position. 

COMPOSITION. 

From  the  centre  O,  draw  through  the  given  point  A 
the  semidiameter  OE,  make  OG  a  third  proportional  to 
OA  and  OE,  at  £  apply  a  tangent  EL,  and  draw  GD  pa- 
rallel to  it;  this  straight  line  is  the  locus  required. 

For  draw  OID  bisecting  BC  in  I,  and  EH  paralld  to 
BC,  and  join  DB  and  DC.  By  construction,^  OA  :  OE 
:  :  OE  :  OG  ;  but  from  the  property  of  parallel  and  di* 
verging  lines,  OA  :  OE  :  :  OI :  OH,  and  OE  :  OG  : : 
OL :  OD.  Consequently  OI :  OH : :  OL :  OD,  and  OI.OD 
fOH.OL.  NovHT  EH  being  parallel  to  the  bisected 
chord  BC,  is  evidently  an  ordinate  applied  to  the  semidia- 
meter  t)K,  and  therefore  OH  :  OK  :  :  OK  :  OF,  and 
OK»5=OH.OF :  whence  OK*=OLOD,  and  OI :  OK : : 
OK  :  ^D.  Wherefore  DB  and  DC  are  both  of  them 
tangents  at  the  points  B  and  C. 
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PROP.  V.    THEOK- 

If,  from  any  point  in  the  curve,  parallels  be 
drawn  to  two  adjacent  sides  of  a  given  inscribed 
quadrilateral  figure,  the  rectangles  under  the  seg- 
ments intercepted  by  those  adjacent  and  by  the 
other  two  opposite  sides,  will  have  a  given  ratio. 

Let  ABCD  (fig.  98.  and  99.),  inscribed  in  a  line  of  the 
second  order,  be  a  quadrilateral  figure,  which  remains  con- 
stant, and  from  any  point  E  in  the  curve,  the  straight  lines 
£HK  and  F£6  be  drawn  parallel  to  the  adjacent  sidte 
AB  and  BC ;  the  rectangle  under  EI  and  £H,  the  seg- 
ments intercepted  by  the  opposite  sides  BC  and  AD,  will 
have  a  given  ratio  to  the  rectangle  under  EF  and  EG, 
the  segments  intercepted  by  the  other  opposite  sides  AB 
and  DC. 

Cass  I.— >^en  the  line  joining  the  points  A  and  B  is 
parallel  to  that  which  Joins  C  and  D. 

For  (fig.  98.)  extending  £1  to  the  carve,  the  rectangle 
£H|  HK  (L  17.  cor.  2.)  is  to  the  rectaqgle  BH,  HC,  as 
the  square  of  a  diameter  parallel  to  AB  is  to  the  squane  of 
a  diameter  parallel  to  BC.  Bat,  since  AB  and  CD  are  by 
hypothesis  parallel,  they  may  be  ordinaJCcIy  applied  to  the 
same  diameter  NOP9  which  mast  bisect  likewise  the  pa* 
rallel  chord  £K  i  .and>  diverging  to  the  same  point  with 
AD  and  BC,  it  must  evidently  bisect  the  tranverse  pa* 
rallel  HI.  Whence  the  exterior  segment  £H  is  fi]ual  to 
IK,  and  £1  to  HK ;  the  rectangle  £H.  HK  is  thus  the 
same  as  EH,  EI,  and  the  rectangle  BH|  HC  |s  the  same 
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88  EF,  EG.  Wherefore  the  rectangle  EH,  EI  is  to  tbe 
rectangle  EF,  EG,  as  the  square  of  a  diameter  parallel  to 
AB  is  to  the  square  of  a  diameter  parallel  to  BC,  that  is, 
in  a  given  ratio. 

Case  IL — JVhen  the  straight  line  AB  is  inclined  to  CD. 

Produce  (fig.  99.)  BA  and  EI  to  meet  the  extension  of 
CD  in  L  and  M,  and  join  GI  and  CK. 

From  the  property  of  parallel  and  diverging  lines, 
CL:CM:;BL:  HM,  and  LD  :  MD::  LA:  MI;  by 
compounding  these  analogies,  therefore,  CLTLD :  CM.MD 
:  :  BL.LA :  HM.MI.  But  the  oblique  secants  BAL  and 
EKM  being  mutually  parallel,  and  the  secants  CL  and 
CM  having  the  same  position,  it  follows,  (1. 17*  cor.  1.)  that 
CLXD  :  CM.MD  : :  BL.LA  :  EM.MK;  whence,  from 
the  identity  of  ratios,  the  rectangle  HM.MI  b  equivalent  to 
EM,  MK,  and  therefore  (V.  6.  El.)  HM  is  to  EM,  or  CM 
is  to  GM,  as  MK  to  MI,  and  consequently  GI  is  parallel 
to  CK«  Again,  the  triangles  KHC  and  lEG  being  hence 
evidently  similar,  HK  is  to  HC  as  IE  to  EG,  and  the  rect- 
angle HE,  HK  is  to  the  rectangle  BH,  HC,  as  the  rect- 
angle HE,  EI  is  to  the  rectangle  BH,  EG ;  but,  from  the 
property  of  tbe  curve,  tbe  ivetangle  HE,  HK  is  to  tbe  rect- 
angle BH,  HC,  as  the  square  of  the  diameter  parallel  to 
AB  is  to  the  square  of  the  diameter  parallel  to  CB ; 
whence  tbe  rectangle  HE,  EI  is  to  tbe  rectangle  BH,  £6 
or  FEy  £G»  in  the  same  given  ratio. 
'  Car.  1.  If  the  point  D  (fig.  100.)  coincide  with  A,  the 
chord  AD  wiH  evideoflly  be  represented  by  the  tangent  at 
A.  Wherefore  EHI  and  FE6  hemg  drawn  parallel  to 
AB  ayid  BQ  and  meeting  tbe  tangent  in  I  and  the  pro- 
duced chorda  AB>and  AC  in  F  and  G^  the  rectangle  HBI 
is  to  the  rectangle  PEG  as  the  square  of  the  diameter  pa- 
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rallel  to  AB«  is  to  the  square  of  the  diameter  parallel  to 
BC. 

Cor*  2.  In  like  manner,  if  the  point  D  (fig.  101.)  merge 
in  C,  the  chord  CD  will  pass  into  the  tangent  applied  at 
C.  Whence  EHI  and  FE6  being  drawn  parallel  to  AB 
and  BC,  and  terminating  at  I  and  G  in  AC  and  the  tan- 
gent, the  rectangle  H£I  is  to  FEO  in  the  ratio  of  iht 
squares  of  the  diameters  parafiel  to  AB  and  BC. 

Cor.  S.  If  the  two  points  D  and  C  {fig.  102.)  both  merge 
in  A  and  B,  the  chords  AD  and  BC  will  become  repre- 
sented by  tangents  at  A  and  B ;  and  HIE  being  drdwn 
parallel  to  AB,  the  parattel  to  CB  will  be  parallel  to  the 
tangent  at  By  the  points  F  and  G  coalescing  in  the  single 
point  F.  Whence  the  rectangle  HEI  is  to  the  square  of 
£F  as  the  square  of  the  diameter  parallel  to  AB  is  to  the 
square  of  the  diameter  parallel  to  the  tangent  at  B. 

Cor.  4.  If  the  points  C  and  D  (fig.  lOS,)  were  Conoei* 
ed  to  change  positions,  the  quadrilateral  figure  ABCD 
would  take  an  inverted  form;  and  consequently  EGF 
and  H£I|  being  drawn  parallel  to  CB  and  AB,  and  mieet' 
Ing  CD,  AB  and  CD,  AD,  the  rectangle  FEO  nrast  hate 
a  given  ratio  to  HEL  In  like  manner,  if  the  points  B 
and  C  (fig.  104.)  were  interchanged,  the  quadrilateral  fi- 
gure would  be  converted  into  &  crucial  diape,  bounded  by 
a  side  BC,  and  the  rectangles  FEO  and  HEI  wouhl  ttiH 
have  a  given  ratio. 

Scholhm.  In  the  circle  and  rectangular  hyperbola,  tfa« 
rectangles  HEI  and  FEG  are  evidently  equivalent.  If 
the  points  of  contact  A  and  B  (fig.  102.)  be  infinitely  re- 
rode,  the  rectangle  HEI  will  becomeconstant,  or  the  ex- 
terior part  HE  will  be  inversely  as  EI ;  which  is  the  pro* 
perty  of  the  asymptotes  to  an  hyperbola. 
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PROP.  VI.    THEOR. 

« 

If,  from  any  point  in  the  curve,  straight  lines 
be  drawn  at  given  angles  to  two  adjacent  sides  of 
a  given  inscribed  quadrilateral  figure,  the  rectan- 
gle under  the  segments  intercepted  by  those  ad- 
jacent and  by  the  other  two  opposite  sides  will 
have  a  given  ratio. 

From  a  point  E  in  the  curve,  (fig.  105.)  let  MEN  and 
EKL  be  drawn  to  meet  at  given  angles  the  opposite  sides 
of  the  given  inscribed  quadrilateral  figure  ABCD ;  the 
rectangle  under  the  segments  EM,  EN  intercepted  by  the 
aides  AB  and  CD,  will  bear  a  given  ratio  to  the  rectan- 
gle under  EK,  EL,  the  segments  intercepted  by  the  other 
sides  AD  and  BC. 

For  draw,  EHI  and  FEG  parallel  to  AB  and  BC.  It 
is  evident  that  the  triangles  EIL  and  EHK,  having  all 
their  angles  given,  must  be  given  in  species.  Wherefore 
the  ratio  of  EH  to  EK,  and  that  of  EI  to  EL,  are  both 
given ;  and  hence  the  compound  ratio  of  the  rectangles 
EH,  EI  to  the  rectangle  EK,  EL  is  given.  For  the  same 
reason,  since  the  triangles*  FEM  and  GEN  are  given  in 
species,  the  compound  ratio  of  the  rectangle  FE,  EG  to 
ME,  EN  is  given.  But,  by  the  last  proposition,  the  rect- 
angle HE,  EI  has  to  the  rectangle  FE,  EG  a  given  ratio; 
whence  the  rectangle  ME,EN,  has  likewise  a  given  ratio 
to  the  rectangle  EK,  EL. 

Car.  1.  Let  the  sides  AB  and  CD  (fig.  106.)  of  the  qua- 
drilateral figure  be  produced  to  meet  in  M,  from  which 
a  chord  MEE^  is  drawn  through  the  curve ;  the  points  M 
and  N  now  coafescing,  the  lines  EK  and  EL  and  E'K, 
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E'L  pasting  through  E  and  E'  will  eridently  form  the 
same  angles  with  the  sides  BC  and  AD.  Wherefore 
EM*  :  E'M»  :  :  LEK  :  LE'K. 

Car.  2.  Sappose  (fig.  107.)  the  point  B  to  merge  in  At 
and  the  secant  ABM  will  pass  into  a  tangait    Whence  ' 
EM^tE'M'iiLEKiLE'K.  And  if  D  likewise  coincide 
with  C,  (fig.  108.)  EM*  :  E'M*  : :  EL*  :  EL'%  and  con- 
seq«ently  EM  :  E'M  :  :  EL  :  EX. 

Cor.  3.  Let  the  points  C  and  D  (fig.  109.)  interchange 
their  positions,  and  let  ML  be  drawn  through  L  the  inter- 
section of  AD  widi  BC ;  then  EM* :  E'M* : :  EL* :  EX*» 
and  conseqneDtly  EM  :  E'^M  : :  EL  :  EX»  or  th^  chord 
££'  is  cat  internally  in  L}  and  externally  in  M  in  the 
same  ratio. 

PROP.  VII.    THEOR. 

In  a  curve  of  the  second  order,  four  points  be- 
ing given,  if  from  the  fourth  point  parallels  be 
drawn  to  lines  joining  the  first  and  second,  and 
the  second  and  third,  and  to  meet  other  lines  ex- 
tending from  the  first  and  third  to  any  fifth  point 
— they  will  have  a  given  ratio. 

Let  (fig.  110.)  A,  B,  C  and  D  be  four  points  in  tho 
carve ;  join  AB  and  BC,  and  parallel  to  them  draw  DE 
and  DF  meeting  the  lines  AP  and  CP  converging  from 
the  points  A  and  C  to  any  assumed  point. P  in  the  curve ; 
then  will  DE  have  a  given  ratio  to  DF. 

Join  AD^nd  CD,  and  through  P,  draw  PHG  parallel 
to  BC,  and  KPl  parallel  to  AB,  cutting  AB  and  CD,  and 
meeting  the  extension  of  BC  an^i  AD ;  and  likewise  draw 
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DFLM  parallel  to  BC.  From  the  profieity  of  parallel  imd 
diverging  liaes,  RP  :  KL  : :  CP  :  CF  :  :  PH  :  DF,  aikl 
IP  :  DE  :  :  AP  :  AE  : :  LM  <  DM;  therefoc^  by  com- 
pounding  ntios,  KP.IP :  KL.DE  : :  DM.DF :  LM,PH; 
bal«  fay  the  last  proposition,  the  rectangle  KP,  IP  has  a 
given  ratio  to  PH,  LM  or  PG,  PH  \  and,  consequently, 
the  i«lio  of  the  reetangle  KL^  D£  to  DF»  DM  is  given, 
and  since  KL  and  DM  are  evidently  both  given>  the  ratio 
of  DE  to  DF  mast  also  be  given* 

Cor^  1.  Let  DE  (fig.  1 1  !•)  be  produced  to  meet  the  ex- 
tension^f  the  diagonal  AC  in  Q,  and  paralld  to  EF  draw 
QR  to  meet.tlie  extension  of  DF  in  R.  Since  the  ratio 
of  DE  to  DF  is  given,  and  their  contained  angle  EOF,  or 
the  supplement  of  ABC,  is  given,  the  triangle  EDF  and 
consequently  QDR,  is  given  in  species,  and  therefore  the 
line  CR  is  given  in  position.  Hence,  to  assign  a  point  in 
the  curve :  Draw  any  line  MN  parallel  to  CR  and  meet- 
ing  DQ  and  DR,  and  from  the  points  A  and  C  draw  the 
transverse  lines  AMO  and  CON,  which  will  intersect  in 
O  a  point  of  the  curve. 

^  Cor.  2.  When  NM  coincides  with  CR,  the  point  O 
falls  upon  C,  and  consequently  CR  is  a  tangent.  In  like 
manner,  if  FD  be  produced  to  meet  the  extension  of  CA 
in  S,  and  ST  drawn  parallel  to  EF  meeting  CD  in.T; 
then  AT,  the  final  position  of  AMO,  when  the  point  O 
tnerges  in  A,  is  the  tangent  at  this  point. 

Cor.  S*  If  the  point  B  should  coincide  with  A,  (fig.  tl2.} 
the  line  DE  will  evidently  become  parallel  to  a  tangent 
applied  at  A,  while  DF  is  parallel  to  the  chord  AG. 
Hence  a  point  O  in  the  curve  is  now  readily  found;  for 
having  drawn  DQ  parallel  to  the  tangent  at  \*and  meet- 
ing AC  in  Q,  and  having  joined  this  with  R,  the  point  of 
concourse  of  the  tangent.at  C  with  DR  a  parallel  to  AC, 
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draw  parallel  to  QR  any  line  MN  terminated  by  the  di- 
ifetf^g  lines  EDM  and  RDN  $  AM  and  CN  being  joined, 
their  intersection  will  assign  a  point  O  in  the  curre. 

Scholhtm. — The  appfication  of  this  proposition  discloses 
tlie  distinctive  features  of  the  several  species  of  the  curve. 
It  is  evident  from  fig.  111.  that  the  radiating  lines  AM  and 
CN  must  always  cross  each  other,  except  when  M  falls  on 
T  or  Q,  and  those  lines  become  tangents  at  A  and  C ; 
the  ellipse  hence  consists  of  a  single  branch  returning  into 
itself.    He  same  inference  may  be  gathered  from  die  sim- 
pler construction  of  fig.  113. — In  the  case  of  the  parabola, 
fig.  lis,  the  radiating  lines  A£  and  CF  do  not  always 
mutually  intersect ;  and  when  AE'  becomes  parallel  to  CP, 
the  point  P  is  thrown  to  an  infinite  distance.     But  this 
occurs  only  in  a  solitary  position  of  the  point  E,  for  the 
obCque  inserted  line  EF  has  a  given  ratio  to  DE.     Ckin^- 
sequently  the  parabola  consists  in  a  single  branch,  the 
sides  of  which  tend  constantly  to  a  parallelism. — In  the 
hyperbola  fig.  114,  the  radiating  lines  AE  and  CF  will, 
with  a  certain  angle,  change  from  convergence  to  diver* 
gence ;  but,  at  the  limits  on  either  hand,  they  will  shoot 
into  a  parallel  direction.     Hence  the  opposite  branch  of 
the  hyperbola,  and  hence  also  the  condition  of  the  extreme 
tangents  or  asymptotes. 

When  (fig.  115.)  CR  is  a  tangent,  and  the  quadrilateral 
figure  ABCD  has  its  opposite  angles  equal  to  two  right 
angles,  the  curve  passes  into  a  circle.  But  this  property 
may  be  derived  from  elementary  geometry.  For  DE  and 
DF  being  parallel  to  AD  and  BC,  the  angle  EDF  is  equal 
to  the  supplement  of  ABC  or  to  A  PC  (III.  17.  El.),  and 
consequently  EDFP  is  contained  in  a  circle,  and  the  angle 
DEF  or  DQR  is  equal  to  DPFor  DAC,  that  is,  (III.  21.) 
DCR;  whence  DQCR  is  also  contained  in  a  circle,  and 
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the  angle  DCA  or  DCQssDRQsDFEsDPE  or  DPA, 
and  the  point  P  lies  in  the  circumference  of  a  circle  cir- 
cumscribing  ABCD* 

The  same  conclusion  is  drawn  rather  more  easily  from 
fig.  1 16)  which  corresponds  to  the  second  cordlaiy.  For 
the  angle  DNO=CNR=ACO,  and  the  angle  DMO= 
TAOrzACO;  whence  the  angles  DMO  and  DNO  are 
equal,  and  DMNO  is  contained  in  a  circle.  But  the  tra- 
pezium DQCR  would  likewise  be  contained  in  a  cirde^ 
and  therefore  the  angle  DOM  or  DOA=:DNMr=DRQ 
=DCQ  or  DCA ;  whence  the  point  O  lies,  in  the  ciraua- 
ference  of  the  circle  which  passes  through  D  and  touches 
at  A  and  C. 

Suppose  the  three  points  A,  B  and  C  (fig.  1 17.)  to  stand 
in  a  straight  line,  the  locus  of  the  fifth  point  P  will  be- 
come likewise  a  straight  line.  For  DEF,  drawn  through 
the  fourth  point  D,  is  now  parallel  to  ABC ;  join  PD»  and 
produce  it  to  meet  CBA  in  R.  It  is  evident,  that  RA  is 
to  RC  as  DE  to  DF,  and  therefore  in  a  given  ratio ;  and 
the  points  A  and  C  being  given,  AR  and  the  point  R  are 
given,  and  hence  DR  the  locus  of  P  is  a  straight  line  gi* 
ven  in  position. 

PROP.  VIII.     THEOR. 

If  about  two  given  points  as  poles^  two  given 
angles  revolve,  carrying  the  mutual  intersection 
of  two  of  their  sides  along  a  directrix  or  straight 
line  given  in  position,  the  intersection  of  the  other 
two  sides  will  trace  a  line  of  the  Second  Order. 

Let  the  angles  DAG  and  DC6  (fig.  118.  and  119.)  be 
supposed  to  turn  about  the  poles  A  and  C  ;  while  the  in« 
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tersection  of  their  sides  AG  and  CO  moves  along  a  di' 
rtctrix  GH,  the  intersection  of  the  sides  AD  and  CD 
will  describe  a  line  of  the  second  order. 

Case  I. — When  the  p'oen  angles  turn  in  the  same  direc^ 
tian* 

While  the  angle  DAG  (fig.  118.)  moves  into  the  posi- 
tion PAH,  let  the  angle  DCG»  turning  the  same  way^ 
advance  into  the  position  PCH ;  the  intersection  P  of  their 
sides  AD  and  CD,  or  AP  and  CP  will  be  a  point  in  the 
corve* 

For,  from  the  pole  A,  draw  AB,  making  the  aqgle 
DAB  eqnal  to  the  exterior  angle  AGX ;  and,  from  the 
pole  C,  draw  CB  making  the  angle  DCB  equal  to  CGH. 
Parallel  to  AB  and  CB,  draw  D£  and  DF,  to  meet  the 
cross  lines  AP  and  CP  in  the  points  £  and  F ;  and  lastly, 
in  DF  or  its  extension,  having  made  DM  equal  to  DE, 
draw  MN  parallel  to  CF  and  meeting  DC  produced  in  N. 

Since,  by  hypothesis,  the  angle  DAG  is  equal  to 
PAH,  add  the  intermediate  angle  DAH,  and  the  angle 
GAH  is  equal  to  DAP  or  DAE ;  but  the  angle  DAB 
being  made  equal  to  AGX,  the  supplementary  interior 
angle  ADE  (L  SO.  EI.)  between  the  two  parallels  AB  and 
D£,  is  equal  to  the  adjacent  angle  AGH.  Wherefore  the 
triangles  GAH  and  DAE  are  similar. 

Again,  because  the  angle  DOG  is  likewise,  by  hypothe- 
sis, equal. to  PCH,  add  the  common  angle  GCP,  and 
the  angle  DCP  or  DCF  is  equal  to  GCH  i  but,  BC  and 
DF  being  parallel,  the  angle  CDF  is  equal  to  the  alternate 
angle  DCB,  which  was  made  equal  to  CGH.  The  trian- 
gles DFC  and  GHC  are  therefore  also  similar. 

Hence  AG  is  to  GH  as  AD  to  DE,  and  CG  is  to  GH 
as  CD  to  DF,  or  (VI.  1.  El.)  as  ND  to  DM  or  DE; 
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and  therefore  (V.  16.  £1.)  AG  is  to  CO  as  AD  to  ND. 
Bat  AG  and  CG  being  both  given,  their  ratio  is  given^ 
and  consequently  the  ratio  of  AD  to  ND  is  given ;  now 
the  ratio  of  AD  to  CD  is  given,  since  these  lines  them- 
selves are  given ;  whence  the  ratio  of  ND  to  CD,  that  is, 
the  ratio  of  DM  or  D£  to  DF  is  given.  Wherefore^ 
by  the  last  proposition,  the  intersection  P  of  the  given 
angles  DAG  and  ACG  is  a  point  of  the  curve,  which  like- 
wise  passes  through  the  four  points  A,  B,<!  and  D. 

Ca8£  II. — When  the  given  angles  turn  in  opposite  direct 
turns. 

While  the  angle  DAG  (fig.  1 19.)  moves  into  the  pofti<- 
tion  PAH,  let  the  angle  DCG  turning  the  contrary  ivay^ 
€ome  into  the  position  PCH;  their  intersection  P  will 
be  a  point  in  thtf  curve. 

For,  from  the  pole  A,  draw  AB,  making  an  angle  DAB 
equal  to  AGH ;  and,  from  the  pole  C,  draw  CB»  making  an 
angle  DCB  equal  to  CGX,  the  angle  adjacent  to  CGH. 
From  D  draw  D£  and  DF  parallel  to  AB  and  CB,  meet*- 
ing  AP  and  CPin  the  points  £-and  F ;  and  lastly^  having 
made  DM  equal  to  D£,  draw  MN  parallel  to  AB. 

Because  the  angle  DAG  is,  by  hypothesis,  equal  to 
PAH,  take  away  the  common  angle  DAH  and  the  angle 
GAH  is  equal  to  DAP  or  DA£ ;  but  the  angle  AGH,  be- 
ing equal  by  construction  to  DABf  is  equal  to  the  alternate 
angle  ADK  Whence  the  triangle  AGH  is  similar  te 
AD£ ;  and,  in  like  manner,  the  triangle  CGH  is  proved 
to  be  similar  to  CDF.  Wherefore  AG  is  to  OH  as  AD 
to  D£,  and  CG  is  to  GH  as  CD  to  DF,  or  as  ND  to 
DM  or  D£ ;  and  consequently  AG  is  to  CG  as  AD  to 
ND.    But  the  ratio  t}f  AG  to  CG  is  given^  and  hence 
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that  of  AD  to  ND  j  aad  sinc^  the  ratio  of  AD  to  CD  is 
giyen»  the  ratio  of  ND  to  CD,  or  that  of  DE  to  DF  is 
given.  Whence  P,  the  intersection  of  the  given  angles 
DAG  and  DCG,  is  a  point  in  the  curve  which  passes 
through  the  four  points  A^  B,  C  and  D. 

Cor.  1.  When  the  side  AD  of  the  angle  comes  into  the 
position-  of  the  tangent  AT,  the  corresponding  side  CD 
of  the  angle  ACD  roust  evidently  coincide  with  CA« 
Hence,  to  apply  a  tangent  at  A,  make  the  angle  ACI 
equal  to  DC6,  join  AI,  and  draw  AT,  making  the  angle 
lAT  equal  to  DAG,  and  AT  is  the  tangent  required. 
In  the  same  manner,  a  tangent  may  be  applied  at  C,  the 
Side  AD  then  passing  through  that  point. 

Cor.  2.  If  one  of  the  revolving  angles  DAG  passes  into 
a  straight  line  (fig.  120.),  the  formation  of  the  curve  will 
become  much  simpler* 

■ 

Cor.  3.  If  the  directrix  GH  were  supposed  to  be  re- 
moved to  an  indefinite  distance,  it  is  evident  that  AG  and 
CG  and  AH  and  CH  would  respectively  maintain  a  pa- 
rallelism ;  conse^piently  the  angle  DAP  would  be  equal  to 
DCP,  therefore  the  curve  ADPC  would  become  an  arc 
of  a  circle,  which  indndes  the  other  portion  ABC. 


PBOP.  IX.    PROB. 


Through  five  given  points^  to  describe  a  line  of 
the  Second  Order,  by  the  revolution  of  angles.     . 

Let  A,  B,  C,  D  and  P  (fig.  121.)  be  five  given  points, 
through  which  it  ts  required  to  trace  the  carve,  by  means 
of  a  combined  angular  movement. 
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ANALYSIS. 

Let  the  points  A  and  G  be  two  poles  about  which 
the  angles  DAG  and  DC6  revolve,  and  while  the  in* 
tersection  of  the  sides  AG  and  CG  glides  along  the  di- 
rectrix GH,  the  other  sides  AD  and  CD  carry  their  in- 
tersection in  the  curve.  When  the  angle  DAG  moves 
into  PAHt  the  angle  DCG  will  pass  into  PCH.  From 
the  point  D  and  parallel  to  AB  and  BC,  draw  A£  and 
DF  meeting  AP  and  CP  in  E  and  F. 

By  the  last  proposition,  the  triangles  GAH  and  GCH 
being  similar  to  DAE  and  DCF,  are  therefore  given  in 
species.  Whence  the  ratio  of  AG  to  QH,  and  that  of 
CG  to  GH  are  given,  and  consequently  the  mutual  ratio 
of  AG  to  CG  is  given ;  but  the  contained  angle  AGC,  or 
the  difference  between  AGH  and  CGH  being  given^  the 
triangle  C AG  is  given  in  species ;  and  it  is  also  given  in 
magnitude,  "because  its  base  AC  is  given.  In  like  manner, 
the  triangle  CAH  is  proved  to  be  given  in  species  and  mag- 
nitude. Wherefore  the  points  G  and  H  are  given ;  and 
hence  the  describing  angles  DAG  and  DCGf  and  the  di- 
rectrix GH  are  all  given. 

COMPOSITION. 

Assume  any  straight  line  gk^  and  upon  it  describe  the 
triangles  gak  and  gch  similar  and  similarly  placed  to 
DAE  and  DCF,  join  ac  and  upon  AC  construct  (VI.  SS.) 
the  quadrilateral  figure  GACH  similar  in  its  form  and 
position  to  gach^  and  having  drawn  AG  and  CG»  let  the 
angles  DAG  and  DCG  turn  about  the  poles  AC ;  and 
while  the  intersection  G  of  their  sides-  AG  and  CQ  is 
made  to  slide  along  the  directrix  GH,  the  intersection 
of  the  other  sides  AD  and  CD  will  trace  out  the  curve. 

For  let  these  angles  come  into  the  posidons  PAH  and 
PCH|  corresponding  to-any  fifth  point  P.    This  is  a  point 
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in  the  curve,  because  the  triangles  6AH  and  6CH  being 
similar  to  gah  and  gck,  are  therefore  similar  to  DAE  and 
DCF. 


PROP.  X.     THEOR. 

If  three  straight  lines  revolve  about  three  gi- 
ven poleSj  and  carry  two  of  their  mutual  inter* 
sections  along  two  given  directrices^  their  third 
intersection  will  describe  a  curve  of  the  Second 
Order. 

Let  APG  and  LFG,  (fig.  122.)  radiating  from  the  gi* 
ven  poles  A  and  L>  carry  their  intersection  G  along  a  given 
directrix  DG,  while  the  intersection  F  of  LFO,  with  a  line 
CPF  radiating  from  a  third  given  pole  Af  is  carried  along 
another  given  directrix  DF ;  the  intersection  of  APG  with 
CPF  will  trace  the  successive  points  P  of  the  curve* 

It  is  obvious  that  the  two  poles  A  and  C  must  always 
be  points  in  the  curve;  but  the  third  pole  L  may  occupy 
a  position  either  within  or  without  it. 

This  construction  has  evidently  two  extreme  limits  when 
the  intersections  F  and  G  of  the  directrices  are  thrown  to 
an  indefinite  distance.  As  the  intersection  F  becomes 
more  remote,  the  radiating  lines  LF  and  CF  will  be  less 
inclined  to  DF,  and  at  the  moment  it  vanishes  in  the  dis-' 
tance  they  will  assume  the  parallel  positions  LM  and  CB ; 
the  radiating  line  AM  being  extended  to  meet  CB,  will 
hence  assign  the  point  B/  Again,  when  the  intersection 
G  shoots  into  indefinite  remoteness,  the  radiating  lines 
LF  and  AG  will  come  into  the  positions  LN  and  AK  pa- 
ralld  to  the  directrix  DG;  wherefore  the  radiating  line 
CN,  being  produced  to  meet  AK,  will  mark  the  point  K* 
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Dfaw  DE  parallci^o  MAB  aod  neetnig  AG  in  E,  join 
ADf  CD  and  £F. 

Since  DE  and  DF  are  parallel  to  MA  and  ML,  it  it 
evident  that  GD  is  to  GM  as  DE  to  MA,  and  as  DF  to 
ML,  and  consequently  DE  is  to  DF  as  MA  to  ML.  Bat 
MA  and  ML  being  given  lines,  their  ratio  is  given,  and 
hence  the  ratio  of  DE  to  DF  is  likewise  given..  Now, 
ABCD  being  a  given  quadrilateral  figure,  and  the  paral- 
lels DE  and  DF  to  the  sides  AB  and  AC  having  a  given 
ratio,  the  intersection  of  AE  with  CF  is  (Prop.  VIL)  a 
point  of  the  curve  which  circumscribes  that  figure. 

Car.  1.  When  the  radiating  line  AL  passes  through  the 
pole  L,  its  intersection  H,  with  the  directrix  DF,  will  be  a 
point  in  the  curve,  since  CH  is  the  hiie  radiating  from  C. 
For  the  same  reason,  the  radiating  line  CIL  wilt  cross  the 
directrix  DO  at  a  point  I  in  the  curve. 

Cdr»  8.  When  the  variable  point  P  merges  in  C,  the 
radiating  line  from  that  pole  mast  beeone  tangoit*  Where^ 
fore,  prodnoe  AC  to  meet  DO  in  Q,  join  LQ  intersecting 
DF  in  R;  the  line  CR  being  joined  will  toneh  the  carve 
at  C.  For,  in  like  manner,  if  CA  be  produced  to  meet 
the  directrix  in  S,  and  LS  joined  catting  DO  is  T,  the 
fadiating  line  AT  will  be  a  tangent  at  the  pole- A. 


PROP.  XI.     PROB. 

Through  five  given  points,  to  describe  a  curve 
of  the  Second  Order  by  the  intersectio&s  of  three 
revolving  lines. 

Let  A,  fi,  K,  C  and  D  (fig.  12S.)  be  five  points,  through 
which  it  is  required  to  trace  the  curve,  by  the  operation  of 
lines  turning  about  three  poles. 


LINKS  OV  THt  SKCOKD  OBDER.  281 

Assume  the  fiist  and  finirdi  points  A  and  C  as  two  of 
the  poles,  and  the  fifth  point  D  as  the  vertex  of  the  two 
directrices ;  these  directrices  and  the  remaining  pole  wiQ 
be  thas  discovered*  Join  AK  and  CB,  and^  parallel  to 
them^  draw  DG  and  DF,  which  will  be  the  directrices. 
Again,  having  joined  BA  and  KC»  produce  them  to  meet 
the  directrices  in  the  points  M  and  N,  and  draw  ML  and 
NL  parallel  to  DF  and  DG;  their  concourse  L  will  mark 
ihe  third  pole.  If  now,  from  that  point,  any  line  LFG  be 
drawn  to  cut  the  directrices  in  F  and  G,  and  these  points 
be  connected  with  the  poles  C  and  A ;  the  intersection  of 
the  lines  APG  and  CPF  will  assign  a  point  P  of  the  curve. 

For  when  the  point  O  shoots  into  the  indefinite  dis*> 
tance,  the  radiating  lines  LG  and  AG  become  parallel  to 
the  directrix  DG,  and  therefore  assume  the  positions  LN 
and  AK,  while  the  line  radiating  from  C  takes  the  posi- 
tion NCK*  .  Again,  when  the  point  F  vanishes  into  extreme 
remoteness,  the  radiating  lines  LF  and  CF  acquire  the 
poritions  LM  and  CB  parallel  to  DF,  while  the  line  AG, 
which  turns  about  the  pole  OA,  comes  into  the  position 
MAB.  Parallel  to  this  draw  DE,  and  the  lines  DE  and 
DF  are  hence  parallel  to  the  sides  AB  and  BC  of  a  given 
quadrilateral  figure  ABCD,  and  have  evidently  the  given 
ratio  of  MA  to  ML ;  wherefore,  by  the  seventh  proposi* 
tion  of  this  Book,  the  point  P  must  occur  in  the  curve 
which  circumscribes  that  figure,  and  likewise  passes  thro' 
the  point  K. 

But  the  solution  may  be  simplified*  Let  A,  H,  Dg  I 
and  C  (fig.  124.)  be  five  points,  through  which  it  is  required 
to  trace  the  curve,  by  the  revolution  of  radiating  lines.  As- 
sume the  first  and  fifth  points  A  and  C  for  two  of  the  poles ; 
and  to  find  the  third  pole,  join  the  first  and  second  points 
A  and  H,  and  the  fiftl^  and  fourth  points  C  and  I,  and 
produce  the  lines  to  meet  in  L.    Lastly,  join  the  third 
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point  D  with  the  second  and  fourth  points  H  and  I,  to  farm 
the  directrices  DF  and  DO.  It  is  obvious,  that  when  the 
line  radiating  from  the  pole  L  occnpies  the  position  LN 
parallel  to  the  directrix  DG;  the  line  radiating  from  A  be- 
comes likewise  parallel  to  DG,  and  is  intersected  inr  K  by 
the  line  NCK  radiating  from  C.  In  like  manner,  when 
the  radiant  from  L  assumes  a  position  LM  parallel  to  the 
directrix  DF,  the  radiant  CB  being  also  parallel  to  DF^ 
is  cut  in  B  by  MAB,  which  turns  about  the  pole  A.  The 
radiant  from  L  assigns  likewise  the  points  H  and  I. 
Hence  these  points  belong  to  the  same  system  with  the 
points  B  and  K,  and- the  poles  and  directrices  are  thus  the 
same  as  those  dmred  from  the  five  points  A,  B,  K»  C  and 
D. 

Cor.  1.  If  the  point  H  should  coincide  with  A,  the  line 
AH  will  evidently  be  a  tangent ;  and,  for  the  same  rea- 
son, if  I  should  coincide  with  C,  the  line  CIL  will  be  a 
tangent  at  this  point 

Cor.  2.  If  the  varying  point  P  merge  in  C,  the  radiant 
from  this  pole  will  become  a  tangent,  while  the  radiant 
from  the  pole  A  will  pass  through  C.  Wherefore,  pro- 
duce AC  to  meet  the  directrix  DG  in  Q,  and  draw  LRQ 
cutting  the  other  directrix  xn  R,  join  CR,  and  it  will  touch 
at  C.  In  like  manner  produce  CA  to  meet  the  directrix 
DF  in  S,  and  AT  being  drawn  to  the  intersection  of  LS 
with  the  directrix  DG,  will  be  a  tangent  at  A. 

Cor.  8.  If  the  points  H  and  1  interchanged  their  posi- 
tions, and  radiants  AI  and  CH  were  drawn  to  cross 
in  Uf  this  point  lying  within  the  curve  would  have  all  the 
properties  of  the  third  pole.  The  radiant  CPG'  being 
drawn  to  the  directrix  DG  and  UQ'y  joined  and  prodooed 
to  meet  the  directrix  DF  in  F  beyond  S,  the  other  ra- 
FAP  wOl  cut  CPG'  in  the  point  P. 
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PROP.  XII.    PROB. 

« 

By  the  system  of  revolving  lines,  to  describe  a 
curve  of  the  Second  Order,  that  shall  touch  a 
straight  line  given  by  position  at  a  given  point, 
and  also  pass  through  three  given  points. 

Let  it  be  requiredi  by  tbe  combination  of  radiants,  to 
traoethe  carve  (fig  .125.)  through  a  point  of  contact  A  in 
the  line  AL,  and  likewise  throvgh  the  points  D,  I  and  C. 

Aaraming,  as  in  tbe  last  proposition,  the  extreme  points 
A  and  C  as  poles,  the  remaining  pole  wiU  be  easily  found. 
For,  on  tbe  supposition  that  Aere  had  been  originally  five 
given  points,  the  second  point  H  has  merged  in  the  point 
of  contact  A,  and  the  chord  AH  has  consequently  be- 
come  changed  into  a  tangent*  Join  CI,  and  produce  it  to 
meet  AL  in  the  point  L,  which  is  therefore  the  third  pole. 
Tbe  point  D  being  now  joined  witfi  A  and  ^th  I,  will 
evidently  form  the  two  directrices  ADF  and  DIG. 

To  find  any  point  in  the  curve,  from  L  draw  a  stra%bt 
line  LFG,  cutting  the  directrix  AD  in  F,  and  the  direc- 
trix DI  in  G,  and  join  the  Imes  OFF  and  APG;  their 
intersection  P  will  mark  cnt  the  curve. 

Cor.  1.  If  the  chord  CI  (fig.  126.)  be  parallel  to  tbe 
tangent  at  A,  the  pde  L  will  evidently  be  thrown  to  an  iw- 
finlte  distance,  and  tbe  radiants  proceeding  from  it  will  be- 
come all  parallel.  Let  AO  be  drawn  to  bisect  CI,  and  it 
mnst  consequently  be  a  diameter  to  ^ich  that  chord  m 
ordtnately  applied.  To  find  the  other  extremity  P  of  the 
diameter,  produce  it  to  meet  DI  in  G,  draw  GF  paralld 
to  tbe  tangent,  and  meieting  AD  in  F,  and  join  CPF. 

Cor.  2.  If  the  point  D  coincide  with  I,  the  directrix  DI 
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will  become  a  tangent  IT,  and  the  directrix  AD  will  migrate 
into  the  chord  AI.  Wherefore*  TF  being  drawn  parallel 
to  the  tangent  at  A,  the  cross  line  CPF  will  terminate  the 
diameter.  Now,  from  the  property  of  parallel  and  diverg- 
ing lines,  OP :  PT  :  :  OC  or  OI  :  TF : :  OA  :  OT; 
and  hence  the  interval  OT  between  the  chord  lO  and  the 
tangent  IT  is. divided  internally  at  Pt  and  externally  at  A, 
in  the  same  ratio,  as  was  proved  in  the  first  Book. 


PROP.  XIII.    PROB. 

To  describe,  by  the  system  of  radiants,  a  curve 
of  the  Second  Order,  that  shall  form  given  con- 
tacts with  two  given  tangents,  and  also  pass 
through  another  given  point. 

Let  AL  and  CL  (fig.  137.)  be  two  tangents  given  in  po- 
sition, and  A  and  C  given  pomts  in  them,  and  let  it  be  re> 
^inred,  by  the  revdution  of  combined  radiants,  to  trace 
the  curve  through  these  points  of  contact,  and  likewise 
through  a  thbd  given  point  D. 

On  the  supposition  of  five  original  points,  the  second 
and  fi>urth  H  and  I  may  be  conceived  to  have  merged  in- 
to the  points  of  contact  A  and  C.  Wherefore,  assuming 
A  and  C  as  two  poles,  the  concourse  of  L  of  the  tangents 
will  mark  the  thhd  pole.  Join  the  point  D  with  A  and 
C,  to  form  the  two  directrices* 

Any  point  of  the  curve  is  now  easily  found ;  for  draw 
LFG  to  cnt  the  directrices  in  F  and  Gp  and  from  their 
points  draw  lines  FCP  and  GPA  to  the  poles  C  and  «ft,> 
and  their  intersection  P'wtBdtfiie  the  curve.  j 
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Car.  1.  If  the  poont  D  (fig.  1S8.)  diould  lie  oa  the  other 
tide  of  the  cbotrd  AC,  the  opposite  tides  AP  and  CD  of 
the  qudriiateral  figure  ACDP  concur  in  the  point  G,  and 
the  diagottals  AD  and  CP  crofs  it  in  F  in  the  same  ra- 
diant LFG*  But  if  the  pcdnts  D  and  P  wene  assumed  as 
poIe%  the  Ihiid  pole  L  assigned  by  the  tangents  DL  and 
PL  nuttt  still  oceupy  the  fiime  line.  In  like  roaonar,  in 
fig.  1«7.  the  opposite  sides  AD  and  PC,  and  AP  and  DC 
meet  in  F  aad  G,  whfle  the  opposite  tangents  AL  and 
CL9  and  DM  and  PM  meet  in  L  and  M>  aH  these  points 
of  conoourse  ranging  aiong  the  straight  line  LO. 

Cor.  2.  If  the  poles  A  and  C  (fig«  129.)  should  occupy 
the  extfemities  of  a  diameter,  die  tangents  at  those  poioCs 
will  become  parallel  to  the  conjugate  diameter^,  and  their 
interaection  L  will  consequently  be  thrown  to  an  indefi« 
nite  distance.  Suppose  the  point  D  to  terminate  the  oon« 
jugate  diameter,  and  draw  the  directrices  AD  and  CD. 
Any  ordinate  NP  will  be  hence  found.  For  extend  the 
parallel  radiant  FGM,  which  should  have  issued  finom  I^ 
and  join  AF  and  CG  crossing  in  P,  and  draw  PN  pacaUe| 
to  DO.  Frem  the  pvoperty  of  paralld  md  diverging  line% 
AOsAM::OD:MG,andAOorOC:MC::OD:MF^ 
Md  by  composition  A(P  :  AMC  : :  OD* :  MG.MF}  bat 
AM  :  AN  : :  MF  :  NP,  andMC :  NC  : :  MG :  NP;  and 
by  ooaqposkion  AMC  :  ANC  : :  MG.MF :  NP*  ;  where- 
fere,  by  identity  of  raUos,  AO*  :  ANC  :  :  OD^  :  NPS 
the  general  property  of  the  eurve. 

Sdudium*  The  constniction  of  this  prqposition  indicates 
very  cieatiy^  by  its  variation,  the^ietii^nidung  features  cf 
the  several  lines  of  the  Second  Order.  Let  the  transverse 
axis  (fig.  ISO.)  bisect  AC  at  right  angles^  and  consequent- 
ly pass  through  the  concourse  of  the  tangents  AL  aqdCL; 
D,  the  vertex  of  the  curve  and  of  the  directrices  lying  in 
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the  same  line,  suppose  it  first  to  be  nearer  to  O  than  to 
L.  Since  OD  :  DL  : :  OA  :  LP,  it  follows  that  OA  is 
less  than  LF|  and  consequendy  the  radiants  FA  and  GC, 
which  limit  the  axis,  will  meet  towards  E  and  make  an  el- 
lipse. But  if,  as  in  fig.  131.,  DO  be  equal  to  DL,  Aea 
OA  wilt  be  equal  to  LF,  and  the  radiants  FA  and  GrC 
will  run  parallel  to  the  axis,  and  never  meet  it,  indicating 
thus  a  parabola.  If  the  radiant  FLO  change  its  position 
ever  so  little  into  F'LG%  the  radianto  FA  and  G'C  will 
meet ;  for»  through  G  draw  RGS  parallel  to  FQ  and  the 
triangle  GLR  is  evidendy  equal  to  FLF^  Bnt 
RG  :  GS  :  :  DF' :  DC ;  and  DC  being  greater  thanDF". 
therefore  OS  is  greater  than  RG  or  FP.  Comparing 
now  the  triangles  FAF^  and  GCS,  the  angle  GCS  moat 
be  greater  than  FAF,  and  hence  the  line  GC  is  inclined 
to  FA,  and  would  meet  it  at  some  distance. 

Again,  suppose  DO  (fig.  ISS.)  to  be  greater  than  DL  i 
and  OA  being  therrfore  greater  than  LF,  the  radiants 
AF  and  CO  must  meet  at  £  on  the  other  side  of  D»  thna 
intimating  the  hyperbola.  But  it  will  appear  fiom  the  in* 
spection  of  the  igare^  that  the  radianto  AP  and  CG^  will 
at  first  continue  to  meet  in  the  branch  of  the  curve  which 
has  £  for  ito  vertex,  and  will»  after  passing  a  certain  limits 
concur  in  the  opposite  branch. 

Let  CA  (fig.  1S8.  and  1S4.)  represent  a  diameter  of  the 
curve,  of  which  O  is  the  centre,  and  D  the  extremily  of 
the  conjugate.  The  tangento  at  C  and  A  being  parall^ 
the  pole  L  must  vanish  into  distance.  The  directrioea 
CD  and  AD  must,  in  the  ellipse,  meet  from  op^losite  sides ; 
but,  in  the  hyperbola,  they  will  run  parallel  to  each  othert 
tending  to  the  indefinitely  remote  extremity  d  an  imagi^ 
nary  conjugate.  Let  the  parallel  radiant  FGN^  which 
should  proceed  firom  L,  cut  those  directrices  in  F  and  0| 
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and  the  crott  linet  AO  and  CF  wiU  matually  intersect  in 
a  point  P  of  the  canre. 

Now  CO  :  CM  :  :  OK :  PM,  and  CO  or  AO  :MA 
:  :  OQ  :  PM  i  whence^  by  oomposition,  AO^  :  CMA : : 
01L0Q:PM'.  ButNF:NG::OK:OD::OD:OQ, 
aiidtherefbreOK.OQ=OD%andcon8eqaentIy  AO«:  CMA 
:  lOD* :  PM^i  the  noted  property  of  those  curves. 

The  parabola  may  be  considered  as  an  hyperbola  of  eac- 
treme  elongation.  Let,  dierefore,  (fig.  155.)  the  diameter 
shoot  into  indefinite  distance,  and  the  radiants  from  A  will 
become  parallel  But  the  directrices  must  consist  of  AFiy 
in  a  given  position  paraUel  to  the  diameter,  and  of  COD', 
which  makes  a  given  angle  with  it.  If,  therefore,  the  pa- 
rallel radiants  APG  and  FGN  be  drawn  through  any 
point  G  in  CD%  the  oblique  radiant  CPF  from  C  will  cut 
AG  in  P,  a  point  of  the  parabola. 

Kow,CM:CN::PM:NF,  and  CN:Ciy'::NG  or 
PM :  Jyiy  or  NF  s  wherefore^  by  composition,  CM :  CI>' 
: :  PM' ;  jyW^*,  the  distinguishing  property  of  the  curve. 

To  discover  the  principal  features  of  the  hyperbola,  let 
the  poles  A  and  C  (fig.  136.)  vanish  into  distance,  and  the 
tangents  LA  and  LC  will  become  asymptotes.  If  D  be 
any  point  in  the  curve,  draw  DX  and  D Y  parallel  to  LY 
and  LZ,  and  they  will  form  the  directrices.  Let  the  ra- 
diant LGF  cut  these  in  G  and  F,  and  the  parallels  GP 
and  FP  will  assign  the  point  P.  Complete  the  figure, 
and  the  parallelogram  GZ  is  evidently  equivalent  to  GY ; 
whence  the  inscribed  parallelogram  PL  is  equivalent  to 
DL  or  a  given  space,  a  noted  property  of  the  asymptotes. 

If  the  lines  AD,  CD  (fig.  137.)  inflected  from  the  extre- 
mities of  the  diameter  to  terminate  the  perpendicular  dia- 
meter be  at  right  angles,  the  ellipse  will  migrate  into  a  cir- 
cle.   For  the  opposite  tangents  at  A  and  C  being  parallel. 
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the  pole  L  must  be  thrown  Uf  an  indefinite  diaUno^  and 
consequently  its  radiant  GFQ  will  be  perpendicular  to  CA. 
Join  AG  and  CF,  and  their  intersection  P  will  be  a  point 
in  the  curve.  For  in  the  triangle  CGA,  the  lines  AD  and 
GQ  are  perpendicular  to  the  sides  CG  and  CAy  it  fi>llow8 
that  CP  is  likewise  perpendicular  ta  AG  $  and  the  ang^ 
CPA  being  thus  a  rig^t  angle,  the  point  P  must  Ue  in  a 
semicircle.  Again,  from  aimilar  trianglea,  CK  :  PK  :  : 
PK :  KA,  and  hence  PK'sCKA. 

In  the  hyperbola,  the  conjugate  axis  is  thrown  to  inde- 
finite distance.  When  the  cunre  b  equilateral,  the  diieo- 
trices  CG'  and  AF^  instead  of  being  perpendicalar  as  in 
fig.  137.,  run  parallel,  and  with  the  ini&ataon  of  half  a 
right  angle  to  the  transverse  axis.  The  perpendicular  nr 
diant  from  L  therefore  cuts  those  lines  in  G'  and  ¥\  and 
the  intersection  of  AG'  and  CF'  marks  a  point  P'  of  the 
curve*  But  CQ  and  AQ  being  evidently  equal  to  CPQ 
and  FQ,  the  triangles  CQF'  and  G'QA  are  equal,  and 
consequently  the  angle  ACP  is  equal  to  A  PK'.  Where- 
fore the  triangles  CKT'  and  PK'A  are  simiUir,  and 
CK' :  FK': :  FK' :  AK',  and  hence  CK'AsFK'*, 


PROP.  XIV.    PBOB. 

To  describe,  by  the  system  of  radiants^  a  curve 
of  the  Second  Order,  that  shall  form  given  con- 
tacts vi^ith  two  given  tangents,  and  also  touch  an- 
other straight  line  given  in  position. 

Let  AL  and  CL  (6g.  138.)  be  two  given  tangents,  with 
the  points  of  contact  A  and  C,  through  which  it  is  required 
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to  traee)  bj  the  reircrfaiioa  of  combined  radiants,  a  canre 
of  the  Seoond  Older  Aat  diall  likewise  tonch  the  Ime  KI. 
AssamiDg,  as  in  the  last  Proposition,  'the  points  A^  C 
and  L  as  thr^  poles,  it  is  only  wanted  to  discover,  in  the 
tangent  KI,  a  point  D,  through  which  the  two  directrices 
AD  and  DC  pass.  Now,  since  the  curve  touches  at  D, 
any  contiguous  point  P  of  the  curve  must  evidently  lie  in 
the  directimi  of  the  tang»it»  Bot,  in  that  limiting  posi- 
tion, the  radiants  fironi  the  poles  A^  C  and  L,  would  still 
retain  their  parallelism  to  AD,  CD  and  LD.  Consequent- 
ly the  parallelograQi  FDGR  being  described,  having  its 
diagonal  FKG  parallel  to  LD,  the  tangent  DKR  must 
form  the  other  diagonal,  lliese  diagonals  are  mutually 
trisected  in  K,  andtberebreGK :  DL : :  FK :  DL;  whence 
AK  :  AL  : :  K6 » SL,  and  the  line  AL  is  harmonically  di- 
vided in  the  points  K  and  S.  Bat  since  AO  is  intersected 
by  the  lines  drawn  from  D  to  those  points  of  harmonic 
section,  it  is  likewise  (VI.  8.  Geom.)  cut  harmonically  in  Q 
and  C.  For  the  same  reason,  L  being  a  radiating  point, 
Uie  line  AO  is  divided  harmonically  in  D  and  I,  or 
KG :  OI : :  KD  :  DI.  But  the  points  A,  I  and  O  being 
given,  the  point  D  is  likewise  given  ;  and  the  proposition 
is  thus  reduced  to  the  conditions  of  the  preceding  pro- 
blem. 

Cor.  1.  It  hence  appears,  that  a  tangent  KI  between  two 
other  tangents,  is  divided  internally  at  the  point  of  con- 
tact D,  and  externally  at  O,  where  it  meets  the  line  joining 
the  two  contacts  A  and  C  in  the  same  ratio.  This  con- 
clusion might  also  be  derived  from  Prop.  XX.  Book  I. 

Cor.  2.  If  the  tangent  KI  run  parallel  to  the  chord  AC, 
it  must  evidently  be  bisected  in  the  point  of  contact,  and 
the  radiant  LD  will  consequently  pass  through  the  centre 
of  the  curve.     In  the  case  of  the  hyperbola,  when  the 
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poiate  A  and  C  vanish  in  the  distance,  the  tangeniB  ALt 
and  CL  become  asymptotes,  and  the  interoqiled  taagnC 
KI  is  always  bisected  in  D. 


PROP.  XV.    THEOR. 

If,  in  a  curve  of  the  Second  Order,  a  hexagon 
be  inscribed,  and  each  pair  of  its  opposite  sides 
be  produced  to  meet,  the  three  points  of  con- 
course will  lie  in  the  same  straight  line. 

Let  a  hesagon  ABCIDH  (fig.  189.)  be  inscribed  in  the 
curve,  and  produce  the  opposite  sides  BA  and  ID,  AH 
and  CI,  HD  and  BC^  to  meet  severally  in  the  points  Nj 
L  and  M ;  these  points  of  concourse  will  occapy  the  same 
straight  line. 

For,  conceive  the  points  A,  H,  Dp  I  and  C  to  be  five 
original  points ;  if  the  points  A  and  C  be  assumed  as 
poles,  the  chords  AH  and  CI  will  meet  in  L,  the  third 
pole,  and  the  extended  chords  HDM  and  IDN  will  form 
the  two  directrices.  Wherefore  the  radiant  BAN,  which 
proceeds  through  the  pole  A  to  a  sixth  point  B,  must  cut 
the  directrix  IDN  in  N,  and  the  radiant  from  the  pole  C 
to  ihe  same  point  must  cut  the  directrix  HDM  in  M, 
while  the  radiant  which  turns  about  the  pole  L  must  pass 
through  both  these  interseaions  N  and  M. . 

Car.  1.  If  the  point  B  were  to  change  its  position  into 
B',  the  concourse  of  HD  and  CB  would  mark  the  point 
M^  and  the  concourse  of  DI  and  AB'  would  mark  the 
point  N^  both  of  them  lying  in  the  new  radiant  LM'N^ 

Cor.  f .  If  the  point  H  coincide  with  A,  the  chord  AH 
will  pass  into  a  tangent.     Whence  the  sides  BA  and  ID, 
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and  the  aides  AD  and  BC  of  the  inscribed  pentagon,  meet 
in  the  points  M  and  N,  while  the  tangent  at  A  and  the 
side  CI  meet  in  L,  these  points  occupying  the  same  ra- 
diant MLN. 

Cbr.S.  If  both  the  points  U  and  I  (fig.  140.)  should  merge 
in  A  and  C,  the  hexagon  will  pass  into  the  quadrilateral 
figure  ABCD.  Wherefore  the  opposite  sides  BA,  CD 
and  AD,  BC,  and  likewise  the  opposite  tangents  AL,  CL, 
and  BL',  DL'  concur  in  the  points  N,  M,  L  and  h\  which 
lie  all  in  the  same  straight  Iine» 

Cor.  4.  Conceiye  all  the  points  of  concourse  to  be  thrown 
to  an  indefinite  distance,  and  let  the  points  A  and  B  coin- 
cide, while  C,  H  and  I  change  their  positions ;  it  will  then 
follow  that  BC  and  BH  (fig.  141.)  must  be  parallel  to  the 
DH  and  CI,  and  the  tangent  at  A  parallel  to  the  chord 
DI.  Hence  a  simple  method  of  applying  a  tangait  at  any 
point  of  the  curve ;  for  having  inflected  the  chords  AC  and 
AH,  draw  HD  and  CI  parallel  to  them,  jdn  DI,  and  pa* 
rallel  to  it,  draw  through  A  a  line  whidi  must  touch  at 
that  point. 

PROP.  XVI.    PROB. 

To  find  by  a  primary  construction  a  line  of  the 
Second  Order  that  shall  pass  through  five  given 
points. 

Let  A,  B,  C,  D  and  £  (fig.  142.)  bet  he  five  poinU 
through  which  it  is  required  to  describe  a  curve  of  the  Se- 
cond Order,  without  employing  the  revolution  of  angles  or 
of  lines. 

ANALYSIS. 
Join  A,  B,  and  C,  D  by  two  straight  lines  which  meet 
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ia  H»  and  A,  D,  and  B^  C  by  two  odier  rtm^i  Kacs 
meeting  in  G ;  and  from  the  fifth  point  £  draw  EBiLand 
EIK  paralld  to  ABH  and  GBG|  and  cutting  the  carre  in 
M  and  K,  and  meeting  HCD  and  DAG  in  L  and  K. 
Fraoa  the  property  of  the  curves  DH.HC  :  AH.HB : : 
DULC :  EL.LM ;  but  the  three  first  terms  of  this  analo- 
gy being  given»  the  rectangle  EL.LM  U  given ;  and  atnce 
EL  is  given^  LM  is  alao  given^  and  the  pomt  M  in  the 
curve.  Bisect  the  chords  AB  and  EM  in  V  and  T>  and 
the  straight  line  YVTZ,  which  joins  these  points,  is  a  dia- 
meter given  in  ppaition.  Again,  DG.GA  :  CG.GB  : : 
DI.IA  :  ELIK,  and  consequently  the  rectangle  EI.IK 
and  thence  IK  and  the  point  K  in  the  curve  are  gma* 
Bisect  the  parallel  chords  BC  and  EK  by  the  stnught  line 
SOB,  which  wUi  be  a  diameter  given  in  position.  But 
diese  diameters  YZ  and  SB  are  fikewise  given  in  magiii« 
fade;  for  AV :  ET»::YVZ,  or  OY*~OV*:YTZ,  or 
OY»--OT,  and  hence  the  ratio  of  OY*— 0V»  to  OY»— 
OT*  is  given ;  and  since  OV  and  OT  and  their  squares 
are  given,  the  square  of  OY,  and  OY  itself,  are  (VL  S. 
and  I.  23.  £1.)  given.  In  the  same  manner  it  is  shewn  that 
OS  is  given.  Again,  from  the  property  of  parallel  lines 
intersecting  the  curve,  DI.IA :  EI.IK : :  OZ* :  OXs  and 
consequently  XOW,  the  conjugate  of  SOR  is  given,  and 
the  curve  is  given,  by  Proposition  XXX.  of  the  last  Book. 

COMPOSITION. 

Draw  AB,  DC  to  meet  in  H,  and  CB,  DA  to  meet  in 
G,  and  through  E  draw  EL  and  EK  parallel  to  ABH  and 
CBG.  Make  DHC :  AHB : :  DLC :  ELM ;  and  agam, 
DG A :  CGB : :  DI A :  EIK,  and  the  poinU  M  and  K  will 
be  found.  Bisect  the  chords  AB,  EM,  and  BC,  EK  by 
the  straight  lines  YZ  and  SR,  which  will  define  the  posi- 
tion of  two  diameters.    Next,  make  T£^-«»AV* :  AV  : ; 
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OV*— or* :  OY*— OVS  wbeDce  OY  will  be  found ;  and 
again,  make  IK*— QC*  :  QC» : :  OQ»— OP :  OS*— OQ% 
and  OS  will  be  likewise  fonnd*  LasClj,  make  DIA :  EIK 
1  :  OZ*  :  OXS  and  thus  X W,  the  ccmjugate  of  SOR,  is 
found,  and  thecunre  is  determinedi  by  Proposition  XXX. 
BookL 


PROP.  XVII.    PROB. 

To  find,  by  a  primary  construction^  a  line  of 
the  Second  Order  that  shall  pass  through  three  gi<- 
ven  pointSy  and  touch  two  straight  lines  given  in 
position. 

Let  FAR  and  PHB  (fig.  US.)  be  two  given  tangent?, 
and  C,  D  and  E  three  given  points  through  which  it  is 
required  to  describe  a  line  of  the  Second  Order,  without 
employing  the  revolution  of  angles  or  lines. 

ANALYSIS. 

Join  the  points  of  contact  A  and  B,  draw  the  chord 
CD  and  produce  it  to  meet  AB  in  I ;  connect  likewise  the 
chord  DE,  extend  it  both  ways  to  meet  the  tangents  FB 
and  FR  in  H  and  R,  and,  lastly,  parallel  to  these  draw 
GKE  and  HSM. 

Since  NB  and  6L  are  parallel,  (I.  17.  cor.  2.) 
CND  :  DGC  : :  NB*  :  LGK  or  GT»  : :  NP  :  GI».  But 
Uie  rectangles  CND  and  CGD  being  given,  the  ratio  of 
W  to  OP,  and  consequently  that  of  NI  to  GI  is  given  ; 
whereof  GN  being  given,  the  point  I  is  likewise  given. 
Again,  because  HM  and  FR  are  parallel,  EHD  :  DRE 
:  :  MHS  or  HQ*  :  ARV:  :  HP*  :  PR» ;  but  the  rectan- 
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gles  EHD  and  DRE  being  given,  the  ratio  of  HP  to 
PR  is  hence  given,  and  the. line  HR  being  given,  the 
point  P  is  also  given.  Wherefixre  the  points  I  and  P 
being  given,  the  line  IBPA  is  given  in  position,  and  conse- 
quently its  intersections  with  the  tangents,  or  points  of 
contact  A  and  B  are  given.  The  problem  is  thus  re- 
duced to  the  description  of  a  curve  through  five  given 
points.  A,  B,  C,  D  and  E. 

COMPOSITION. 

Find  y  and  X  mean  proportionals  to  the  rectangles 
CND  and  C6D,  and  Y  and  Z  mean  proportionals  to  the 
rectangles  EHD  and  DRE.  In  the  ratio  of  V  to  X  di- 
vide ND  in  I,  and  in  the  ratio  of  T  to  Z  divide  HR  in 
P;  join  IP,  and  produce  it  to  cut  the  tangents  in  A  and 
B,  which  are  the  points  of  contact,  with  the  curve  The 
problem  is  thus  brought  under  the  last  Proposition. 


PROP.  XVIII.    PROB. 

The  focus  being  given,  to  describe  a  curve  of 
the  Second  Order  through  three  given  points. 

Let  it  be  required  to  find  a  curve  which  passes  through 
the  points  A  and  B  and  C,  (fig.  14i.}  and  has  its  focus 
placed  in  F. 

ANALYSIS. 

Join  AB  and  BC,  and  produce  these  chords  to  the  di- 
rectrix. From  the  general  property  of  the  curve,  AF :  AD 
:  :  BF  :  BD,  and  alternately,  AF  :  BF  :  :  AD  :  BD. 
But  AF  and  BF  being  given,  their  ratios  is  given,  and  con- 
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sequttitly  that  of  AD  to  BD ;  wherefore  the  points  A  and 
B  being  giTen,  the  point  D  in  the  directrix  is  likewise  gi'* 
▼en.  In  the  same  way,  it  is  shown  that  the  point  E»  where 
the  chord  BC  meets  the  directrizi  is  given.  Whence  the  di- 
rectrix DE  itself  being  giveny  the  curve  is  determined. 

COMPOSITION. 

Draw  the  chord  BA^and  extend  it  till  FA :  FB : :  AD :  BD; 
draw  likewise  the  chord  BC,  and  extend  it  till  FC :  FB : ; 
C£ :  BE ;  now  join  DE,  which  will  be  the  directrix  to  the 
carve. 

If  two  of  the  given  points,  such  as  A  and  B^  should  lie  in 
the  opposite  branches  of  a  hyperbola,  it  is  obvious  that 
AB  must  be  cut  internally  in  D  in  the  ratio  of  FA  to  FB. 
If  two  of  the  points,  such  as  B  and  C,  be  equidistant  from 
the  focus,  the  point  E  will  be  thrown  to  an  indefinite  dis- 
tance, and  consequently  the  directrix  will  pass  through  D 
parallel  to  BC.  When  all  the  three  points  A,  B  and  C 
are  equidistant  from  the  focus,  the  directrix  becomes  in- 
definitely remote^  and  the  curve  migrates  into  a  circle,  ha- 
ving F  for  its  centre. 

PROP.  XIX.    PROB. 

By  the  system  of  radiants,  to  describe,  through 
three  given  points,  a  curve  of  the  Second  Order, 
whose  centre  is  given. 

Let  O  (fig-  145.  and  146.)  be  the  centre  of  a  curve, 
which  it  is  required  to  trace  through  the  points  A,  C,  and 
D. 

Join  AO  and  CO,  and  produce  them  to  equal  distances 
01  and  OH,  beyond  the  centre ;  the  extremities  I  and  H 
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of  these  diameters  mu^  evidently  be  points  in  the  airre. 
Five  points  being  hence  assigned  ip  it,  the  problem  is  re> 
daced  to  Prop.  II. 

Bat  the  constraction  may  be  greatly  simplified ;  the  tri- 
angles AOH  and  IOC  being  obyiously  eqnal,  the  angle 
OAH  is  equal  to  OIC,  and  consequently  the  base  AH  is 
parallel  to  CI.  Wherefore  the  third  pole  I  vanishes  in 
the  distance^  and  all  its  radiants  most  be  parallel  to  AH 
or  CI.  To  find  any  point  in  the  cnnre,  draw,  between 
the  directrices  HD  and  ID,  the  parallel  radiant  FG,  and 
from  the  poles  A  and  C  draw  the  oblique  radiants  AG  and 
CF  to  meet  in  P. 

Cor.  1  •  When  the  points  F  and  G  are  thrown  to  an  in- 
definite distance,  it  is  evident  that  the  radiants  AB  and 
CB  will  become  parallel  to  the  directrices  ID  and  HD. 
Hence  the  opposite  pairs  of  the  sides  of  the  insdribed  hex- 
agon ABCIDH  are  all  parallel. 

Cor.  2.  This  proposition  will  also  apply  to  the  parabola, 
if  the  direction  of  the  axis  be  substituted  for  the  position 
of , the  centre.  For  H,  D  and  A  (fig.  147.)  being  three 
points  in  the  curve,  other  two  points  I  and  C,  indefinitely 
remote,  may  be  conceived  to  occur  in  the  extension  of  the 
axis.  Consequently,  the  chord  HD  and  a  parallel  ID  to 
the  axis  will  form  the  directrices;  while  A  and  the  remote 
point  C,  in  the  line  of  the  axis,  are  two  poles,  and  the  third 
pole  L  is  represented  by  a  vanishing  point  in  the  direction 
of  the  chord  HA,  or  its  concourse  with  the  extreme  chord 
IC.  Any  point  of  the  curve  is  hence  found,  by  drawing 
between  the  directrices  the  radiant  F6  firom  L  parallel  to 
HA,  and  extending  to  the  pole  A  the  line  FA  to  meet 
the  parallel  radiant  CG  in  P. 

From  this  construction  it  follows,  that  HM:HN:: 
MD :  NG  or  MF,  and  MA  :  NA  : :  MF:  NP;  whence 
by  compounding  the  analogies,  HMA :  NHA : :  MD :  NP. 
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PROP.  XX.    PROB. 

r 

By  the  system  of  radiants,  to  describe  a  para- 
bola, of  which  the  direction  of  the  axis,  the  con- 
tact of  a  tangenty  and '  a  point  in  the  curve  are 
given. . 

Let  it  be  required  to  trace,  by  a  combination  of  ra** 
diontSy  a  parabola  that  shall  touch  AL  in  A,  (fig*  147.) 
pass  through  the  point  I,  and  have  its  axis  parallel  to  AE« 

Having  drawn  the  double  ordinate  lED  parallel  to  the 
tangent  AL,  and  made  ED  equal  to  lE^  the  point  D  will 
evidently  lie  in  the  cmrve.  Wherefore^  on  the  supposition 
of  five  oi%inal  points  in  the  curve,  two  of  them,  A  and  H^ 
may  be  conceived  to  coalesce  in  the  point  of  contact  of  the 
tangent,  and  a  third  point  C  to  vanish  in  the  direction  of 
the  axis.  The  lines  DAK  and  DAL  will  hence  form  the 
two  directrices ;  knd  IL  being  drawn  towards  Cy  or  pa« 
rallel  to  the  axisy  to  meet  the  extension  of  AH  or  the  tan- 
gent in  L,  this  point,  with  A  and  the  remote  point  C,  will 
constitute  the  three  poles. 

To  find  any  point  in  the  curve,  from  A  draw  the  radiant 
AP,  cutting  the  directrix  DEI  in  G,  extend  through  L 
the  oblique  radiant  GLF,  and  from  F  draw  the  parallel 
radiant  FP  to  intersect  AP  in  P. 

Bat  this  point,  where  the  oblique  radiant  AP  meets  thfi 
curve,  might  aho  be  discovered  by  another  constructioni 
For  the  ordinate  DE  being  equal  to  EI,  it  is  evident  tha^ 
IL  is  equal  to  LK,  and  MO  equal  to  OF.  Consequently, 
from  the  property  of  parallel  and  converging  lines,  GN :  NP 
::GL:LF::IL:OForMO,butIL:MO::AI:AM;s 


.» 
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AN :  AP,  and,  therefore,  GN :  NP : :  AN  :  AP,  and  bjr  di- 
vision AG:  AN::  AN:  AP,  or  AG:  AN::  AI  :  AM, 
and  consequently  NM  is  parallel  to  GL  Wherefore,  let 
AP  cut  NIL  in  N,  and  parallel  to  the  tangent  AL,  draw 
NM  to  meet  AI  in  M  ^  then  MP  parallel  to  NIL  will,  by 
its  intersection,  assign  the  point  P. 


PROP.  XXL    PROB. 

/ 

Given  the  direction  of  each  asymptote  and 
three  points  in  the  curve,  to  descri)ie  an  hyperbo* 

la  by  the  system  of  radiants. 

» 

Let  it  be  required  to  trace,  by  the  oombined  Intersect 
tione  of  lines,  an  hyperbola  through  the  points  £,  D  and 
H,  (fig.  148.)  and  having  its  asymptotes  parallel  to  £Lr 
andHL. 

It  is  evident,  that,  of  five  original  points  A,  E,  D,  H,  C 
in  the  curv^  if  the  extremes  A  and  C  w6re  to  vanish  in  the 
distance,  the  lines  LE  and  LH,  parallel  to  the  asymptotes, 
would  tend  towards  them.  Wherefore  L  is  one  of  the 
poles,  the  remote  points  A  and  C  representing  the  other 
two  poles,  while  the  cross  lines  D£  and  DH  are  the  cor* 
responding  directrices.  Consequently,  to  find  any  point 
P  of  the  curve,  from  the  pole  L  extend  any  oUique  line 
LGF  to  meet  the  directrix  DE  in  F  and  the  directrix  DH 
in  O,  draw  FP  the  radiant  to  C  paraDel  to  LH,  and  in- 
tersect this  by  the  radiant  6P,  tending  towards  A,  and 
yataUel  to  LE. 

Cor.  When  the  radiant  LGF  comes  into  the  position 
LM  parallel  to  DE,  it  is  evident  that  the  point  P  vanidies 
towards  A.    Wherefore  the  parallel  OM  must  be  an  a«* 
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qrniptote.  In  like  manner,  the  other  as\7nptote  ON  is 
found,  by  drawing  LN  {MtraHel  to  1)H,  since  the  point  P 
would  then  retire  towards  C» 


PROP.  XXIL    PROB. 

r 

An  asymptote  being  given  and  three  points  m 
the  curve,  to  describe  an  hyperl;^Qla»  :by  tbc;  sysr 
tett  of  radiants* 

.      .  <     4    t 

Let  it  be  required  to  trace,  by  the  eonbined  intersect , 
tiona  of  lines,  an  byperbola,  one  of  whose  asymptotes  is) 
AL,  (fig.  149.)  through  the  points  D,  E  and  C. 

Recurring  to  the  original  five  points  A,  H,  D,  £  and, 
C,  it  is  obvious  that  the  adjacent  points  A  and  H  must 
meige  into  one,  and  vanish  in  the  distance  along  the  a-*, 
symptote.  Wherefore  C£,  being  produced  to  meet  that 
Kne^  will  assign  the  pole  L.  Again,  the  oblique  line  D£; 
will  constitute  one  of  the  directrices,  while  DF,  tending 
to  the  remote  point  H,  and  therefore  parallel  to  the  a^ 
gymptote,  will  form  the  other  directrix. 

To  find  any  point  in  the  curve,  from  the  pole  h  extend 
the  oblique  radiant  LFG,  from  F  draw  FC  through  the 
pole  C,  and  intersect  it  by  GP,  tending  to  the  remote  pole 
A,  and  therefore  running  parallel  to  the  asyipptote. 

/It  must  likewise  follow,  that  LM  drawn  parallel  to  thf 
directrix  D£,  will  determine  the  position  CM  of  a  parallel 
totbe other  asymptote. 

Oenerdl  Scholium.  It  hence  appears  that  the  applicalioii 
of  the  system  of  radiants  not  only  discloses  finely  the  rektipus 
of  curv^  of  the  second  order,  but  affi>rds  the  most  easy  and 
ready  methods  in  practice  for  solving  a  variety  of  problems. 
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The  same  theory  likewise  throws  much  light  onotfaergeoiBe^ 
trical  oonstmctionsy  and  particularly  oa  the  procedure  chh 
ployed  in  X<inear  Perspectiye.  Thos,  let  DF  (fig.  150.)  be 
the  base  of  the  picture,  and  CK  the  horizontal  line  at  the 
height  of  the  eye,  E  the  paint  of  sights  and  the  perpendi* 
cnlar  E  A  equal  to  the  principal  ray^  or  the  distance  of  the 
eye  from  the  picture  \  any  point  G  on  the  ground  plan 
will  be  projected  in  the  line  CF  drawn  from  an  accidental 
point  C  to  join  F,  where  OF»  the  parallel  to  AC,  meets  the 
base,  its'  place  being  marked  by  the  intersection  of  OA. 
But  P  may  be  formed  by  a  different  construction ;  for  the 
oblique  line  DG  being  drawn  from  any  point  in  the  base  to 
O,  and  AK  being  extended  from  'A  paraUel  to  it  and  DK 
joined,  this  line  will  be  the  projection  of  DG  and  must 
consequently  cross  CF  in  the  required  point. 

The  same  conclusion  is  derived  from  the  theory  of  ra- 
diants. Conceive  A,  C,  H  and  I  four  of  the  original 
points,  to  occupy  a  given  straight  line,  while  the  fifth  D 
lies  beyond  it;  the  locus  of  any  sixth  point  P,  determined 
by  the  combination  of  radiants,  will  be  another  straight 
line  DKA,  given  likewise  in  position.  For  A  and  C  be^ 
ing  two  poles,  the  third  pole  L  will  vanish  in  the  extension 
of  ACHI,  and  DH  and  DI  will  form  the  two  directrices. 
Any  radiant  FG  parallel  to  AI  being  therefore  drawn, 
and  the  oblique  radiants  FC  and  GA  produced  to  the 
poles  A  and  C,  their  intersection  will  mark  a  sixth  point 
F  in  the  same  system.  For,  paralM  to  DF,  draw  CK  to 
meet  the  extension  of  DP  in  K,  and  join  AK.  From  the 
property  of  parallel  and  diverging  lines,  AC  :  FG  :  : 
CP :  PF : :  KC :  DF,  and  alternately,  AC :  KC : :  FG :  DF; 
but  the  angle  DFG  being  equal  to  FHC,  is  therefore  equal 
to  ACK;  consequently  (VI.  IS.  Geom.)  the  triangle  K AC 
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iB  sittular  to  FOD,  and  the  angle  AKC  equal  to  GDF. 
Wherefore  CK  being  parallel  to  DH,  it  jRdkma  Uiat  AK 
is  paraDd  to  DG.  Both  the  lines  AK  and  CK  are  benoe 
gi^en  in  position »  and,  therefore,  the  point  K  and  the  line 
DPK  are  likewise  given. 

If  the  pcHnt  D  (fig.  151.)  should  fidl  into  the  tame 
straight  fine  with  A  and  C»  and  absorb  also  the  points  H 
and  I,  tangents  to  these  points  would  form  the  directrices 
DF  and  DG»  and  the  construction  wv>nld  become  nmplen 
In  this  case  DP:PK::PF:PC::PO:PA,  and,  there* 
fere,  AK  is  parallel  to  DG,  and  the  point  K  and  the  line 
DK  given  in  position. 

But  if  the  point  I  w^e  supposed  to  shift  its  place  alopg 
the  line  ACD,  the  directrix  DG,  and  consequently  its 
projection  DK,  would  likewise  change  their  mutual  po« 
sitions.  If  DG  terminate  in  th^  circumference  of  a  given 
circle,  DP  win  trace  out  its  projection,  which  is  always  a 
curve  of  the  Seocmd  Order.  The  resulting  curve  most  in« 
deed  be  a  section  which  the  vertical  plane  of  the  picture 
makes  through  a  cone  formed  by  the  oblique  rays  flowing 
to  the  eye  firom  the  circle  on  the  ground.  The  nature  of 
this  curve,  however,  may  be  deduced  from  the  primary 
construction.  Let  A  and  D  (fig.  152.)  be  given  points^ 
and  DH  andCK  parallels  given  in  position. 

To  avoid  unnecessary  complication,  suppose  the  circle 
which  is  to  be  represented  in  perspective  to  touch  the  base 
at  O,  and  having  drawn  DG  to  touch  the  circumference 
in  G,  and  extended  AK  parallel  to  it,  join  the  lines  AG 
and  DK,  and  their  intersection  P  will  mark  the  contact  of 
DP,  a  tangent  to  the  curve.  From  any  point  H,  between 
O  and  D,  draw  HQ  parallel  to  DK,  join  AQ,  and  parallel 
to  it  extend  HMN  to  cut  the  circle,  and  join  AM  and  AN, 
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isr^icb  will  oroM  HQ  in  the  points  R  and  St  wfiere  the 
secADt  HRS  ineiet$  the  curve.  Lastljj  produce  NH  ntod 
GD  to  meet  in  ly  and  join  ACI. 

Since  DHQK  is^  by  constrnction,  a  paraUdbgiam,  the 
side  DH  is  equal  to  KQ  ;  consequently  the  triangles  IDH 
and  AKQ»  baying  all  their  sides  miituaUy  parallel,  are  e- 
qual.  Wherefore  ID  is  equal  to  AK,  and  IH  to  AQi  and 
hence  the  figures  IDKA  and  IHQA  are  paraUdograma. 
Now>  from  the  property  of  parallel  and  diyerging  line^ 
GDor  OD :  PD : :  GI :  AI^  and  therefore  OD> :  PD' : : 
GP  :  A^.  Again,  NH  :  NI : :  SH  ;  AI,  and  MH  :  MI 
: :  RH :  AI ;  whence,  by  composition,  NHM  :  NIM  : : 
SHR :  AP ;  but  the  rectangles  NHM  and  NIM  are  equi- 
valent to  the  squares  of  OH  and  IG;  consequently 
OH» :  SG*  : :  SHR  :  Ap,  or  alternately  OW  :  SHR  : : 
IG' :  AP.  Again,  IG  :  AI  :  :  GD  or  OD  :  PD,  and 
IG» :  AP  : :  OD* :  PD* ;  wherefore,  by  identity  of  ratios, 
OH*  :  SHR  :  :  OD' :  PD*.  But  OD  and  PD  being  tan^ 
gents,  and  the  parallel  HRS  a  secant,  this  property  desig* 
ijuites  a  curve  of  the  Second  Order. 

PROP.  XXIli-    THEOR. 

.  If  a  circle  meet  a  line  of  the  Second  Order,  the 
straight  lines  joining  each  pair  of  the  points  o£  in- 
tersection are  equally  inclined  to  the  axis. 

Let  (fig.  84.  and  82.)  a  circle  meet  the  curve  in  the  four 
points  A,  B,  C  and  D ;  the  chords  AC  and  BD  will  make 
equal  angles  with  the  axes,  and  so  will  the  secants  AB£ 
and  DC£.  ' 
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For  draw  the  iimidiftineteri  OK,  OL  parallel  to  those 
chords,  and  the  tangents  GI  and  HI  parallel  to  the  se- 
cants. From  the  property  of  the  curve,  AT.TC :  BT.TD 
: :  OK* :  OL* ;  bnt  isinee  the  chords  AC  and  BD  cnt  each 
other  within  the  cirde,  AT.TC  rs  BT.TD^  and  conse- 
quently OK* = OL%  and  OK = OL.  Wherefore  these  e* 
qual  semidiaueters,  and  their  paraQel  chords,  must  bee- 
qufdiy  inclined  on  each  side  of  the  axis.  Again,  AE.EB': 
DE.EC::  IG  :  IH*;  but  (111. 26.  El.)  AE.EB=:DE.EC 
and  therefore  IG'srlH^  and  IG=IH,  which  equal  tan- 
gents must  likewise  be  equally  inclined  to  the  axis  IMN. 

Cor.  Hence  in  the  parabola,  (fig.  82.)  the  perpendi- 
culars let  fall  irom  the  points  of  intersection  of  a  circle  up- 
on the  axis,  are  together  equal  on  either  side.  For  the 
perpendiculars  AP  and  BQ  are  double  of  the  perpendicu- 
lar j&om  the  middle  point  of  AB,  and  which  is  equal  to 
GV ;  and  for  the  same  reason  the  perpendiculars  DS  and 
CR  are  double  of  the  perpendicular  from  the  middle  point 
of  CD,  and  which  is  eqiial  to  HV.  Wherefore  HG  being 
equal  to  HV,  it  follows  that  AP+BQ=DS+CR. 

PROP.  XXIV.    PROB. 

To  find  two  mean  proportionals  between  two 
given  straight  lines. 

Let  AB  and  AC  (fig.  80.)  be  two  straight  lines,  between 
which  it  is  required  to  find  two  mean  proportionals. 

ANALYSIS. 

Suppose  the  given  lines  to  be  perpendicular,  and  let  AH 
and  AE  be  the  mean  proportionals.     Complete  the  rect- 
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engle^  AHDE ;  and  becaiiae  AB  :  AH : :  AH :  AE,  or 
AB  :  DE  :  :  DE:  AE,  it  fallows,  (V-  6.  El,)  that  DE«2s 

AB,  AE,  and  therefore  the  locus  of  the  point  is  a  parabo- 
kf  having  AB  for  its  axis,  and  AC  for  its  parameter^  and 
which  is  therefore  given.    Again,,  sipce  AH :  A£ : :  AE : 

AC,  or  AH :  DH : :  DH  :  AC^  it  is  evident  that  DH*=  * 
AC. AH,  and  that  the  locos  of  B  is  likewise  a  given  parabo- 
la, having  AC  and  AB  for  its  axis  and  parameter.  Wher^ 
fore  D,  the  point  of  the  intersection  of  these  carves,  is  gi- 
ven, and  consequently  the  mean  pipportionab  AH  and 
AE., 

COMPOSITION. 

On  the  axis  AH,  and  with  the  parameter  AC,  describe 
a  parabola,  and  on  the  axis  AE,  and  with  the  parameter 
AB,  describe  another  parabola  intersecting  the  former  in 
D,  from  which  let  fall  the  perpendiculars  DH  and  DE  ^ 
these  are  the  mean  proportionals  required.  For  AB.A£s 
D£^  or  AHS  and  AB  :  AH  :  :  AH  :  AE.  Likewise^ 
AC. AH  s  DH'  or  AE',  and  consequently  AH :  AE : : 
AE:AC. 

OlherwuPB  thus : 

Let  (fig.  81.)  AB  and  AC  at  right  angles,  be  the  given 
lines,  and  AE  and  AH  the  mean  proportionals  required. 

ANALYSIS. 

Construct  the  rectangles  ACDB  and  AEGH.  Because 
AB:AE::AE:AH::AH:AC,orAB:AE::AH:AC 
therefore  (V.  6.  El.)  the  rectangles  ACDB  and  AEGH 
are  equivalent,  and  consequently  the  locus  of  the  point  G 
is  an  hyperbola  passing  through  D,  and  having  AB  and 
AC  for  its  asymptotes.  Complete  the  rectangle  AEGH, 
draw  the  diagonal  AG,  and  join  DG,  which  produce  to  I 
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and  hf  Since  AB :  AE : :  AE :  AH»  and>  from  the  pro- 
perty of  the  hyperbola,  DIs:6L».or  AB=HL;  conse- 
queotly  HL  :  HG :  :  HG :  AH»  and  the  right-angled  tri- 
angles LHG  and  HGA  are  similar. «  Wherefore  the  an- 
gle  AGD  being  equal  (L  50»  EL)  to  the  two  acate  angles 
iGAH  and  GLHi  or  HGA,  is  a  right  angle,  and  the  lo- 
cos of  the  point  G  is  a  semicircle  described  on  the  given 
diameter  AD ;  this  point  being  the  intersection  of  a  given 
circumference  with  a  given  curve,  is  consequently  given, 
and  thence  the  rectangle  AG  contained  by  tlie  mean  pro- 
portionals AE  and  AH. 

COMPOSITION. 

Apply  a  rectangular  hyperbola  to  the  asymptotes  AB 
jand  AC  and  passing  through  the  point  D,  draw  the  dia^ 
gooal  AD,  and  upon  it  describe  a  circle  meeting  the 
curve  again,  in  the  point  G,  from  which  draw  GE  and 
GH  parallel  to  the  asymptotes ;  the  segments  AE  and 
AH  are  the  mean  proportionals  required ;  for  draw  the 
diagonals  AD  and  AG,  join  DG,  and  produce  it  to  meet 
the  asymptotes  in  the  points  I  and  L.  Because  the  angle 
AGD  in  the  semicircle  is  a  right  angle,  the  triangle  AGL 
is  right-angled,  and  divided  by  the  perpendicular  GH ; 
whence  HL  :  HG  : :  HG :  AH;  but  (Prop.  IS.)  DI  = 
GL  and  AB=HL,  and  therefore  AB :  A£ : :  AE :  AH. 
Again,  from  the  property  of  the  hyperbola,  AB.AC=3 
AH. AE ;  whence  AB  :  AE : :  AH  :  AC,  and  AH  and 
AE  are  mean  proportionals  inserted  between  AB  and  AC. 

Scholitim.  This  proposition  embraces  the  famous  Delian 
Problem  or  the  Duplication  of  the  Ctibej  which  the  ancient 
Crreeks  were  the  more  eager  to  solve  geometrically,  as  they 
had  not,  with  all  their  ingenuity,  attained  sufficient  skill 
to  extract  the  cube  root  by  a  process  of  arithmetic. 
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PROP.  XXV.  PROB. 

To  trisect  a  given  angle. 

Let  (fig.  83.)  aO¥  be  an  anglc|  of  w&icb  it  is  required 
to  find  the  third  part. 

ANALYSIS. 

From  the  vertex  O  of  the  angle  describe  a  circle^  and 
the  arc  FD,  which  subtends  at  O  the  third  part  of  the  an- 
gle aOFf  must  likewise  be  the  third  of  the  whole  intercept- 
ed arc  FDa.  Join  aF,  and,  parallel  to  it,  draw  the  chord 
DG,  which  (IIL  18.  EL)  will  cut  off  an  arc,  aO  equal  to 
FD,  and  therefore  leave  the  Intermediate  arc  D6,  equal 
to  another  third  part  of  FDa.  Join  FD,  and  draw  the 
diameter  Bb  perpendicular  to  aF  or  DG.  Because  B6  is 
at  right  angles  to  the  chord  DG,  it  (IIL  4.  £1.)  bisects  this 
in  E,  and  consequently  FD  is  double  of  DE..  The  ratio 
of  the  distances  FD  and  DE  is  thus  given,  while  the  point 
F  is  given,  andCB  is  given  in  position  i  wherefore,  the 
locus  of  the  point  D  of  trisection  is  a  given  hyperbola,  of 
'which  F  is  the  focus,  CB  the  directrix,  i^nd  the  determi- 
ning ratio  that  of  two  to  one.  But  the  circle  being  given, 
its  intersection  D  with  the  curve  is  likewise  given. 

COM^POSITION. 

'  '  Having  described  the  circle,  draw  the  chord  aP,  and 
let  fall  the  perpendicular  OCB,  from  the  focus  F,  with  the 
directrix  CB,  and  the  determining  ratio  of  2  to  1,  describe 
an  hyperbola,  cutting  the  circumference  in  the  point  D ; 
the  arc  FD  is  the  third  part  of  aDF,  which  subtends  the 
given  angle. 
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For  draw  DG  parallel  to  aF,  and  jpin  FD  and  iKJ, 
FrofA  the  nature  of  this  hyperbola^  the  focal. diftance  FD^ 
being  double  of  D£>  is  equal  to  ihe  chord  DO9  and  con- 
^uently  the  arc  FD  is  equal  to  DG;  but  it  is  lil;ewise 
equal  to  the  arc  aO^  (UL  20.  £1.)  and  therefore  19  the 
third  part  of  the  whole  arc  aBF. 

But,  besides  the  point  D^  this  construction  affords  like- 
wise two  more  points  of  trlsection  D^  and  D'.  In  the  fbr- 
mer»  since  FD'  is  double  of  D'E^  it  is  equal  to  D'G^t  and 
consequently  the  arc  FBD'  is  equal  to  iyb&;  but  the 
chord  iy&9  being  parallel  to  aF,  the  arc  FBD'  is  also  e* 
qttal  to  G'Bo.  Wherefore,  these  three  arcs  FBD',  D'fiG^, 
and  G^  are  all  equal,  and  they  compose  evidently  the 
whole  circumference,  tpgether  with  the  original  arc  FDa  $ 
hence  the  second  arc  of  trisection  FBD'  consists  of  a  third 
part  Ddjy  of  &e  circumference,  joined  to  the  first  third 
FD*  Again,  because  FD'',  being  double  of  D"E'',  isecpai 
to  P'<G",  the  compound  arc  FBD'AD"  is  equal  to 
jy'FBffD'G" ;  and  D"G"  being  parallel  to  aF,  the  ar(5 
FBD'ftD"  is  equal  to  G"iD"FBa ;  and,  consequently,  the 
three  large  arcs  FBD'iD",  D^FBaD'G",  and  G^'JD^'FBa 
are  all^equa1>  and  combine  to  form  two  circumferences  to- 
gether with  the  original  arc  FDa.  Whence  the  third  arc 
of  trisection  FBaD^^D^',  is  composed  of  two-third  parts 
DaD'  and  D^iD"  of  the  circumference,  joined  to  the  first 

third  FD. 

The  reason  of  this  curious  result  is,  that  the  arc  FDa, 
measuring  the  angle  FOa,  and  formed  by  the  revolution  of 
.its  radius  OF,  necessarily  involves  in  U  all  the  successive 
arcs,  which  have  their  origin  at  F,  and  their  termination 
at  a»  The  describing  line  OF  will  again  arrive  at  the  po-' 
sition  Oa,  after  having  made  one,  two,  or  more  circuits ; 
and  the  intersections  of  the  hyperbola  with  the  circle  must 
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ckliibit)  therefore,  the  third  part  of  those  successively  com* 
{kiunded  arcs.  But  though  the  arcs  themselves  are  thus 
absolutely  innumerable,  their  trisection  gives  only  three  va- 
rieties; for  each  accession  of  a  whde  circumference,  and 
which  is  the  result  of  three  added  circuits,  only  returns 
back  on  the  same  pointsof  division. 

A  similar  conclusion  may  be  derived  from  Prop.  3K  of 
the  First  Book  of  Geometrical  Analysis ;  for  it  was  there 
shown,  that  if  a  straight  Hne  CFG  be  drawn  from  the  ex- 
tremity of  the  arc  AC,  such  as  to  intercept,  between  the 
circumference  and  the  extended  diameter,  a  segment  FG^ 
equal  to  the  radius  of  the  circle,  the  arc  EF  will  be  the 
third  part  of  AC.  But  this  line  CFG  is  evidently  capable 
of  having  three  several  positions,  one  beyond  either  end  of 
the  diameter,  and  another  crossing  it ;  and  it  is  easily  de- 
monstrated, that  the  points  of  successive  intersection,  F^ 
F^  and  F'^  are  mutually  separated  by  intervals,  each  equal 
to  the  third  of  the  whole  circumference,  or  that,  if  they 
were  connected  together,  they  would  form  an  equilateral 
triangle. 

Another  Solution. 
Let  it  be  required  to  find  (fig.  153.)  CAD|  which  is  a 
third  part  of  the  angle  B  AC. 

ANALYSIS. 

Parallel  to  AD  draw  BC,  to  which,  meeting  AC,  erect 
the  perpendicular  AF,  crossing  at  F  the  extension  of  CB. 
Make  C£  equal  to  BF,  bisect  CF  in  O,  and  join  AO. 

Because  CAF  is  a  right  angle,  it  is  contained  in  a  semi- 
circle, of  which  the  middle  point  O  of  the  diameter  must 
be  the  centre.  Wherefore  AO  being  equal  to  OC,  the  an- 
gle O AC  is  equal  to  OCA,  or  tiie  alternate  angle  CAD,  the 
third  part  of  the  given  angle  BAC ;  consequently  the  re- 
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naining  angle  BAO^  being  two^tbirds  of  BAC,  maU  be 
eqaal  to  tbe  compound  angle  OAD,  or  its  alternate  gngle 
AOB;  whence  AB  is  eqnal  to  BO.  But  since  OF  is  equal  to 
OC,  and  BF  equal  to  EC,  the  part  OB  must  be:  equd.to 
OR ;  wherefore  BE  is  equal  to  the  double  of  AB,  which 
being  given  in  magnitude,  the  locus  of  the  point  E  must 
be  a  given  circumference  described  from  the  point  B. 
Again,  because  the  segment  CE  is  equal  to  BF,  the  lo- 
cus of  £  is  a  rectangular  hyperbola,  passing  through  B, 
and  having  AC  and  AF  for  its  asymptotes.  But  both  Che 
circle  and  hyperbola  being  given,  their  intersection,  or  the 
point  E,  is  given,  and  therefore  the  line  BC  is  given  in 
position ;  whence  the  angle  BC  A  or  CAD,  the  third  parV 
of  BAC,  is  given. 

COMPOSITION. 

Assume  any  equilateral  hyperbola,  and  from  the  centre 
A  draw  AB,  making  with  the  asymptote  AC  the  given 
angle  B AC ;  from  the  point  B  in  the  curve,  with  twice  the 
distance  AB  as  a  radius,  describe  a  circle  cutting  the  curve 
in  E ;  join  BE,  and  produce  it  to  meet  AC  in  C  ^  then 
ACB  is  a  third  part  of  the  angle  B  AC. 

For  extend  BE  to  the  other  asymptote  AF,  bisect  it  in 
O,  and  join  AB  and  AO.  Because  BE  is  by  construction 
double  of  AB,  its  half  BO  must  be  equal  to  AB,  whence 
the  angle  BAO  is  equal  to  BOA.  Again,  from  the  pro- 
perty of  the  hyperbola,  the  segment  BF  is  equal  to  EC, 
to  which  add  the  equal  parts  OB  and  OE,  and  OF  is 
equal  to  OC }  wherefore  O  is  the  centre  of  a  semicircle 
which  contains  the  right  angle  CAF,  and  the  radius  OA 
is  equal  to  OC.  Consequently  the  angle  OAC  is  equal  to 
OCA,  and  the  exterior  angle  AOB  is  double  of  either  of 
these ;  the  angle  BAC,  composed  of  BAO  and  OAC,  is 


^ 
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th^refbf^  equal  to  thm  timed  BCA;  6t  ttfetogle  BAG  m 
a  third  pan  of  BAG. 

■  ' '  '    .  * .  ■ 

It  is  obviouft  that  the  circle  describe  ffoih  B  may  cKib 
the  complete  hjperbola  in  four  points,  tihe  fourth  point  be-c 
ing  always  B^  th^  other  extremity  of  the  diameter  BAB^ 
There  consequently  result  three  distinct. sisctionB of  tlie 
given  angle  BAG,  corresponding  to  the'points  E»  £'  and 
W.  The  lines  BE,  B£',  and  BE""  being  inflected  to  tfaesD 
pdintSi  will  make  eqtial  angles  about  B,  and  consequently 
the  indinatbn  of  BE'  and  of  BE''  to  AC  is  augmented 
lincdsssively  by  the  third  part  of  four  right  angles.  Thu8,f 
the  angle  BAO  is  two^third  parts  of  BAG ;  and  it  is  easy 
to  show,  that  BACK  is  likewise  two*thirds  of  BAF,  which 
completes  the  rightangle;  whence thecombinedangleOAO' 
is  two-thirds  of  a  right  angle,  or  th6  third  part  of  two 
right  angles.  But  B  is  the  centre  of  a  circle  which  would 
pass  through  the  points  O,  A,  and  O',  and  consequently 
the  angle  OBCK  is  the  double  of  OAO',  or  the  third  part 
of  four  right  angles. 

Again,  the  angle  BACK'  is  equal  to  BO"A,  and  douUe 
of  F"G"A  J  consequently  BAO",  together  with  the  dou* 
ble  of  AF"0"  or  of  0"AF  is  equal  to  two  right  angles ; 
tliat  is,  three  times  the  angle  0"AF  and  the  angle  BAP', 
or  the  triple  of  the  angle  CVAF',  are  equal  to  two  right 
angles.  The  combined  angle  CVAO"  is  therefore  the  third 
part  of  two  right  angles ;  consequently  the  angle  CBO" 
at  the  centre  of  the  circle,  which  would  pass  through  CV, 
A,  and  O",  is  the  third  part  of  four  right  angles. 

This  Problem  may  be  somewhat  varied,  by  substituting 
an  arc  for  the  angle  to  be  bisected,  as  in  the  next  Propo- 
sition. 
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PROP.  XXVL    PROR 
To  trisect  a  given  arc  of  a  circle. 

Xiet  it  be  required  to  trisect  the  arc  ABC^  (fig.  154.) 

ANALYSIS. 

Let  BC  be  the  third  part  of  ABC,  join  AB  and  BC, 
make  the  angle  CAD  equal  to  BAC»  and  produce  BC  to 
saeet  AD  in  D. 

It  is  obvious,  from  the  hypotfaesisi  that  the  arc  AB  is 
doable  of  BC,  whence  the  angle  ACB  is  likewise  double  of 
the  angle  CAB;  but  (I.  SO.  El.)  ACB  is  equal  to  CDA 
and  CAD|  and  consequently  the  angles  CDA  and  CAD  or 
CAB  are  double  of  the  same  angle  CAB,  or  CAD  is  equal 
to  CDA;  wherefore  (L  5.  El.)  CD,  being  equal  to  AC,  is* 
given.  Again  (1.  $0.  El.)  the  angle  ACD  is  equal  to  the 
angles  ABC  and  BAC  or  CAD,  and  hence  the  angle 
ABC,  which  is  given,  is  equid  to  the  difierence  between 
the  angles  ACD  and  CAD.  The  triangle  ADC  has  there* 
fore  its  base  AC  given,  and  the  difference  between  the  ad- 
jacent angles ;  whence  the  locuB  of  the  veitex  D  is  a  given 
rectangular  hyperbola.  But  CD  being  also  given,  the 
point  D  lies  in  the  circumference  of  a  given  circle ;  there- 
fore D  is  given,  and  consequently  DCB,  and  the  point  B 
oftrisection. 

COMPOSITION. 

.  With  conjugate  diameters  equal  to  the  chord  AC,  and. 
inclined  at  the  angle  ABC  contained  in  the  given  segmcntf 
construct  an  equilateral  hyperbcrfa,  from  C  with  the  radius 
CA  describe  a  circle  intersecting  the  curve  in  D,  and  draW: 
DCB ;  the  arc  ABC  is  trisected  in  B. 
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For  CA  being  equal  to  CD,  the  angle  CAD  is  equal  to 
CDA ;  but,  from  the  construction,  the  angle  ABC  is  equal 
to  the  diiference  of  the  angles  ACD  and  CAD ;  that  is, 
the  angle  ACD,  which  is  equal  (I.  SO.  EI.)  to  the  angles 
ABC  and  CAB,  is  equal  to  the  angles  ABC  and  CAD ; 
whence  the  angle  CAB  is  equal  to  CAD.  Again  (I.  30. 
EI.)  the  angle  ACB  is  equal  to  CAD  and  CDA,  or  the 
double  of  CAB ;  whence  the  arc  AB  is  double  of  BC^  or 
BC  is  tha  third  part  of  the  whole  arc  ABC. 

PROP.  XXVII.    PHOB. 

The  base  and  the  difference  of  its  adjacent  an- 
gles being  given,  to  find  the  locus  of  the  vertex 
of  the  triangle- 
Let  it  be  required  to  find  the  locus  of  C  (fig.  155.),  the 
vertex  of  the  triangle  ABC,  of  which  the  base  AB  and 
die  excess  of  the  angle  ABC  above  BAC  are  given. 

ANALYSIS. 

Draw  CD,  making  an  angle  BCD  equal  to  BAC,  and 
meeting  the  extension  of  AB  in  D.  The  angle  ABC  be* 
ing  equal  (L  30.  El.)  to  the  angles  BDC  and  BCD  or 
BAC,  the  angle  BDC  is  consequ^it^  equal  to  the  di£b» 
rence  of  the  angles  ABC  and  BAC  at  the  base,  and  there- 
fore the  line  CD  has  a  given  inclination  to  AD>  But  the 
triangles  ACD  and  CBD,  having  the  same  vertical  angle 
at  D,  and  the  angle  D AC,  by  construction,  equal  to  DCB, 
are  (  VL  1 1 .  £1.)  similar ;  whence  AD :  DC : :  DC :  DB» 
and  (V.  6.  £1.)  AD.DB=rDC'.  Wherefore  the  vortex  C 
lies  in  a  given  rectangular  hyperbola,  of  which  AB  and 
an  equal  straight  line  parallel  to  DC  are  conjugate  dia« 
meters. 
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COMPOSITION. 

Bisect  AB  in  O,  and  throngh  this  middle  point  draw 
lOK  equal  on  both  sides  to  the  portions  OA  or  OB,  and 
making  an  angle  IDA  equal  to  the  difference  of  the  an- 
gles BAG  and  ABC  at  the  base,  and  describe  a  rectan- 
golar  hyperbola,  of  which  O  is  the  centre,  and  AB,  IK 
eonjagate  diameters.     This  curve  is  the  locus  required. 

For,  from  any  point  in  it  as  C,  and  parallel  to  IK,  draw 
CD  meeting  the  conjugate  diameter  AB  produced  in  D« 
From  the  property  of  this  curve  AD.DB=DC',  and  there- 
fere  (V.  6.  la.)  AD :  DC  :  :  DC :  DB;  whence  the  trian* 
gles  ACD  and  CBD,  having  likewise  a  common  vertical  an- 
gle at  D,  are  (VI.  18.  £1.)  similar,  and. the  angle  BCD  is 
equal  to  BAC.  But  (I.  80.  El.)  the  angle  ABC  is  equal 
to  BDC  and  BCD  or  BAC,  and  consequently  ADC  or 
(I.  22.  £1.)  the  given  angle  AOI  is  equal  to  the  difference 
of  the  angles  ABC  and  BAC. 

The  construction  may  be  simplified,  by  drawing  EBF 
at  angles  equal  to  the  difference  of  those  of  the  base,  and 
having  made  BE  and  BF  equal  to  OB,  extend  the  per- 
pendicular asymptotes  OE  and  OF. 

Scholium.  If  the  sumj  instead  of  the  difference  of  the  an* 
gles  at  the  base  of  the  triangle  were  given,  the  locus  of  the 
vertex  would  become  a  circle^  which  is  indeed  only  the  in- 
version of  the  rectangular  hyperbola.  For  all  the  angles  of 
the  triangle  ABC  being  equ&l  to  two  right  angles,  and  the 
sum  of  the  angles  at  the  base  being  given  by  hypothesis, 
the  vertical  angle  ACB  is  hence  given,  and  consequently 
(III.  16.  £1.)  the  vertex  C  must  lie  in  a  given  arc  of  a  circle. 

But  the  analysis  may  be  conducted  in  the  same  way 
as  when  the  difference  of  the  angles  at  the  base  was  given* 
Draw  Ciy  making  an  aogle  BCI>  equal  to  BAC,  and 
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produce  it  till  BC^  be  equal  to  BC ;  then  AIVC,  beiog 
equal  to  IKBC  and  BCD'  or  BAG,  is  equal  to  the  sum  of 
the  angles  at  the  base,  and  therefore  given.  Now  the4ri- 
angles  AjyC  and  BIVC'  are  evidently  similar,  and  con- 
sequently AD'  :  DC  :  :  DC  :  D'B,  and  (V.  6.  EI.) 
AD'.D'B=DC.DC'.  But  this  is  the  property  of  a  circle 
passing  through  the  two  points  A  and  B,  or  having  its 
diameter  bisecting  AB  at  right  angles ;  and  since  the  chord 
BC  is  equal  to  BC,  another  diameter  must  cut  CC  at 
right  angles,  and  is  consequently  given  in  position,  whence 
the  circle  is  given. 

If  the  sum  of  the  angles  at  the  base  be  a  right  angle,  the 
vertical  angle  at  C  must  also  be  a  right  angle,  and  hence 
contained  in  a  semicircle.  Whence  the  difference  of  the 
angles  at  the  base,  becomes  a  right  angle,  the  conjugate 
diameters  AB  and  IK  pass  into  the  transverse  and  conju- 
gate axes. 

PROP.  XXVIII.    PROB. 

To  find  a  point  in  the  circumference  of  a  given 
circle,  from  which  straight  lines  drawn  to  two  gi- 
ven points  shall  be  equally  inclined  on  either  side 
of  the  radius. 

Let  D  (fig  1 56.)  be  the  centre  of  the  given  circle,  and 
A,  B  two  given  points ;  it  is  required  to  find  a  point  Gin 
the  circumference,  such  that  C  A,  CD  and  CB  being  drawn, 
the  angle  DCA  shall  be  equal  to  DCB, 

ANALYSIS. 

Join  DA  and  DB;  firom  C  draw  CE  and  CF,  nuddng 
the  angles  DCE  and  DCF  equal  to  DAC  and  DBC,  and 
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meeting  DA  and  DB  produced  in  E  and  F,  and  join  CE, 
CF  and  EF.  The  triangles  CDA  and  EDC,  having  the 
same  vertical  angle^  and  the  angle  DAC  by  construction 
equal  to  DCE,  are  similar.  In  like  manner,  the  triangles 
CDB  and  FDC  are  proved  to  be  similar.  Wherefore 
AD  :  DC : :  DC :  DE,  and  consequently  AD  and  DC  be- 
ing given/the  third  proportional  DE  is  given,  and  therefore 
the  point  K  Again,  DB :  DC : :  DC  :  DF,  whence  DF 
and  the  point  F  are  given.  But  the  triangles  CDA 
and  CDB  being  similar  to  EDC  and  FDC,  the  angles 
DEC  and  DFC  are  equal  to  DCA  and  DCB,  which  are 
equal  by  hypothesis ;  whence  adding  DEF  and  DFE  to 
each^  the  difference  between  the  angles  CEF  and  CF£ 
must  be  the  same  as  the  difference  between  the  angles 
DEF  and  DFE.  Now,  the  triangle  EDF  being  given, 
the  difference  between  the  angles  DEF  and  DFE  is  gi- 
ven; whence  the  triangle  ECF  having  its  base  EF  given^ 
and  the  difference  between  the  adjacent  angles  CEF  and 
CFE,  its  vertex  C  must  lie  in  a  given  rectangular  hyper- 
bola, by  the  last  Proposition. 

COMPOSITION. 

Join  DA,  DB  and  AB,  find  (VI.  8.  El.)  a  third  pro- 
portional to  DA  and  the  radius,  and  to  DB  and  the  ra- 
dius, and  produce  DA  and  DB  till  DE  and  DF  be  equal 
to  those  lines ;  join  EF,  and  bisect  it  in  O ;  through  O  draw 
GOH  parallel  to  AB,  and  having  its  portions  OG  and  OH 
equal  to  £0  or  OF,  and  construct  a  rectangular  hyperbo- 
la to  die  conjugate  diameters  EF  and  GH ;  the  intersection 
of  this  curve  with  the  circle  will  assign  the  required  point  C« 

For,  since  by  construction  AD  :  DC  :  :  DC  :  DEf 
and  BD  :  DC  :  :  DC  :  DF,  the  rectangles  AD.DE  and 
BD.DF  are  both  equal  to  the  square  of  DC;  whence 
AD.DEsQD.DF,  and  AD  :  BD  : :  DF  :  DE;  whercs 
fore  the  triangles  ADB  and  FDE;  haying  a  common  yer« 


316  GEOMETRY  OV  CURVES. 

tical  RDgle^  are  similar,  and  consequently  the  angle  DAB 
equal  to  DFE ;  but  DAB  (L  22.  EI.)  is  equal  to  AIO, 
which  again  (I.  30.  El.)  is  equal  to  DEF  and  EOI,  and 
hence  GH  makes  with  EF  an  angle  equal  to  the  diffe- 
rence of  the  angles  DEF  and  DFE.     Now,  the  point  C 
lying  in  a  rectangular  hyperbola,  of  which  EF  and  GH 
are  conjugate  diameters,  the  angle  EOG  must,  by  the 
last  Proposition,  be  equal  to  the  difference  between  the 
angles  CEF  and  CFE,  and  therefore  the  angles  C£D 
and  CFD  on  both  sides  roust  be  equal.     Again,  becaose 
AD:DC::DC:DEandBD:DC::DC!DF,  the  tri- 
angles ADC  and  BDC  are  similar;  whence  the  angles 
CED  and  CFD  are  equal  to  ACD  and  BCD,  which  are 
therefore  equal. 


PROP.  XXIX.    PROB. 

The  segment  of  a  curve  of  the  second  order  be- 
ing given,  to  find  either  absolutely  or  approxi- 
mately its  area. 

1.  In  the  Parabola. 

To  find  the  space  ABC  (fig.  71.)  included  by  a  parabo- 
lic arc,  and  its  diameter  and  ordinate: 

Conceive  the  absciss  AC  to  be  divided  into  minute  in- 
tervals E^,  at  which  the  ordinates  ED,  ed^  &c.  are  applied, 
and  from  their  extremities  drawing  parallels  Daa,  &c.  to 
the  diameter  AC,  the  curved  space  will  be  occujHed  by  a 
polygon  consisting  of  elementary  rhomboids  EDme  i  join 
the  contiguous  vertices  D,  d,  by  the  straight  line  HJid  s 
complete  the  rhomboids  HIDE^  HiV^r,  and  apply  the  ver* 
tied  tangent  AG.  The  complements  "De  and  Dt  aboot 
the  diagonal  of  the  rhomboid  Xedg  are  (IL  8.  EI.)  equU 
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Talent ;  but  the  nearer  that  the  point  D  is  taken  to  d|  or 
the  secant  HD^  made  to  approach  the  position  of  a  tan- 
gent at  D,  the  nearer  is  HE  the  double  of  A^,  and  the 
complementary  rhomboid  Di  hence  approximates  to  the 
double  of  Dg.  Wherefore  the  element  D^  is  ultimately 
double  otUgi  and  consequently  the  aggregate  interior 
polygon,  filling  up  the  curved  segment,  is  double  of  the 
exterior  potygon,  which  completes  the  circumscribing 
rhomboid  AEDG.  Whence  tibe  space  AD6CE  is  the 
double  of  AGKBD,  and  consequently  the  parabolic  seg- 
ment is  two-thirds  of  the  circumscribing  rhomboid. 

Q.  In  the  Ellipse. 

It  is  required  to  approximate  to  the  area  of  the  cnnre 
ABO  (fig.  74.)  included  by  the  elliptical  arc  and  its  diame- 
ter and  ordinate. 

Conceit e  the  absciss  AC  to  be  divided  Into  minute  sec- 
tions E^,  the  adjacent  ordinates  ED,  ed  applied,  and  the 
elementary  rhomboids  EDm^,  and  TSoide  formed ;  let  the 
diameter  AL  describe  the  semicircle  AHL,  erect  the  per- 
pendiculars CH,  eg  and  EG,  and  complete  the  rectangle* 
OEge,  ISarge ;  and,  lastly,  in  the  ellipse  draw  the  semicon- 
jugate  diameter  OI,  and  let  fall  upon  AL  the  perpendicu- 
lar IK.    The  elementary  rectangle  'KQge  is  to  the  elemen- 
tary rhomboid  YJhne^  which  has  the  same  base,  as  theal- 
titude  EG  to  the  perpendicular  from  D  upon  AL,  or  in  the 
ratio  compounded  of  EG  to  ED,  and  of  ED  to  that  per- 
pendicular. But,  from  the  property  of  the  ellipse,  EG  is  to 
ED  as  OA  to  OI ;  and,  from  similar  triangles,  EDme  is 
to  a  perpendicular  from  D  as  OI  to  IK  -,  wherefore,  the 
minute  rectangle  EG;^  is  to  the  minute  rhomboid  EDiTte 
as  OI  to  IK ;  and,  for  a  like  reason,  ^fge  is  to  'Ende  in 
the  same  ratio.    Now  tbe  rectangles  TLGge  and  Ergir  are 
elements  of  the  polygons  inscribing  and  circumscribing 


318  GEOMETRY  OF  CURVES. 

the  drcular  segment  AGE,  and  th^  rhomboids  EDm^  and 
TSatde  are  the  elements  of  the  elliptical  s^ment  ADE; 
whence  the  former  is  to  the  latter,  as  OX  to  IK,  and  there- 
fore the  circular  s^ment  itself  is  to  the  eorresponding  el- 
liptical one  ultimately  in  that  ratio* 

5.  In  the  Hyperbola. 

Let  it  be  required  to  approximate  to  the  hyperbolic 
space  ZMHGA,  (fig.  77.)  included  by  an  arc  of  the  curve 
and  the  asymptote.  Find  (VI.  18.  £1.)  OB  a  mean  pro* 
pprtional  between  OZ  and  OA ;  draw  the  parallel^  BH, 
and  make  zb=z2ZB.  The  space  ZMHB  is  (Prop.  28.) 
cor.  1.)  equivalent  to  BHGA,  or  the  whole  hyperbolic 
space  ZMHGA  is  double  of  ZMHB ;  and  consequently  the 
rhomboid  contained  by  the  double  of  ZB  or  by  zb  and 
ZM,  and  under  the  angle  ZOA  of  the  asymptotes,  is  great- 
er, and  the  like  rhomboid,  contained  by  zb  and  BH  is  less 
than  the  whole  space.  Again,  find  OC,  a  mean  propor- 
tional between  OZ  and  OB,  draw  the  parallel  CI,  and 
make  «:=4ZC.  The  spaces  ZMIC  and  CIHB  are  equi- 
valent, and  each  of  them  is  hence  the  fourth  of  the  whole 
hyperbolic  space  ZMGA,  which  must  therefore  be  greater 
than  the  rhomboid  under  ze  and  CI,  and  less  than  that  un- 
der zc  and  ZM.  In  the  same  manner,  OD  and  OE,  &c. 
being  found  successive  mean  proportionals  to  OZ,  and 
OC,  OD,  &c.  and  having  made  zd^SZD^  ze^lSZEj  &c 
the  area  of  the  hyperbolic  space  will  be  confined  within  the 
approximating  limits  of  the  rhomboid  contained  by  ze  and 
ZM,  and  one  contained  by  ze  and  EL.  Hence  OX  ia  to 
XY,  as  the  rectangle  under  ZM  and  the  ultimate  length 
o{ze\  to  the  measure  of  the  hyperbolic  space  ZMHGA. 

Cor.  The  quadrature  of  the  parabola  is  hence  always 
assigned  geometrically,  the  quadrature  of  the  ellipse  may 
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be  derived  fiom  that  of  the  circle,  and  the  quadrature  of 
the  hyperbola  can  be  expressed  numerically  by  help  of 
a  table  of  logarithms. 


PROP.  XXX,     PROB. 

To  find  the  length  of  a  given  portion  of  the 
curve  of  a  given  parabola. 

Let  it  be  required  to  find  the  length  of  an  arc  AC 
of  (fig.  156.)  the  parabola  CAM. 

ANALYSIS 
Apply  the  vertical  tangent  EAR ;  near  C  assume  any 
point  Cf  and  draw  CE  and  ce  parallel  to  the  axis;  erect 
CH  perpendicular  to  the  chord  Cc,  and  draw  CG  and  ck 
parallel  to  the  vertical  tangent     The  triangles  HGC  and 
ckC  are  evidently  similar,  and  consequently  CH :  GH  :  : 
Ccici;  whence  CH.cX:=:GH«0:.    Let  the  point  c  ap- 
proximate to  C,  and  GH  will  become  the  subnormal,  and 
equal  to  half  the  parameter  of  the  axis.     In  HA  produced, 
make  AB  equal  to  this  semiparameter,  join  BE,  and  pro- 
duce CE  till  ED  be  equal  to  it.     Then  CHxk  :=:  ED.E^, 
and  therefore  AB.Cc  =  the  space  'EDcte,  when  ed  approxi- 
mates to  ED.    Consequently,  collecting  the  component 
portions  ABCr,  and  the  corresponding  parallelogramic 
spaces  'EDde,  it  follows  that  the  rectangle  under  AB, 
and  a  straight  line  equal  to  the  arc  CO  is  equivalent  to 
the  curvilineal  space  EDKP.     But  since  ED  is  equal  to 
the  oblique  line  EB,  the  curve  DKB  is  a  rectangular  hy- 
perbola, which  has  AB  for  its  semitransverse  axis.     Now, 
the  area  of  this  hyperbola  being  given  by  the  last  proposi- 
tion, the  exterior  space  EDKP  is  also  given,  and  there 
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fore  ibe  rectangle  under  CO  mni  ibe  aemipatwiieter  AB  ; 
wlieiice  CO  itself  it  giren. 

But  the  difference  between  two  gma  itiated  arcs  of  the 
parabola  is  more  easily  determined.  For,  draw  any  paral- 
lel chords  DI  and  KL,  and  likewise  IBM  and  LQN  parallel 
to  the  axis.  From  what  was  befote  sbdwn,  it  follows  that 
AB«MN  =  eurvilineal  space  QLIR,  and  therefore^  that 
AB  (MN~  CO)  s  QLIIU-EDKR  Bm  KD  and  LI 
being  joinedf  the  narrow  spaces  included  between  those 
chords  and  the  curve  must  be  equal.  Wherefore  the  dif- 
ference between  the  eurvilineal  spaces  EDKP  and  QLIR 
is  equivalent  to  the  difference  between  the  quadrilateral 
figures  PEDK  and  QRIL.  But  the  areas  of  these  tra- 
pezoids are  the  rectangles  under  their  b^/esy  and  the 
sum  of  their  altitudes.  Whence^  AB(MN— CO)  =z 
iQR  (QL+RI)— iEP(DE+PK). 

If  L  coalesce  with  B,  the  chord  KL  will  pass  into  BS, 
a  parallel  to  DL     Wherefore  AB  (AM  —  CO)  = 
|AR  (AB+RI)~4EP(DE+SV)l 

Scholium..  The  Rectification  of  the  Parabola  thus  de- 
pends on  the  quadrature  of  the  hyperbola  combined  with 
that  of  a  rectilineal  figure,  and  the  length  of  any  portion 
of  the  curve  is  therefore  expressed  by  a  logarithm,  joined 
to  a  common  algebraic  quantity.  It  is  not  difficult  to 
show  that  the  rectangle  under  the  arc  AC  and  the  se* 
miparameter  AB,  which  is  equivalent  to  the  mixtilineal 

space  ABDE,  might  be  denoted  by  .  log.  *^    « 

,  (BE— AE)  AE 
+ 2 

It  might  likewise  be  proved,  that  if  AV  were  taken 
equal  to  half  the  focal  distance,  or  the  fourth  part  of  the 
seroiparameter  AB,  of  the  parabola,  and  an  equilateral 
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hyperbola  oonstnicted»  baying  the  fwinU  Y  mud  A  for  its 
centre  and  vertex,  or  assuming  YX  equal  to  AY,  and 
drawing  BY  to  the  oorre  $  l^n  will  the  rectangle  under 
AY  and  the  parabc^c  arc  AC  be  equivalent  to  double 
the  qpace  XYA  conqpounded  of  the  triangle  XYY  and 
of  the  hyperbolic  sector  Y  YA* 

An  approxination  may  be  easily  obtained  in  the  case 
of  small  arcs ;  for  considering  the  incurvation  of  BD  as 
merely  parabolic»  the  area  of  the  mixtilineal  space  ABDE 

will  be  AE  (  ^^^+^^  \     But  DE  or  BE  is  nearly  = 

AE* 
AB-l-3-pQ  =  BG,  and  consequently  the  space  ABDE=: 

^(3AB+AG). 
3 

This  result  corresponds  with  the  Scholium  to  Prop.  6. 
of  the  Trigonometry,  the  parabolic  arc  AC  nearly  coincid- 
ing with  the  osculating  circle  of  which  AB  is  the  radius. 


PROP.  XXXI.    THEOR. 
Parabolas  are  all  similar  figures. 

Let  BAC  and  &zc(fig.  157.)  be  two  parabolas,  whose  fo- 
cal distances  are  AF  and  £tf;  they  are  similar  figures,  all 
their  parts  being  constructed  after  the  same  proportion. 

For  make  AC  :  ac::  AF :  qfy  divide  AC  and  ac  into 
any  number  of  equal  parts,  and  from  the  points  of  section 
draw  ordinates  to  the  curves.  Since  AF  :qfi:  AD  :  ad, 
therefore  AP  -  qf^  :x  4AF.AD  :  ^af,ad ;  but,  from  the 
property  of  the  parabola,  DG'=4AF.AD,  and  4g^=s 
4^afdg  ;    whence  AF  :  a/"* : :  DG» :  rfg%  and  AF:  of: : 
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DG :  dg.  In  like  manner  it  is  proved,  that  all  the  other 
ordinatefl  are  in  the  ratio  of  AF  to  o^,  or  of  the  mutual 
interval  AD  to  ad.  The  inscribed  polygons  AOHBC  and 
ughbc  are  therefore  similar ;  bat  this  property  must  ob- 
tain whatever  be  the  number  of  sides,  and  consequently 
their  extreme  limits,  or  the  aemi-parabcdas  themselves,  most 
be  simOar.    The  entire  parabolas  are  hence  aleo  similar. 


The  circle^  the  parabola,  and  the  equilateral  hypeibc^, 
bdng  only  particular  shoots  from  the  general  curve,  retain 
each  of  them  its  unvaried  feature,  while  the  ellipse  and  ob- 
lique hyperbola  exhibit  great  diversity  of  forms. 
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GEOMETRY  OF  CURVES. 


I.  CISSOID. 

Ipjrom  the  extrendty  of  the  diameter  of  a  circle 
any  straight  line  he  drawn  to  meet  a  tangent  ap- 
plied at  the  other  extremity ^  and  a  portion  be  cut 
Jirom  it  equal  to  the  intercepted  chords  the  locus 
qf  the  point  qf  section  is  a  Cissojd. 

£xTEND  any  straight  line  CR  (fig.  158.)  from  C,  the  end  of 
the  diameter  CA^  to  meet  AK,  the  tangent  applied  at  the 

p  other  endy  and  make  %R  equal  to  the  chord  CF ;   the 

p    point  1(  will  trace  a  Cissoid. 

IS  the  perpendicular  diameter  OD  be  drawn,  it  is  ob- 
▼iousy  thai  the  intersection  D  will  bisect  the  segment  F£ 
intercepted  between  the  curve  and  the  circumference  of 
the  circle.  For  the  same  reason,  the  perpendiculars  FH 
and  £1  must  lie  at  equal  distances  OH  and  OI  fix>m  the 
centre,  and  the  extreme  segments  CH  and  AI  must  like^ 
wise  be  equaL 

The  revolving  line  CR  may  be  conceived  to  turn  on 
both  sides  of  the  diameter  CA,  till  it  vanishes  away  in  the 


/ 
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position  of  a  tangent  to  the  circle  at  C*  The  Cissoid, 
therefore,  consists  of  two  branches,  which  issue  from  the 
point  C,  pass  through  G  and  N»  the  extremities  of  the 
perpendicular  diameter,  and  stretching  upwards  and  down- 
wards, approaches  always  nearer  to  the  tangent  RS.  But 
since  CH  is  equal  to  I A  or  £Q,  the  conre,  notwithstand- 
ing its  continual  approximation,  must  yet  be  separated 
from  RS  by  some  definite  interval. 

DEFINITIONS. 

1.  The  circle  CO  AN  is  called  the  Generaiing  Circle. 
S.  The  point  of  origin  C  is  named  the  Cusp  of  the  Cissoid. 
8.  The  primary  diameter  CA  is  termed  the  Axis  of  the 
Cissoid* 

4.  The  extended  tangent  RS  is  called  the  Directrix  or 
Asymptote  of  the  Cissoid* 

5.  Any  segment  CI  of  the  axis  intercepted  from  the  cusp, 
is  termed  an  Absciss^  the  perpendicular  IE  to  the  curve 
being  named  an  Ordinate. 


PROP.  I.    THEOR. 

If,  through  any  point  in  the  Cissoid,  a  straight 
line  be  drawn  paralld  to  the  line  joining  the  cor« 
responding  point  in  the  circumference  of  the  ge- 
nerating circle  with  the  centre  and  meeting  the 
perpendicular  diameter,  it  will  be  equal  to  the  ria- 
dius ;  and  if  it  be  extended  to  the  same  distance 
on  the  other  side,  and  a  perpendicular  erected, 
this  will  cross  the  prolongation  of  the  axis  at  a 
point  situate  be3rond  the  cusp  at  the  interval  like- 
wise of  the  radius. 


CISSOID.  Sf5 

Let  the  revolving  line  CR  (fig.  159.)  cut  the  generaUng 
circle  and  the  Cissoid  in  points  F  and  Enjoin  OF,  and  par 
rallel  to  it  draw  EL,  which  will  be  shown  to  be  equal  to 
OF ;  produce  L£  till  £M  be  likewise  equal  to  the  radius, 
and  erect  the  perpendicular  MK  to  meet  the  extended  axis 
in  the  point  it,  between  which  and  the  centre  O  the  cusp 
C  of  the  curve  will  be  equidistant. 

For  join  KL  and  OM.  Since  EL  is  parallel  to  OF, 
the  angles  DOF  and  DFO  are  equal  to  the  alternate  an- 
gles DLE  and  DEL ;  and,  from  the  genesis  of  the  curve, 
the  corresponding  sides  DF  and  DE  are  equal ;  whence 
the  triangles  ODFand  LDE  are  equal,  and  therefore  the 
side  OF  is  equal  to  LE,  and  OD  to  DL.  Again,  EM 
being  equal  and  parallel  to  OF,  the  figure  OFEM  must 
be  a  parallelogram ;  and  since  the  transverse  lines  OM,  CE 
and  KL  divide  the  converging  ^  lines  KO  and  LM  into 
equal  segments,  they  must  all  be  parallel ;  and  hence  the 
angle  LKO  is  equid  to  FCO,  and  KLM  is  equal  to  CEM 
or  CFO.  But  the  triangle  COF  being  isosceles,  the  an- 
gle FCO  is  equal  to  CFO,  and  consequently  the  angle 
.  LKO  is  equal  to  KLM.  Wherefore  the  right-angled 
triangles  LKM  and  LKO,  having  likewise  the  acute  an- 
gles LKO  and  KLM  equal,  and  the  side  KL  common, 
are  equal ;  the  side  OK  is  hence  equal  to  LM,  or  to  the 
diameter  AC.  Wherefore  the  exterior  segment  CK  is 
equal  to  the  radius  OC. 

Scholium.  Hence  the  organic  description  of  the  Cissoid 
is  easily  derived ;  for,  in  the  extension  of  the  axis,  having 
assumed  CK  equal  to  CO,  let  a  right  angle  KML,  whose 
side  LM  is  equal  to  the  diameter  and  bisected  in  E,  and 
the  other  side  KM  is  of  indefinite  length,  travel  through 
the  point  K,  while  the  extremity  L  slides  along  the  per- 
pendicular diameter  OD  ^  then  will  the  middle  point  E 
trace  out  the  curve. 
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PROP.  IL    THEOR. 

Any  absciss  and  ordinate  of  the  Cissoid,  and 
the  corresponding  absciss  and  ordinate  of  the  ge- 
nerating circle,  are  in  continued  proportion. 

Let  the  revolving  line  CR  (fig.  158.)  cut  the  circle  aad 
Cissoid  in  the  points  £  and  F,  from  which  let  fiill  the  per- 
pendiculars EI  and  FH ;  then  CI  :  £1 :  :  EI  :  AI  or 
CH::CH:FH. 

For  EA  being  joined,  the  angle  CEA  in  the  semicir- 
cle is  a  right  angle,  and  FH  is  a  mean  proportional  be- 
.  tween  the  segments  CI  and  lA  or  CH.  But,  from  the 
property  of  parallel  and  diverging  lines,  CI  :  £1  :  : 
CH  :  FH ;  wherefore^  collectively,  CI :  EI : :  EI :  CH  :  ; 
CH :  FH. 

■ 

PRdP.  III.    PROB. 

At  a  given  point  in  the  Cissoid  to  apply  a  tan- 
gent. 

Let  it  be  required  to  draw  a  straight  line  (fig.  160.) 
that  shall  touch  the  curve  at  the  point  E. 

Adjacent  to  the  radiant  CR,  assume  another  radiant 
Cr,  draw  the  secant  CETX  to  meet  IX  a  paralld  to 
CF,  and  from  C  describe  the  minute  arcs^  and  Ei.  It 
is  evident,  that  the  elementary  arc  Ff  being  viewed  as  a 
portion  of  a  tangent  to  the  circle  at  F,  and  hence  the  angle 
CF/ being  equal  to  CAF  or  CEI,  the  elementary  trian- 
gle f*^]s  similar  to  FCA,  and  the  elementary  or  nascent 
triangle  YCf  is  siaiilar  to  fCE.    But  since,  from  the  nature 
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of  the  cnnre,  CF  is  equal  to  £R»  and  CfXo  eR,  and  that  Op 
is  equal  to  sR,  it  follows,  that  pf  is  equal  to  ei ;  where* 
fore  the  ratio  of  Es  to  s^,  is  compounded  of  the  ratios  of 
Ee  to  ^and  of  F/to  ^  that  is,  compounded  of  the  ratio 
of  CE  to  CF,  or  EI  to  FH,  and  of  the  ratio  of  CF  to 
FH  or  of  FH  to  the  parallel  HS.  Consequently,  Ee  izeii 
EI :  HS ;  but,  from  the  property  of  parallel  and  diverging 
lines,  £s  :  e^  : :  EI :  IX ;  and  hence  EI :  HS  : :  EI :  IX, 
and  IX  is  therefore  equal  and  parallel  to  HS,  when  the 
points  Es  and  e  collapse  and  the  secant  merges  into  a  tan- 
gent. 

An  easy  construction  is  thus  obtained.  Draw  HS  pa- 
rallel to  CF,  and  meeting  the  chord  AF,  join  IS,  and 
complete  the  parallelogram  HSTX ;  the  oblique  line  EX 
wiU  be  the  tangent  required. 

Cor,  It  is  plain,  that  in  tracing  the  progress  of  the 
curve  from  its  cusp  to  its  indefinite  extension  along  the 
asymptote^  the  intersection  T  of  the  tangent  likewise  tra- 
vels through  the  diameter  from  C  to  A.  The  curve  is 
hence  always  convex  towards  the  diameter. 

PROP.  IV.    PROB. 

To  find  two  mean  proportionals^  between  two 
given  lines. 

Let  it  be  required  to  find  two  mean  proportionals 
(fig.  158.)  to  the  lines  OA  and  OT. 

Place  the  longer  line  OA  at  right  angles  to  the  other, 
and  with  it,  as  a  radius,  describe  a  circle,  to  which  trace  . 
the  corresponding  Cissoid,  and  draw  the  diagonal  AT  to 
cut  the  curve  in  F,  join  CF ;  and  the  segment  OD,  which 
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this  Kne  intefoepu  on  the  perpendicular  diameter,  will  bm 
the  first  of  the  two  mean  prcportbnalt  to  OA  and  OT. 

For  CI|  EI»  CH  and  FH  were  fntmed  to  be  in  cooti* 
nued  proportion,  and  they  must  evidently  be  still  pfo- 
.portionols  when  diminished  in  a  given  ratio.  Bat  CI :  GO 
: :  EI  5  OD,  and  CI  or  AH  :  CO  or  AO  : :  FH  :  OT. 

To  find  the  other  mean  proportional,  draw  DS  parallel 
to  CA,  and  join  CS  cutting  OD  in  X ;  then  CI  : .  CO 
: :  OD  or  IS  :  OX. 


PROP.  V.    THEOR. 

The  space  lying  between  the  double  branches 
of  the  Cissoid  and  its  asymptote  is  equivalent  to 

triple  the  area  of  the  generating  circle. 

« 

The  space  comprehended  between  the  Cissoid  as  it 
stretches  on  both  sides  of  the  diameter  AC  (fig.  161.},  and 
bends  indefinitely  towards  the  directrix  or  asymptote  RS, 
is  three  times  the  area  of  the  generating  circle. 

For  let  CFER  be  any  revolving  line,  draw  another 
Cfer  indefinitely  near  it,  and  complete  the  parallelogram 
ERr5. 

Because'  the  square  of  the  hypotenuse  CR  ia  equivalent 
to  the  squares  of  AC  and  AR,  and  the  rectangle  CR,  RF 
is  itself  equivalent  to  the  square  of  AR,  the  remaining 
rectangle  CR,  CF  must  be  equivalent  to  the  square  of 
AC,  which,  for  the  same  reason,  is  equivalent  to  the  rect- 
angle Cr,  Cff  wherefore  CR  :  Cr : :  Cf  i  CF ;  and  con- 
cming  the  small  arc  Ff  as  coinciding  ii^ith  a  tisngent  at 
F,  the  triangles  FC/'and  RCr  are  similar,  and  CF  :  CR 
::¥/*:  Rr ;  but  CF :  CR  : :  CH  :  CA,  and  consequently. 


*€BL :  <3A  :;•  z  ¥/:  Br»  and  tl»  laetaoj^  umler  CA  nnd 
Ff  k  cqwrak&t  to  the  Ttbtaagie  imdev  GH  oir  SQ  mkL 
]|r»  Nov  iIk  iMtavgk  under  the  ffiameter  CA  aod  ]^ 
.«  eridentfy  e^voIeDt  to  Bma  timet  the  cieraeotaiy  trianh 
gle  FQf;  and  the  lettaiigb  undef  the  peffiendiGriar  £Q 
and  the  base  Br  »  the  area  of  the  parallelogram  ERn; 
Again,  since  CF  is  equal  to  £R  or  sr^  and  the  alternate 
angle  TCf  is  equal  to  sre^  the  elementary  triangles  CJ^ 
and  rse  are  equal.  Wherefore  the  elementary  space  ERre 
»  eqttiTaksil  to  At  excess  of  four  times  FQjT  dbove  WCf; 
and  hence  the  aggregate  space  ACGER,  lying  above 
the  diameter  AC  and  bounded  by  the  cni ve,  the  Hue  SB, 
and  the  a^nptote  ARy  i»  eqniiraient  to  the  excess  of  ftmr 
thnes  the  sector  AQF  above  the  compound  segment 
AGFCV  or  the  excess  of  the  triangle  AOF^  and  the  sc^ 
meat  AGF  qoa(kupIed,  above  double  the  triangle  AOF 
With  the  segment  AGF. 

Cor*  Hence  the  qjaadtantal  crescents  CG  and  CN  form- 
ed by  the  Cissoid  are  equivalent  to  the  space  inoliMicd  be- 
.  tveen  the  circle  and  its  circaoMcribing  square*  For  the 
mizlilineid  space  ACG  is  eqmvaleBi  to  double  the  triangle 
AOG  or  ACG  and  thrice  the  segment  AG,  take  ACG 
ffooB  both,  and  the  trias^e  AGV  or  AGC  is  ecpuvalent 
to  thrice  the  circular  segment  AG  with  the  segment  CG 
of  the  Cissoid;  wherefore  the  inscribed  square,  or  the  di& 
ference  between  it  and  the  circumscribing  square,  is  equi- 
valent to  the  two  crescents  CG  and  CN,  with  the  four  seg- 
ments AG;  OC,  CN  and  AN ;  but  these  segments,  with 
the  interior  square,  make  up  the  circle,  anc}  consequently 
the  crescents  are  equivalent  to  the  space  between  the  circle 
and  its  circumscribing  square,  that  is,  equivalent  to  thrice 
the  segment  AGF  and  double  the  triangle  AOF.  Con- 
Bcquently,  when  the  revolving  line  CFR  vanishes  into  a 
tangent  YCX,  the  triangle  AOF  becomes  extinguished, 
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and  the  curved  asymptotic  space  above  the  diameter  AC  is 
equivalent  merely  to  three  semicnrdes ;  but  the  correspond- 
ing  space  bdow  the  diameter  having  the  lame  measaiei 
the  joint  space  between  the  curve  ftnd  its  extended  asymp- 
tote must  be  equivalent  to  three  times  the  generating  cir- 
cle. 


i*«*< 


The  Cissoid  of  Diodes  was  one  of  tiie  first  carves  pro- 
duced in  the  Platonic  School,  after  the  discovery  of  the 
Conic  Sectioni  or  Lines  of  the  Second  Order.  The  ob- 
ject in  view  wa8»  to  solve  the  famous  proUem  of  the  A»- 
pUcation  if  the  Cvi)e^  or  the  InsevHan  of  t*ooo  meanprcpof' 
tUmals  between  two  given  lines*  The  (Xisaid  received  its 
name  from  xstrtrogj  the  Greek  word  for  /i^,  because  the 
curve  appears  to  mount  along  its  asymptote  in  the  same 
manner  as  that  parasite  plant  climbs  on  the  tall  trunk  of 
the  pine. 

Newton  himself  first  gave^  in  his  Universal  Arithmetic^ 
the  mechanical  description  of  the  Cissoid,  by  the  motion 
of  a  rectangular  ruler,  and  proposed  this  curve  as  a  con- 
venient medium  for  the  construction  of  the  Higher  Equa- 
tions. 


wr- 
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a  CONCHOID. 

J[f,  ffnwigh  a  given  point,  a  straight  Une  be  drawn  to 
a  line  given  in  position^  making  on  either  side  a 
given  segment ;  the  locus  qfthe  point  of  sec  Hon  is 
a  CoifcsoiD* 

Let  P  (fig*  1029  I68f  and  164.)  be  a  gi?eB  point,  through 
which  any  atraqe^t  line  la  drawn,  to  cut  or  meet  another 
straight  line  AD  gl^en  in  position ;  if  a  given  Segment  AB 
be  taken  on  either  side,  the  point  B  will  trace  a  Conchoid. 

DEFINITIONS. 

1.  The  given  point  P  is  called  the  Pole  qfthe  Conchoid, 

9.  The  given  Une  AD  is  named  the  Directrix,  theper- 
pendicalar  PDE  the  jixiSf  the  part  DE  the  Diameter^ 
and  the  point  D  where  this  stands  on  the  directrix,  is 
called  the  Centre  of  the  curve. 

S.  Any  perpendicular  CB  to  the  directrix  is  termed  an  Or^ 
dinatcy  to  which  the  intercepted  portion  CD  from  the 
centre  is  the  Absciss. 

4.  When  the  section  B  of  the  radiating  line  PA  lies  be- 
yond the  directrix,  (fig.  1 62.)  the  curve  is  termed  an  £r- 
terior  Conchoid  /  if  that  point  lies  between  the  pole  and 
the  directrix,  (fig.  163.)  the  curve  is  termed  an  /n/^- 
rtor  Conchoid,'  but  when  the  segment  AB  exceeds  PD^ 
(fig.  164.)  and  the  point  B,  during  part  of  its  tract  winds, 
beyond  the  pole,  the  curve  is  termed  a  Nodated  Conchoid. 
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PROP.  I.    THEOR. 


An  ordinate  to  the  Conchoid  is  the  cosine  of 
the  inclination  of  the  radiant  to  a  radius  equal  to 
the  diameter^  and  the  absciss  is  the  sine  of  that 

angle  to  a  radars  equal  ta  the  radiant  ttsel£ 

•.       •         • 

It  k  evidoit,  that  (6g.  168, 16S,  aod  164.)  AB^  wkich 
is  equal  to  the  diameter  DE,  being  made  a  radmsy  the 
ordinate  BC  will  be  the  cosine  of  the  angle  ABC  or  DPA 
the  iB<$Qfttion  of  PA  B  to  the  axis  of  the  curve.  It  ia  Uke- 
wito  app^vent)  that  the  abaebli  CD  or  BF  is  the  ame  of 
t}iip  aai^e  aogte  DPA  to  Ibe  oooppound  nuSdfi  PB. 
'  Car.  Lft  a  deoote  thb  axis  PD,  d  the  diameter  DE^  and 

i  the  angle  DPA  i  thenBC=:(2.^^  uCD^d.$in  i+a. ■. 

^  cos  t 

=  d.sin  i-^^cutan  i.     Whence  BC  eantinaaHy  dimiiildiea 

as  CD  augments*  and  the  direetfiK  must  therefbre  be  aa 

asymptote  to  the  conchoid. 

< 

PROP.  II.    FROB. 

To  apply  a  tangent  at  a  giVcnpoint  of  the  Con- 
choid. 

« 

Lei  it  be  required  (fig.  162^  165,  and  IGi*.)  through  the 
point  B  ti>  draw  a  tangent  BT  to  the  curve. 
•  Join  BP  with  the  p<^  and  let  another  radHmt  ftP  ap- 
^roaob  ity  extend  the  secant  Bb  to  meet  the  directrix  in 
Ti  from  A  draw  Afi  equal  and  parallel  to  ab^  join  6$  and 
JB^  which  produce  to  G. 

Since  A^  is  by  construction  equal  and  parallel  to  ab^  the 
figure  abfiA  is  a  parallelogram,  and  its  opposite  sides  Aa 


F"^ 
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and  fib  are  likewise  equal  and  paralleL  It  is  hence  ob- 
▼ions  that  the  triangle  BGT  is  similar  to  the  elementary 
triangle  B^sA,  and  B6 :  GT  : :  B^ :  W>.  But  the  vanishing 
chord  Bd  of  a  circle,  of  which  AB  and  A/S  areradii,  may  be 
considered  as  perpendicular  to  AB,  or  parallel  to  a  cor- 
iMpondiflC  peipiMijicukr  ^*  Thfe  Mio  of  B^  10  ^  or 
Aa  is  compounded  cif  titt  ntio  of.B/S  to  Aa  and  of  Ajk  to 
Atfi  thsiis^ofdienlaoof  ABtoAP^andofBCtoAB. 
WJ^efefm  As : iU  :  ;BC  :  AP,aiid  hence  BG:  GT  :  : 
BC  :  AP;  butt  fixim  similar  triangles,  AG  :  BG  :  c 
AB  :  BC,  and  (V.  16.  £L)  AG  :  GT  : :  AB  :  AP,  or, 
by  oooipMtioii,  AG  :  AT  : :  AB^  BP. 

.  Whence  an  easy  .oonstinotion  n  deriTed.  For  draw 
BG  perpendicidar  to  the  radiant  PB|  and  produse  it  to 
ifieeit  apfunUelftrom  the  pole  to  the  dinectrix  in  H;  and  AT. 
being  made  equal  to  PH,  or  HT  beiatg  drawn  parallel  to 
AP9  will  aangn  the  point  T  where  the  tangent  terminates. 

.  Cor.  It  is  evidtot  Ih^t.thle  taageot  iat  tbeTerlea^  £  wiH 
be  pinraUel.to  ibe  divecteiz.  It  alsp  appears.that,  in  the  ex- 
treme verge,  the  taagents  will  vanish  into  paraUelism.  But 
in  the  intermediate  distances,  the  subtangent  DT  eoQ«' 
tracts  within  moderate  limits*  Consequently  there  must 
be  a  certain  position  on  either  side,  at  which  the  subtan- 
gent is  the  least  possible^  and  the  curve  suffers  a  contrary 
inflection. 

'  The  same  observations  apply  to  the  interior  conchoid. 
But  in  tbe  case  of  the  nodated  conchoid,  the  construe* 
tion  becomes  indeterminate  at  the  pole  P,  where  the  op- 
posite braochesiof  the  curve  cross  each  other.  To  find  the 
tasgentaat  tint  point,  inflect  towards  the  directrix  the  two 
lines  2t  and  pt  equal  to  the  axis. 


S34  6C0METKT  OT  CUBVS5. 

PROP.UI.    PEOR 

To  trisect  a  given  angle  by  the  application  of 
the  Conchoid. 

Let  it  be  required,  by  hdp  of  thk  etatte,  to  dinde  tbe 
ADgle  ABC  (fig.  177»)  into  three  equal  anglei. 
..Ffom  BaiaoentDe^withanynidiiitBAfdeicribeacir- 
de ;  supposing  the  angle  ABD  to  be  the  third  part  of  ABG^ 
draw  DF  parallel  to  AB»  join  CF  and  prodoce  it  to  meet 
the  eattention  of  AB  in  O.  In  the  Slat  Propedtion  of  the 
First  Book  of  the  Geometrical  Analyiisy  it  was  demonstra- 
tedi  that  the  intercepted  segment  FG  is  eqnal  to  the  radius 
of  the  drde  i  whence  the  point  C  may  be  die  pob  of 
a  CSonchoidy  of  whidi  AG  is  the  direotrix,  CG  a  nidiaiit» 
and  FG  the  diameter  of  cunre* 

Having  therefore  constructed  an  exterior  and  intarior» 
or  nodated  Conchoid  to  the  pde  C»  tbe  directrix  AG,  and 
the  diameter  AB;  let  it  cut  the  drcnmfeienoe  of  the  cirda 
in  the  poinu  F,  F',  and  F''.  Join  BF,  BF,  and  BF",  and 
draw  the  paralld  radu  BD,  BIK,  and  BIX',  which  wiU 
mark  the  triple  section  of  the  angle  ABC 
* 

It  may  be  perceived  that  the  exterior  brandi  of  the  Con- 
choid  intersects  tbe  lower  semidrcle  in  another  pcunt 
besides  F''.  This  occurs  in  the  extemion  of  CB^  or  frfiere 
the  diameter  passing  through  C,  the  extremity  of  the  ori- 
ginal arc,  meets  the  opposite  drcnmferenoe ;  the  portion 
of  tbe  inflected  line  intercepted  bebw  the  directrix  AG 
being  evidently  equd  to  tbe  radius.  This  fourth  intersee- 
tioni  however,  affords  no  actual  soIutioUi  but  only  exhibits 

the  process  of  repeated  division  as  completing  the  angle  it- 
self. 


Another  mode  ^construction^ 

But  the  second  analysn,  which  was  given  of  the  same 
ProUeni)  affi>rds  a  different  solution.  Let  it  be  required 
to  trisect  the  angle  ABC  (fig.  178.)  draw  AC  perpendicu«* 
lar  and  CF  parallel  to  AB  ^  it  has  been  demonstrated  that 
if  die  segment  DF  of  the  h^cted  line  BF  were  equal  to 
the  double  of  BC^  the  angle  ABD  would  be  the  third  part  of 
ABC ;  whence  the  construction  is  reduced  to  the  descrtbing 
of  s  Conchdd  from  the  pole  B  to  the  directrix  AC»  with 
the  double  of  BC  as  its  diameter ;  the  intersection  of  the 
corre  with  the  perpendicular  CF  will  determine  the  position 
of  the  trisecting  radiant  ^DF.  The  exterior  branch  of  the 
Condioid  will,  cut  this  perpendicular  in  the  point  F»  and 
the  interior  or  nodated  branch  will  meet  and  cross  it  at 
the  two  pointo  F  and  F".  The  radiating  lines  BF,  BF' 
and  BF^  or  its  extension  Q^  will  otnnplete  the  trisectioa 
of  the  angle  ABC.  These  lines  will  be  found,  as  in  the 
first  construction,  to  make  angles  with  each  other  that  are 
equal  to  the  thirds  of  an  entire  circuit. 

It  may  be  worth  while  to  examine  the  successive  cases^ 
In  the  second  position  DBF'  of  the  trisecting  line,  draw 
CG'  to  the  middle  point.  <  Because  the  triangle  F'G'C  is 
isosceles,  its  exterior  angle  CG'B  is  double  of  CF'G'  or 
of  the  angle  ABD^ ;  but  G'CB  being  also  an  isosceles  tri- 
angle,  CCB  is  equal  to  CBG,  and  is  consequently  double 
of  ABD.  Add  CBD,  which  is  the  double  of  ABD,  and 
the  compound  angle  DBF'  is  double  of  DBD',  which 
'  would  complete  two  right  angles ;  whence  D^F'  is  two- 
thirds  of  two  right  angles,  or  one-third  of  a  whole  circuit. 

In  the  third  position  BF"D"  of  ^e  trisecting  line,  or 
rather  iu  extension  A/",  draw  CG"  to  bUect  F''D".  Tlie 
triangles  CG"D  and  BCG"  are  their  isosceles,  and  con- 
sequently the  angle  CBD"  or  CG"B  is  double  of  CD''B ; 
but  CBF  is  likewise  double  of  CFB,  and  therefore  the 
combined  angle  D"GF  is  double  of  the  angles  CD"B  and 
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CFB.  Now  thb  angle  D^'GF,  togedm  with  the  two 
flsghe  CD^B  and  CFGr#  m  mdm^Iy  equal  to  the  exteiior 
angle  DC'F  or  a  right  angle.  Whence  I^'BF  ia  two* 
thirds  of  a  ri^  engl^  or  ooe<hird  of  Iwo  right  angfest 
and  therefore  the  adjacent  angle  DBF''  k  two4hirdB  <rf  two 
right  angles,  or  one-third  of  a  whole  ciroait 

PROP.  IV.    PROB. 

By  the  application  of  the  Conchoid  to  find  two 
mean  proportionals  between  two  given  lines. 

Let  it  be  required  (fig.  179.)  to  find  two  mean  propor- 
tionals to  the  perpendieolara  AB  and  AC»  by  help  of  Ais 
curve. 

In  Book  I.  Prop.  32.  of  the  Geometrical  Analjaky  it 
was  shown>  that»  having  completed  the  rectangle  BACD, 
bisected  BD  in  F,  constructed  upon  the  base  AB  an  iaos* 
celes  triangle  ABK  with  its  aides  AK  and  BK  equal  to  BF^ 
produced  AB  till  BL  l>e  equal  to  it^  joined  KL,  and  drawn 
AM  parallel  to  this ;  if»  fi*om  the  vertex  K  of  the  isosodea 
triangle,  the  straight  line  KM6  were  inflected  such,  that 
the  part  MG  intercepted  between  AM  and  the  extension 
of  BA  shall  be  equal  to  BF  the  half  of  AC,  the  oUiqne 
line  GCE  would  cut  off  the  segments  D£  and  AG,  lAich 
are  mean  proportionals  to  AB  and  AC  Wherefore  de« 
scribe  an  Exterior  Conchoid,  of  which  K  is  the  pole,  AM 
its  directrix,  and  BF  its  diameter;  and  the  intersection  of 
the  curve  with  the  line  B  A  produced  will  assign  AG  the 
Second  of  the  two  mean  proportionab,  and  GC  being  drawn 
to  meet  the  extension  of  BD,  will  indicate  DE  the  first 
term* 


The  Conchoid  had  its  name  from  xov%o^,  a  shell ;  being 
invented  by  Nicomedes  for  the  Duplication  of  the  Cube  and 
the  Trisect  ion  of  an  Angle, 
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ni.  QUADRATRtX. 


j[fa  iirmgkt  line  turn  tm^omfy db^mt  agiveftpami, 
while  another  straight  line  advances  unifbrM^m 
a  parallel  position,  their  mutual  intersection  mil 
describe  the  curve  called  a  Qujdrjtbix. 


Let  theMmddeiit  straight  lines  OI  and  IOH»  (fig.  106.) 
begin  their  motion^  the  former  turning  miiibrinly  about 
die  point  0>  and  the  ktter  advancing  nnifonnly  paielU 
to  its  first  position ;  the  interaectifia  B  resulting  from  this 
combined  reTolving  and  progressiye  moveasent  will  trace 
out  the  Q^dratrix. 

Suppose,  while  the  revolving  line  describes  a  right  an* 
gle,  the  parallel  advances  to  E ;  this  must  be  a  point  in 
the  curve*  But  in  describing  the  second  right  angle,  the 
revolving  line  witt  stretch  out,  and  wiO  itself  become  pa- 
rallel to  the  position  FQ,  which  the  progressive  parallel 
attains  when  it  has  passed  over  a  space  EF  equal  to  OE. 
At  this  limit,  the  curve  must  vanish  into  distance* .  In  ihe 
description  of  the  third  right  angle,  the  intecsectioA.wiU 
begin  again  beyond  H,  will  travel  through  £  at  an  intervd 
beyond  F,  equal  to  0£,  and  will  ahade  away  towai^  G 
along  a  second  asymptote  placed  at  an  equal  distance  b^ 
ycmd  the  first  A  similar  recurrence  will  take  place  at 
every  succeeding  two  right  angles ;  and  thus  the  quadra* 
trix  must  consist  of  a  series  of  innumerable  branches,  ea^ 
tending  indefinitely  both  to  the  right  and  to  the  left* 


Since  the  rerolving  «id  prognmiim  moiioiMi  ioTohrcd  m 
tbe  genesis  of  tUt  curve  we  vnifiMrmt  k  fcUowiy  that  the 
tpeeea  wiuch  they  describe  will  be  proportioul.  Where- 
Cne  OE  is  to  tke  perpendicular  BD»  as  die  ri^t  aii^ 
EOI  to  tbe  obliqae  angle  BOI;  dr^  if  a  circle  be  describe 
ed  firom  the  {pven  point  O,  and  passing  through  £»  the 
racBoi  0£  will  be  to  BD  as  tbe  qaadraKt  IP£  is  ta  the 
aacXP. 

•  * 

DEFINITIONS. 

1.  The  intercepted  portion  OA  of  the  rerolting  line  in  ita 
first  position  is  called  the  Base  cf  the  cunre,  and  the 
extended  perpendicalar  EFFF'  8tc  its  Jsis. 

S.  A  perpendicalar  BC  to  the  axis  is  named  an  Ordinaie, 
and  its  distance  CO  or  BD  from  the  centre  of  rerolii- 
tion  its  Jbscm. 


PROP.  I.    THEOB. 

The  baee  of  the  Quadratrix  ia  a  third  propor- 
tional to  the  quadrant  and  its  describing  radiant. 

Let  IE  (fig,  167.)  be  the  quadrant  traced  in  the  eroln* 
tton  of  a  right  angle,  the  radius  being  OE;  then  will 
IE:OE::OE:OA. 

For  suppose  Oat  to  be  the  position  of  tbe  revolving 
line,  the  instant  after  it  has  commenced  its  motion.  Tbe 
dementary  arc  ha  may  be  viewed  as  coinciding  with  a 
perpendicular  to  the  base,  and  therefore  IE  :  If  :  : 
OE  or  01 :  Afl,  or  alternately,  IE  :  01  :  :  Ii  :  Aa ;  but 
If  ^  Ka  ;  :OI :  OA,  and  consequently  IE  :  01 : :  OI :  OA. 

Cor.  1.  Hence  OA  :  201  : :  201  ;  4lE,  or  OA  :  IH  :  : 
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m  z  4I£'|  tlMt«,  til*  htm  OA  h  to  Ifaa  aiMioMr  Ifi[|  is 
this  i¥f««*4**  to  ths  cnreomfarflOQeof  ks  cifcl«^ 

Cbr«S.  Haace likewae the igmurfeof tlwitiiHwIir ir>la 
the  «m  of  tho  €ircle»  as  the  bate  OA  to  haiS  th^  toadina 
OI$  fivr,  by  oonipontioD,  lE-SOIor  IE.IOH :  40i«  or  IH^ 
: :  <OI  or  IH  :  OA  ;  but  IKIOH  is  thii  acca  of  tlia  dr- 
de»  and  the  ntki  <tf  IH  to  OA  is  thesiwie  as.  that  of  OI 
to  the  half  of  O A.  The  description  of  this  cnnre  .wookl 
tbos  give  the  quadrature  of  the  circle^  and  hence  its  name 
QfiodriUrup* 

Cor.  8.  Since  BD  ;  PI2 :  OAs  OI,  and  BD:  FQ:2 
OB :  OP  or  OI;  it  follows^  that  PQ  :  PI : :  OA :  OB. 
Wherefore  the  sine  of  the  angle  generated  is  to  its  corre* 
i|Knding  arc  as  the  base  of  the  curve  is  to  the  radiant* 


PROP.  II.    THEOB, 

The  base  of  the  Quadratrix  being  made  the 
radius  of  a  circle,  the  arc  of  revolution  will  be 
equdl  to  the  corresponding  absciss  of  the  curve. 

If  from  the  centre  O,  (fig.  167.)  with  the  radius  OA,  a 
circle  be  described,  the  arc  AR  intercepted  by  a  radiant 
18  equal  to  BD  the  absciss  to  the  conre. 

For  the  absciss  BD  is  to  the  arc  IP  as  OA  to  Ol,  and 
consequently  as  the  arc  AR  to  the  arc  IP  ;^  Wherefore  th^ 
elapsed  arc  AR  must  be  equal  to  BD.   * 

Scholium.  If  OK  be  made  equal  to  any  radiant  OB, 
and  BR  joined,  the  bisection  of  this  base  of  the  isosceles 
triangle  BOK  will  assign  a  point  L  in  the  Quadratrix.  For 
the  perpendicular  LM  is  evidently  the  half  of  BD,  while 
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Ibe  ndiaal:  OL  bieecU  the  atigle  lOP  \  thd  pontL  wotld 
hence  be  attained  by  just  half  the  pragreatve  and  moI« 
yhkg  tBOfiemeiita  which  determine  B.  Repeatiog  diia 
piDoeVf  a  sttocegsion  of  poinla  Jxmy  be  ioujod  approaeUng 
ahrajv  nearer  to  A,  and  the  arc  A&  thus  •detemioed 
would  be  measured  by  the  assntned  straight  line  BD* 

An  approxiniation  to  the  quadrature  of  ihe  cirde  could 
ia  Am  way  be  discovered  medianically  'with  great  fadlity 
and  tokraUe  precision.  Let  OA  (fig.  165.)  be  a  radiant 
corresponding  to  a  right  angle,  the  lines  OB,  OC^  OD9 
01^  &c.  drawn  firom  the  centre  O  to  bisect  the  ba«es  of 
the  successive  isosceles  triangles^  will  exhibit  the  radiants 
of  the  series  of  bisected  angles  ^  the  final  radiant  02^ 
which  is  the  base  of  the  Quadratrix»  beiqgmade  the  radios 
of  a  circle  OA,  will  be  equal  to  its  quadrant*  The  same  con- 
struction will  apply  when  the  radiant  of  an  oblique  angle 
is  taken ;  but,  if  the  assumed  angle  should  exceed  a  right 
angle,  the  first  of  the  isosceles  triangles  will  likewise  be  ob- 
tuse. 

This  curious  property  may  be  viewed  as  a  modification 
of  Prop.  6.  of  the  Trigonometry  and  its  corollaries.  If 
r  denote  the  radiant  of  any  angle  ^,  the  radiants  cone- 
sponding  to  Jip,  i(p,  i<p9  &c  will  be  expressed  by  n  ros  ^» 
r.  cos  ^p.  cos  J<p,  r.  cos  J<p.  cos  ^f .  cos  \p ;  and  the  ra-s 
dius  of  the  circle  which  has  r  for  the  length  of  the  arc 
that  measures  the  angle  (p  will  be 

r.  cos  i<p.  cos  ip.  cos^  ^p.  cos  ^^.  cos.  ^^p,  &c. 
In  the  case    selected  for  illustr^ion,   OZ  = 
OA .  cos 45^. cos  29i  . cos  Hi. cos 5^4^ . cos «o|| &c. 


PROP.IIL    THEOB. 

If,  from  the  extremity  of  the  base  of  the  Quad- 
ratrix,  straight  lines  be  drawn  to  the  points^  wh6r^ 
its  successive  branches  cross  the  axis,  they  will  be 
normals  to  the  curve. 

Let  (fig.  166,  167,  and  180.)  BE,  BE',  BE",  *c.  be 
drawn  ftroiii  B  to  the  succesatve  points  £|  £^  £<^  &c. 
wkere  tbe  Quadratrix  cats  the  axis ;  these  straighH  linfi 
win  be  perpendicular  to  the  curTe  or  its  tangent* 

For  assnme  (fig.  180.)  the  proximate  radiant  Oe»  It  i% 
obvious  that  0£  is  to  OS  as  the  minute  arc  Ya  to  S5;but,  by 
the  last  proposition,  the  elapsed  arcs  AS  and  A«  are  e^al 
ta  the  perpendiculars  firom  E  and  e  f  and  eonseqoeiitly  their 

minute  difference  &  is  ^qual  to  fe  tfie  increment  of  t&b 
perpendicoibp  radiant.  Wherefore  OE  is  to  OS  or  OB 
10  £s  to  <r,  and  llie  elementary  triangts  Esr  is  simihr'  to 
the  right  angled  triangle  EOB*  Hence  BE  is  perpend^ 
colaf  to  £^  and  thus  a  normal  to  the  curve. 

Cor.  Snce  the  tangent  OT  is  perpendicular  to  BE, 
it  fcUows  that  OB  or  O A  ie  to  0£  or  the  quadrant  AS  t<> 
OT ;  but  OA  is  to  QE  as  AS  to  IE,  and  consequently 
tbesnfatangent  OT  is  equal  to  the  quadrant  of  the  gene^ 
rating  circle. 

The  corresponding  subtangents  of  the  second  and  third 
&c.  branches  would  be  equal  to  five  and  nine,  &c.  quad- 
rants, their  intervals  being  always  equal  to  the  whole  cir- 
cumference of  the  generating  circle. 


M2  oeoMXTRr  cwcurtes. 


PROP.  IV*    PROS. 

To  divide  a  giren  angle  into  any  number  of 
equal  parts  by  help  of  the  Quadratrix* 

Let  it  be  required,  by  the  description  of  this  curvCt  to 
divide  the  ai)^Ie  AOV|  (fig.  180.)  suppose  into  three  equal 
angles. 

From  the  point  V,  where  the  line  OV  cute  the  Quadr»- 
trix^  let  fall  the  perpendicular  VZ»  which  trisect  in  X  and 
Y,  draw  the  parallels  Yy  and  Xx  to  meet  the  cunre,  and 
join  the  radiants  Oy  and  Ox;  the  angle  AOV  will  be  thus 
divided  into  three  equal  angles  AO^i  yOa  and  aOV. 

For>  by  the  genesis  of  the  curve^  while  the  parallels  Yy 
and  Xjr  advance  through  equal  spaces  ZY  and  YX,  the 
radiants  Oy  and  0;r  describe  equal  angles. 

If  the  perpendicular  ZY  were  extended  to  the  remoter 
branches  of  the  curve,  the  trisection  of  it  would  furnish 
parallels  which  not  only  mark  AOy,  but  this  angle  aujg* 
mented  successively  by  the  third  part  of  four  right  angles. 

If  the  given  angle  should  exceed  four  right  angles,  its 
vradiant  would  evidently  meet  the  higher  branches  oi  the 
curve,  and  the  subdivinon  of  the  perpendicolars  would 
produce  a  series  of  parallels  indicating  all  the  varieties  of 
angular  section. 


The  Qtmdratrix  was  proposed  by  Dinostrates  for  the 
Subdivision  of  Angles^  and  the  Squaring  qf  a  Circle.  lu 
construction,  however,  is  difficult,  and  merely  mechanicaL 
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IV.    LOGARITHMIC  CURVE. 

](f  perpendiculars  in  continued  proportion  be  dis* 
posed  at  equal  intervals  along  a  given  extended 
Ene,  their  summits  ivill  range  in  what  is  caUed  the 
Logistic  or  Looamithmic  Ctntvs. 

'  Let  (fig*  168.)  the  intenrenitig  spaces  AB,  BC^  CD,  D£^ 
EF,  &C.  be  all  equal,  and  from  the  several  points  of  sec- 
tion let  perpendiculars  be  erected  in  continued  proportion, 
or  sach  that  AL  :  BM  :  :  BM  :  CN  :  :  CN  :  DQ :  : 
DO :  £P  : :  £P:  FQ,  &c.;  then  their  summits  L,  M,  N, 

0.  Py  Q,  &c.  will  mark  a  Logarithmic  Curoe. 

It  is  evident  any  intermediate  points  of  the  curve  mi^ 
be  easily  found }  for  bisect  the  space  EF  in  G,  and  ereot 
a  perpendicular  OH  equal  to  a  mean  proportional  be- 
tween EP  and  FQ,  and  the  extremity  H  will  be  in  the 
carve.  But  the  process  of  bisection  could  be  treated, 
and  hence  the  curve  traced  out« 

DEFINITIONS. 

1.  The  extended  line  AF  is  named  the  Base  of  the  curve* 

2.  Any  perpendicular  is  an  Ordinate^  to  which  the  dis- 
tance from  some  given  point  in  the  base  forms  the  oor« 

m 

responding  Absciss, 
S.  The  logarithmic  curve  is  considered  as  either  ascevdittg 
or  descending^  according  as  it  is  carried  upwards  or 
downwards  from  the  origin  of  the  abscissfle. 
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PROP.  L    THEOR. 

Tbe  distance  between  two  ordinates  represents 
the  Logarithm  of  their  ratio.  « 

lie  point  A  (fig.  168.)  being  the  origin  of  the  nhMomas, 
let  DO  a&d  FQ  be  any  two  ordinates;  then  wH  DF.ex- 
press  the  ratio  of  B  to  G 

For  find  AB|  a  common  measure  to  tbe  segments  AD 
jimd  AF,  divide  these  inta  portions,  equal  td  it»  and  ftotn 
the  intermediaite  points  B>  C,  £  erect  perpendwalars..  Tke 
ordinates  thus  interpolated  must  evidently  be  is  continued 
proportion  $  but  A  mariung  the  beginnAig  of  tbe  wcsie, 
.ALwill  denote  unft,  and  consequently  AD  expresuag  the 
number  of  ratios  inserted  between  AL  and  DO,  tbe  intca- 
▼al  BG  frill  represent  tbe  nnadber  of  eqpal  ratios  which 
connect  DO  with  FQ ;  that  is,  tbe  logarithm  of  their  ratio. 

Cer»  If  eiqnal  spaces  Ai,  Ac,  Ad^  &c.  be  taken  on  the 

other  side  of  the  point  A,  they  wiil  still  denote  the  loga- 

.rithms  of  the  ratio  of  the  unit  AL  to  the  ordinates  bm  and 

cdfOUf  &c. ;  but  their  opposite  position  intimates  adeareaf- 

sing  series. 


PROP.  n.    THEOR. 

The  subtangents  at  different  points  of  the  Lo- 
garithmic  Curve  are  all  equal. 

Let  LT  and  MR  (fig,  lC9.}  be  drawn  to  touch  the  carve 
at  the  summits  L  and  M  of  the  ordinates  AL  and  BM  i 
the  subtsngent  AT  will  be  equal  to  BR. 
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¥^or  assamc  another  pair  ofordinates  a/  and  bm  at  equal 
intervals  beyond  AL  and  BM,  and  draw  the  secants  /LT 
and  mMR.  From  the  nature  of  the  curve,  AL  :  al  i  : 
BM  :  bm;  but,  from  the  property  of  parallel  and  diverging 
tines,  TA  :  Ta  :  :  AL  :  al,  and  RB  :  R5 :  t  BM  :  bm ; 
whence  TA :  Ta  : :  BM  :  dm,  and  by  division  TA  lAat: 
RB  :  Bb,  Now,  by  construction,  Aa  was  made  equal  to 
B6,  and  therefore  TA  is  equal  to  RB.  This  equality 
mttst  obtain  whatever  be  the  proximity  of  the  ordjnates 
al  and  bm  to  AL  and  BM.  At  the  moment,  therefore, 
when  they  coalesce  and  the  secants-  IhT  and  mMR  pass 
iDto  tangents,  the  subtangents  AT  and  BR  must  be 
-  equal. 

Cor.  The  length  of  the  snbtangent  will  hence  determine 
the  scale  on  which  the  curve  is  constructed.  It  may  re- 
present differeiit  systems  of  Ic^rithms,  according  to  the 
mutual  distances  of  its  ordinates.  When  the  primary  or- 
dinate, or  that  which  represents  unit,  is  equal  to  the  sub- 
tangent  AT,  the  curve  will  exhibit  the  Natural  Loga^' 
rithms.  For  any  other  system  of  logarithms,  the  snbtan- 
gent will  be  proportional  to  the  Modulus. 


PROP.  in.     THEOR. 

The  space  included  by  any  two  ordinates  of  the 
Logarithmic  Curve  is  equivalent  to  the  rectangle 
under  their  difference  and  the  common  subtan- 
gent. 

Let  AL  and  CN  (fig.  170.)  be  two  ordinates,  and  draw 
LO  parallel  to  the  base ;  then  the  space  ALNC  is  equi- 
valent to  the  rectangle  under  ON  and  AT  the  subtangents 
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For  awime  oQy  intor m^iate  ordinate  BM,  and  another 
btn  proximate  to  this,  draw  the  secant  mMR  and  the  pa- 
rallel Mr.  It  ifl  evident  that  RB  :  BM  :  :  Mr  :  mr,  and 
therefore  KB.mr  ss  BM.Mr ;  but  this  rectangle  BM.Mr 
melts  into  the  eleaientary  apace  BMmb,,  while  the  ordinate 
bm  migrates  into  BM  and  the  secant  passes  into  a  tangent ; 
consequently  the  rectangles  under  the  comiaon  subtangent 
AT»  and  the  successive  excessea  mtf  fora»lng  together  the 
rectangle  under  AT  and  OH,  are  equivalent  to  the  iniet- 
cepted  space  ALNC. 

Car.  Hence  the  whole  of  the  descending  space  extend- 
ed indefinitely  below  an  ordinate^  ts  equivalent  to  the  rect- 
angle under  that  ordinate  and  the  subtangent. ,  For  the 
qpace  included  between  AL  and  any  lower  ordinate  is  equi- 
valent to  the  rectangle  under  their  difference  and  the  sub- 
tangent  AT.  When  the  inferi<Hr  ordinate  vanishes^  the 
unlimited  space  will  hence  be  equivalent  to  the  redangle 
under  AL  itself  and  AT. 


PROP.  IV.    PROR 

To  find,  by  the  application  of  the  Logarithmic 
Curve»  any  number  of  mean  proportionals  to  two 
given  straight  lines. 

Let  it  be  required^  by  help  of  this  curves  to  interpolate 
n  proportionals  (fig.  171.)  between  X  and  ¥• 

Extend  the  ordinate  AK,  and  make  AP  equal  to  X  and 
AQ  to  Yf  draw  the  parallels  PL  and  QO  to  meet  the 
curve^  and  let  fall  the  perpendiculars  LB  and  OE^  divide 
the  interval  BE  into  n — 1  parts  at  the  points  C  and  D, 
and  the  ordiaates  CM  and  DN  will  be  the  mean  propor- 
tionals required* 
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For  tbe  figures  AL  and  AO  being  parallelograms^  the 
ordinates  BL  and  OE  are  evidently  equal  to  X  and  Y, 
and,  from  the  nature  of  the  curve,  BL  :  CM : :  CM  i  DN 
::DN:EO. 

Car,  Let  AQ  be  double  of  AP,  and  trisect  the  interyal 
BE  $  the  ordinate  CM  will  evidently  be  the  side  of  a  cube 
which  has  double  the  capacity  of  one  that  has  AP  or  BL 
fi>r  its  side*  In  this  way,  tbe  dupUcation  qfthe  cube  could 
in  practice  have  easily  been  effected* 


PBORV.    THEOB. 

The  radius  of  a  circle  osculating  at  any  point 
of  the  Logarithmic  Curve,  is  a  fourth  proportional 
to  the  corresponding  ordinate  and  tangent. 

r 

Let  (fig.  171 .)  DN  and  NT  be  an  ordinate  and  tangent  \ 
then  will  tbe  square  of  DN  be  to  the  square  of  NT  as  NT 
itself  is  Co  the  radios  of  curvature  at  the  point  N. 

For  assume  tbe  equidistant  proximate  ordinates  GH 
and  £0,  extend  the  secant  ONT  to  the  axis,  and  erect 
FQ  perpendicular  to  it,  meeting  tbe  ordinate  DN  pro- 
duced in  Q,  draw  QR,  and  likewise  the  minute  lines  NK 
and  IL  parallel  to  tbe  axis.  Since  BN  :  GH  :  :  LO,  by 
eonversioQ  KH  :  DN  : :  LO--KH  or  2IH  :  KH,  and, 
consequently,  IN  :  NT : :  2IH  :  KH,  But  the  elemen- 
tary triangle  NKI  or  NKH  being  evidently  similar  to 
ITQ,  NT  :  NQ  :  :  KI  or  KH  :  IN,  and  by  compounding 
the  analogies,  IN :  NQ  :  :  2IH  :  IN.  Now,  if  a  circle 
were  described  throu^  the  three  points  N,  H,  and  O, 
and  the  ordinate  GHI  were  produced  to  meet  it,  the  square 
semichord  IN  would  be  equivalent  to  the  rectangle  under 
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the  minute  segment  HI  and  the  rest  of  the  intercepted 
chord ;  whence,  if  these  points  were  brought  to  coalesce 
with  N,  the  chord  of  the  equicurve  circle,  intercepted  by 
the  extension  of  the  ordinate  DN,  would  be  equal  to  2NQ. 
Again,  from  similar  triangles,  that  chord  is  to  the  diame- 
ter of  the  circle  as  NQ  to  NR ;  whence  the  diameter  is 
equal  to  2NR,  and  the  radius  of  curvature  equal  to  NR. 
But,  from  the  construction,  DN,  NT,  NQ,  and  NR  are 
continued  proportionals,  of  which  NR  is  the  fourth  term^ 
or  DN*  :  NT*  : :  NT  :  NR. 

Cor.  Hence  the  Logarithmic  Cutve  has  its  greatest  in- 
curvation at  the  summit  of  an  ordinate  VY  (fig.  168.) 
whose  square  is  double  the  square  of  the  subtangent^  or 
the  radius  of  the  osculating  circle  at  V  is  a  minimum. 

Let  AB  (fig.  205.)  represent  the  ordinate  VY,  and  the 
perpendicular  BC  the  constant  subtangent,  join  AC,  draw 
CD  at  right  angles  to  it,  and  erect  the  perpendicular  DE 
to  meet  AC  produced  in  £,  the  extended  line  A£  will  then 
exhibit  the  corresponding  radius  of  curvature,  and  it  is 
only  requisite  to  prove  this  line  to  be  shorter  than  any 
other  obtained  by  following  the  same  construction  ;  or  it 
may  be  sufiicient  to  show  that  A£  occupies  a  stationary 
limit,  and  that  the  proximate  line  ae  suffers  a  decrement 
at  the  end  a,  just  equal  to  the  increment  which  it  receives 
at  the  other  end  e.     From  the  centre  C  describe  the  ele» 
mentary  arcs  aa,  Ei,  and  D^,  extend  D|3  equal  to  c^,  and 
draw  ^b  parallel  to  CD.     By  similar  triangles,  AB  :  BC 
:  :  BC  :  BD,  and  aB  :  BC  :  :  BC  :  Bd,  consequently 
AB  :  aB  :  :  B(Z :  BD,  and  by  division,  AB  :  B^f  or  BD 
:  :  Aa  :  D^  ;  but  AB  :  BC  :  :  BC  :  BD,  and  therefore 
AB  :  BD  :  :  AB*  :  BC*  ;  whence  AB  =  2BD,  and  in 
the  preceding  analogy,  Aa  =:  2D</.     Again,  the  triangles 
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dgD  and  oaA  being  similar,  dD  :  Dg :  :  Aa :  Aa,  and 
therefore  D^  is  the  half  of  Aa ;  but  dD:  dgi:  Aa:  aoh 
and  consequently  dg  is  the  half  of  ad.  But,  from  similar 
sectors,  AC :  CE : :  aa :  E£ ;  whence  Ee  is  the  half  of  aa  and 
therefore  equal  to  dg»  Hence  the  right-angled  triangles 
"Eef  and  dgB  are  equal,  and  consequently  ^6  is  equal  to  Bg 
or  D|3.  Wherefore,  the  compound  line  dj3  =  c€  == 
Dg  +  Bg  +  D|3  =  2Dg  =  Aa,  and  thus,  in  the  slight  muta- 
tion of  AE  into  aej  the  segment  Aa  is  taken  away  from 

ft 

the  one  end,  while  the  equal  segment  ee  is  annexed  at  the 
other  end.  Theiine  AE,  which  represents  the  radius  of 
curvature,  is  hence  placed  in  the  limit  where  it  has,  on  the 
whole,  neither  increase  nor  diminution,  and  has  therefore 
contracted  into  its  minimum,' 


The  Logarithmic  Curve  was  first  proposed  by  Gregory 
of  St  Vincent  soon  after  the  noble  discovery  of  Loga- 
ri^ms;  but  its  leading  properties  were  investigated  by 
Huygens  and  others  during  the  latter  half  of  the  seven- 
teenth century.  It  is  of  extreme  importance  in  various  ap- 
pUcadons  of  Physical  Science,  and  particularly  in  exhi- 
biting the  relations  of  elastic  fluids. 
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V.    CYCLOID. 


Jf^  in  the  same  plane ^  a  circle  be  conceived  to  roll 
along  a  straight  line,  any  point  in  its  circumference 
will  describe  the  curte  which  is  called  a  TzocBom 
or  Cycloid^ 

Let  a  circle  touching  an  extended  straight  line  at  A^ 
(6g.  17S.)  roll  onwards^  till  the  point  of  contact  comefi  again 
to  touch  at  B  i  that  point  will  bate  traced  a  Trochoid  or  Of* 
cloid.  But  continuing  the  process  of  progressive  rotation, 
the  same  point  must  evidently  describe  a  repeated  suc- 
cession of  equal  and  similar  curves. 

DEFINITIONS. 

!•  The  circle  of  revolution  is  called  the  Generating  Cir- 

cle. 

2.  The  portion  AB  of  the  extended  line  on  which  a  whole 
circumference  of  the  circle  is  measured  out,  is  termed 
the  Base  of  the  Cycloid,  and  the  middle  perpendicular 
CD  its  Axis, 

S.  Any  straight  line  HE  drawn  from  the  axis  parallel  to 
the  base  is  called  an  Ordinate  to  the  cnrvci  the  inter- 
cepted part  DH  of  the  axis  being  the  Absciss. 


If  a  thread  or  fiexihle  line  be  unfolded  from  the  convex  side 
of  any  curve ,  its  extremity  mil  describe  an  iNVOLUTEf  to 
"which  the  principal  curve  is  the  EvOLUTE, 
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PROP.  I.    THEOB. 

The  absci&fl  of  the  Cycloid  is  equal  to  the  ver* 
sed  sine  of  the  corresponding  arc  of  the  genera* 
ting  circle,  and  the  ordbiate  is  equal  to  the  sum 
of  that  arc  and  of  its  sine. 

While  the  generatiDg  circle  rolls  from  A  to  F  (fig.  178.)* 
its  tracing  point  will  come  into  the  position  £,  and  the 
segment  AF  of  the  base  will  evidently  be  equal  to  the  eiap^ 
aed  arc  EF.     Bat  when  the  circle  has  reached  the  middle 

m 

position  C,  the  remaining  part  FC  will  be  equal  to  the 
Bupplemental  arc  EI  or  GD,  and  the  fignre  EFCO  is 
obvioasly  a  parallelogram.  Wherefore  the  absciss  DH  is 
the  versed  sine  of  the  arc  DG5  and  the  ordinate  EH  is 
equal  to  EG  and  GH»  that  is,  to  the  arc  DO  together 
with  its  sine  GH. 

PROP.  II.    THEOR. 

The  supplemental  chord  of  the  generating  cu:* 
cle  is  a  tangent  to  the  Cycloid. 

Let  FEI  (fig.  173.)  be  the  positira  of  the  generating 
circle  corresponding  to  any  point  E  of  the  Cycloid ;  the 
supplemental  diord  £1  will  t^udt  the  curve. 

For  assume  in  the  Cycloid  the  p<Mnt  e  proximate  to  £» 
and  draw  egh  parallel  to  EGH. 

The  minute  arc  Gg  may  be  considered  as  coincident 
with  a  tangent  to  the  circle  at  O,  and  consequently  the 
angle  gGk  which  it  makes  with  the  inflected  Ime  OD  is 


852  OEOMETRT  OF  CURVES. 

equal  to  the  angle  GCD  in  the  ftlternate  eeginent ;  hot 
this  angle  GCD  is  evidently  equal  to  DGH,  which  again 
is  equal  to  Gkg.  Wherefore  the  elementary  triangle  Ggk 
is  isosceles,  and  the  side  Gg  equal  to  gk.  Bat»  by 
the  last  proposition,  the  segments  EG  and  eg  of  the  cy- 
clotdal  ordinates  are  equal  to  the  circular  arcs  DG  and 
Ugf  and  consequently  EG  is  equal  to  eg  and  Gg,  or  eg 
and  gkf  that  is,  equal  to  ek.  Wherefore  the  secant  E^,  in 
merging  into  a  tangent,  becomes  parallel  to  DG,  and 
thus  coalesces  with  the  supplemental  chord  EI. 

The  same  result  is  obtained  from  another  consideration. 
Viewing  the  generating  circle  as  a  polygon  of  innumerable 
sides,  the  Cycloid  would  consist  of  a  series  of  minute  cir* 
cular  arcs  described  from  the  successive  points  of  the  base 
on  which  the  comers  of  the  polygon  turn.  The  point  F 
is  hence  the  centre  of  the  arc  £^,  whose  tangent  E[  being 
perpendicular  to  the  radius  F£,  must  therefore  be  contain* 
ed  within  the  semicircle. 

Cer.  Hence  to  apply  a  tangent  to  the  Cycloid  that 
shall  be  parallel  to  a  given  straight  line.  From  the  ver* 
tex  of  the  curve,  draw  the  chord  DG,  in  the  middle  circle, 
parallel  te  the  given  line,  and  extend  the  ordinate  HGE; 
a  tangent  at  £  most  evidently  be  parallel  to  DG,  and  will 
therefore  answer  the  condition  required. 

PROP.  III.    THEOR. 

■ 

An  arc  of  the  Cycloid  measured  fram  the  ver- 
tex is  double  of  the  corresponding  chord  of  the 
generating  circle. 

The  cydoidol  arc  DE  (fig*  172.)  is  equal  td  twice  the 
chord  DG  of  the  circle  described  on  the  axis. 
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For  let  egkh  be  the  proximate  ordinate  to  EGU^  and 
from  D  as  a  centre  describe  the  portion  of  a  dode  go. 

It  is  manifest  that  go  being  considered  as  a^  perpendi- 
calar  to  DG,  most  bisect  the  base  Gk  of  the  isosceka  tri- 
angle Ggh  Wherefore  the  elementary  arc  &>  which  is 
equal  to  the  segment  G^  of  the  parallel  chord,  is  al- 
ways the  double  of  Go«  or  of  the  excess  of  DG  above  D^  i 
and,  consequendy,  estimating  from  the  vertex  D,  the  ag- 
gregate of  the  minute  portions  Ee  constituting  the  arc 
D£  must  be  douW^  of  all  successive  increments  Go  which 
compose  the  chord  DG« 

Cor,  Hence,  the  length  of  the  arc  AED  of  the  Cycloid 
b  equal  to  double  the  diameter  CD  of  the  generating  cir- 
cle, and  the  whole  cydoidal  arc  ADB  is  four  times  that 
diameter. 

ScholiuBu  The  leading  properties  of  the  Cycloid  might 
be  derived  with  great  facility  from  the  consideration  of 
motion.  Instead  of  the  generating  circle,  substitute  a  po- 
lygon of  innumerable  sides,  and  the  Cycloid  will  be  com- 
posed, as  we  have  seen,  of  a  series  of  minute  arcs  de- 
scribed from  the  successive  points  of  contact,  .with  the 
elapsed  chords  as  radii.  The  direction  of  the  curve  or  its 
tangent  at  E  must  therefore  be  at  right  angles  to  EF,  and 
will  hence  coincide  with  the  supplemental  chord  EL 

But  die  same  conclusion  is  attained  by  a  different  pro- 
cess of  reasoning*  For  every  portion  of  the  Cycloid  being 
described  by  a  rotatory,  combined  with,  an  equal  progres* 
nve,  motion,  the  direction  of  the  curve  at  any  point  E 
must  evidently  be  the  diagonal  resulting  from  this  com- 
pound traction.  But  the  rotatpry  motion  is  perpendicular 
Co  £0,  and  the  progressive  motion  perpendicular  to  OF ; 
and  consequently  the  tangent  to  the  curve  must  run  per- 
pendicular to  the  diagonal  EF,  or  take  the  position  of  the 
supplemental  chord  EI. 
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Hence  the  inflexion  of  the  Cycloid  is  half  the  inflesdon 
of  the  generating  circle.  For  when  this  cirde  has  arrtfed 
at  tlie  contact  F^  the  describing  radios  has  moved  fiom 
the  position- OF  into  OE,  and  conseqnentiy  the  circnm- 
ferenoe  at  E  has  bent  through  an  angle  FOE ;  while  the 
curve  of  the  Cycloid  has  only  turned  from  the  diredaon 
FI  into  EI>  making  an  inflexion  OIE  which  is  the  half 
of  the  exterior  angle  FO£»  The  Cycloid  thus  rises  per* 
{lendicolarly  at  A,  becomes  parallel  to  the  base  at  the  veiv 
tex  D,  and  again  descends  perpendicularly  at  B. 

An  arc  of  the  Cycloid,  reckoning  from  its  vertex,  bemg 
thus  double  of  the  corresponding  chord  of  the  generating 
circle^  which  is  itself  equal  to  twice  the  sine  of  half  the  an* 
gle  of  rotation ;  those  cycloidal  arcs  must  be  prop<NtiooaI 
to  the  sines  of  inflexion  at  every  point  of  the  curve. 

It  has  been  proved  that  OF  is  to  £F  as  the  velocity  of 
rotation  is  to  the  velocity  with  which  the  Cycloid  is  de* 
scribed  at  E>  or  as  each  increment  of  the  circumference 
of  the  generating  circle  is  to  the  corresponding  dementaiy 
arc  of  the  cycloid.  Draw  Em  petpendicular  to  the  ra* 
diua  OE,  and  OF :  EF : :  E^  :  Em  /  but  the  dementaiy 
triangle  E^m  being  similar  to  the  isosceles  triangle  EOF, 
the  parallel  en  to  EF  must  bisect  the  base  E^,  and  there- 
fore this  element  of  the  cycloidal  curve  DE  is  doable 
of  the  corresponding  increment  Eft  of  the  soppleaieatal 
chord  EL  Now  the  same  relation  subsisting  at  e^erj 
step  firom  D  to  £,  and  from  D  to  O,  the  aggregate  wte 
DE  must  be  double  of  the  accrescent  chord  DG  or  IE. 
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PROP.  IV.    THEOR. 


The  exterior  space  between  the  Cycloid  and  its 
trtical  tangent  is  equivalent  to  the  segment  of 


vertical  tangent  is  equivalent  to  tbe  segment  oi 
the  generating  circle  intercepted  by  the  ordi< 
iiate« 

Let  LDM  (fig.  1 79.)  be  a  tangent  applied  at  the  rexttx 
of  the  cycloid,  and  £HN  a  doable  ordinate  drawn  i  com* 
plete  the  rectangle  ELMN,  and  the  area  <^  tbe  exterior 
carvilineal  qpace  EDNML  will  be  equal  to  that  of  the  cor- 
responding circular  fegment  ODK. 

For  assume  the  proximate  ordinate  A^,  and  extend  it  to 
LEy  and  parallel  to  it  draw  le. 

Because  the  aainute  cydoidal  anc  Ee  m»j  be  considered 
as  a  portion  of  the  tangent  at  £,  which  is  parallel  to  the 
chord  DG ;  the  elementary  triangle  Ef^  is  evidendy  simOar 
to  the  right-angled  triangle  DHG.  Wherefore  DH  or 
L£  :  GH : :  E<  or  HA  :  te^  and  LE.6i?=:  GH.HA,  or  the  ex* 
terior  elementary  rectangle  he  is  equivalent  to  the  rectan- 
gle Gh  within  the  circle.  Consequently  the  exterior  space 
ELDy  formed  by  those  accumulated  rectangles  L^,  is  equi- 
valent to  the  circular  segment  GDH,  which  is  composed 
of  the  aggregate  internal  rectangles  GA.  The  double  ex- 
ternal space  £DNML  must  therefore  be  equivalent  to  the 
double  of  GDH,  or  ,to  the  complete  segment  GDK. 

Cor.  Hence  the  whole  area  of  the  Cycloid  is  triple  of 
that  of  the  generating  circle.  For  the  circle  being  equi- 
valent to  the  exterior  space^  the  area  of  the  Cycloid  must 
be  the  excess  of  the  rectangle  under  its  base  and  axis  above 
die  area  of  that  circle.  But  the  base  and  axis  being  the 
same  as  the  circumference  and  diameter  of  the  generating 
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circle,  the  rectangle  is  four  times  the  area,  of  this  circle, 
and  consequently  the  whole  cycloidal  space  is  three  times 
that  area. 

PROP.  V.    THEOB. 

If  a  thread  or  flexible  line,  attached  to  the  end 
of  a  Cycloid  arid  bent  along  the  convexity  of  the 
curve  to  its  vertex,  be  then  unfolded,  its  extre- 
mity will  describe  another  half  cycloid,  equal  and 
similar  to  the  former. 

Let  APK  (fig.  173.)  be  a  semi-^^ycloid,  of  which  LA  is 
the  axis  and  LK  half  the  base ;  and  conceive  a  line,  fasten- 
ed  at  K,  and  applied  externally  to  the  curve  as  far  as  the 
vertex  A,  to  be  again  unfdded,  its  remote  end  will  trace 
from  A  to  D  a  similar  and  equal  curve :  and  after  it  has 
reached  D,  and  ^^in  bends  along  an  opposite  correspond- 
ing semi-cycloid  KB,  it  will  describe  the  complete  Cycloid 

ADB. 

« 

For  draw  ACB  parallel  to  the  compound  base  LKM 
of  the  two  semi-cycloids.  When  the  thread  is  completely 
unfolded,  it  will  touch  both  curves  at  K,  and  hence  occupy 
the  perpendicular  KCD,  which  being  thus  equal  to  the 
arc  APK,  is  double  of  the  diameter  AL  of  the  geneiyiting 
circle,  and  consequently  CD  is  equal  to  CK  or  AL.  On 
AL  and  CD  describe  equal  ^emidrdes,  let  KPE  be  an 
intermediate  position  of  the  folding  line,  draw  PON  and 
EGH  parallel  to  AC,  and  join  AO,  OI,  CG  and  DG. 

Since  PE  touches  the  curve  at  P,  it  is  parallel  to  the 
chord  AO  of  the  generating  circle,  and  consequently 
AOPQ  is  a  parallelogram,  and  the  opposite  sides  AO 
and  PQ,  AQ  and  OP  are  equal.  Now  the  line  PE,  being 
equal  to  the  cycloidal  arc  AP,  is  double  of  the  dhord  AO; 
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whence  EQ  is  equal  to  PQ  or  AO.    Wherefore,  from  the 
property  of  parallel  and  diverging  lines,  CH=CR=AN; 
consequently,  if  the  semicircle  DGC  were  transferred  to 
LiOA,  the  points  D,  H  and  C  would  coincide  with  L,  N 
and  A,  and  the  perpendicular  HG  with  NO  ;  wherefore 
the  chord  CG  is  equal  to  AO  or  QE,  but  it  is  likewise 
parallel  to  QE,  since  the  angle  HCG  is  equal  to  NAO  or 
AQE ;  whence  EGCQEG  is  a  parallelogram,  and  the 
opposite  side  EG  is  equal  to  QC.     But'  AQ  being  equal 
to  the  circular  arc  AO,  and  AC  to  the  semi-circumfe- 
rence AOL,  the  segment  QC  must  be  equal  to  the  re- 
maining arc  OL,  and  consequently  EG  is  equal  to  the  cor- 
responding arc  DG.     Wherefore  £  is  a  point  of  a  Cy- 
cloid having  its  generating  circle  described  on  the  diame- 
ter CD. 

From  the  uniform  genesis  of  this  curve,  it  follows,  that 
all  Cycloids  are  cast  on  the  same  mould,  and  are  therefore 
similar  figures. 

The  Cycloid  will  assume  endless  varieties  of  form,  if  the 
tracing  point  attached  to  the  generating  circle  be  taken 
without  or  within  the  circumference,  though  still  in  the 
same  plane.  In  the  former  case,  the  curve  having  its  base 
shortened,  is  called  the  Curtate  or  Contracted  Cycloid^  and 
has  a  oodated  convolution,  (fig.  174.)  •  But  when  the  tra- 
cing point  lies  within  the  generating  circle,  the  curve 
having  its  revolution  distended  is  named  the  Prolate  or 
Inflected  Cycloid^  and  acquires  an  undulating  shape, 
(fig.  175.) 

The  properties  of  these  modified  cycloids  are  nearly  re- 
lated to  those  of  the  principal  curve,  from  which  they 
might  easily  be  derived.  But,  as  it  would  not  suit  the  na- 
ture of  an  elementary  work  to  engage  in  such  details,  I 
sliall  confine  this  analysis  to  a  curve  closely  related  to  the 
Cycloid,  and  therefore  called  the  Companion  to  the  Cycloid. 
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VL    COMPANION  to  the  CYCLOID. 

If  the  ordmates  of&ie  Cycloid  he  diminished  by  the 
corresponding  ordinates  qf  the  generating  circle, 
the  curve  will  be  transformed  into  the  CouFAiixoK 
to  the  Cycloid. 

Let  (fig.  176.)  BAG  be  a  Cycloid,  of  which  the  genera- 
ting circle  is  described  from  the  centre  O,  and  HE  an  or* 
dinate  ^  if  HD  be  taken  equal  to  FE,  the  point  D  wiR 
mark  out  the  Companion  to  the  Cycloid. 

It  is  hence  obvious,  that  the  ordinate  ED  of  this  cunre 
must  be  equal  to  AF,  the  corresponding  arc  of  the  gene* 
rating  circle. 

This  curve  will  evidently  form  a  series  of  equal  convola- 
tions  about  an  extended  axis  drawn  through  O  parallel  to 
BC. 

PROP.  I.    PROB. 

To  apply  a  tangent  at  any  point  of  the  Compa- 
nion qf  tJie  Cycloid. 

L£t  it  be  required  to  draw  (fig*  176.)  a  straight  line 
touching  the  curve  called  the  Companion  of  the  Cycloid 
at  the  point  D. 

Assume  any  proximate  point  d,  draw  the  secant  D^ 
the  ordinates  DFE  and  dfe,  and  the  parallels  di  andy^, 
and  join  the  point  F  with  the  centre  O  of  the  generating 
circle. 

From  the  nature  of  this  curve,  the  ordinates  DE  and  de 
are  equal  to  the  circular  arcs  AF  and  fif  and  consequent- 
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Ijr  the  mUiute  difference  Di  is  equal  to  the  elemenlary  arc 
Ff.  Wherefore  1^  beiag  conudered  as  an  elementary 
triangle  similar  to  FOE,  it  follows,  that  F/or  D)  :/«  or  di 
:  :  FO  :  F£  i  but  the  elementary  triangle  Ddi  being 
obvioualy  similar  to  DTE,  D> :  d)  ::  DE  :  TE,  and  con- 
■equently  FO:F£::DE:  TK  Make  EG  equal  to  the 
ndias  FO,  and  EG  :  FE  ; :  DE  :  T£;  join  FG,  and  the 
right-angled  triangles  FEO  and  DET  are  similar ;  whence 
the  angle  EDT  is  equal  to  EGF«  and  therefore  DT,  in 
merging  into  a  tangent,  is  perpendicular  to  the  line  FG. 

Cor.  Hence,  proceeding  from  the  vertex  where  the 
curve  runs  parallel  to  its  base,  the  curve  gradually  bends 
nearer  the  direction  of  the  axis  till  it  reaches  the  mid- 
dle positioQf  and  then  reclines  again  towards  its  first  di- 
rection. For  EG  oontinuing  equal  to  this  radius,  the 
allele  EGF,  or  the  indination  of  the  tangent  to  the  base 
of  the  curves  must  increase  till  the  ordinate  D£  passes 
through  the  centre,  when  that  angle,  becomes  half  a  right 
angle.  Beyond  this  position  the  angle  EGF  will  diminish 
till  the  curve  grazes  the  base*  At  its  middle  position  the 
curve  must  therefore  suffer  a  contrary  flexure. 


PROP.  II.    THEOR. 

• 

The  area  of  a  segment  of  the  Companion  to  the 
Cycloid^  is  equivalent  to  the  excess  of  the  rectangle 
under  the  absciss  and  the  sum  of  the  correspond- 
ing arc  and  sine  of  the  generating  circle,  above 
twice  the  area  of  the  circular  segment. 

The  curvilineal  segment  DAE  (fig.  176.)  is  equivalent  to 
the  rectangle  under  AE  and  the  sum  of  the  arc  AF  and 
its  sine  EF,  diminished  by  the  circular  segment  FAE. 
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For  let  the  cycloid  BHAC  stand  on  the  same  bflsey 
and  produce  the  ordinate  ED  and  the  proximate  ordinate 
ed  to  meet  that  curve  in  H  and  k.  Since  HF  is  eqaal  to  the 
circular  arc  AF,  it  is  equal  to  D£ ;  whence  the  elementary 
rectangle  Hh/F  b  equal  to  the  rectangle  DdeE^  and  there- 
fv)re  the  whole  exterior  space  HAF  is  equivalent  to  the 
segment  DAE  of  the  Companion  to  the  CycloidL  Bat  the 
space  HAF  is  only  the  rectangle  HIAE,  or  that  undor 
AE  and  HE,  diminished  on  tha  one  side  by  the  circular 
segment  DAE  and  on  the  other  by  the  equivalent  qmce 
HIA.  Wherefore,  the  curvilineal  segment  DAE  is  equi- 
valent to  the  rectangle  under  AE  and  the  sum  of  AF  and 
£F,  diminished  by  twice  the  circular  segment  DAE. 

Cor.  Hence  the  whole  area  of  the  Companion  of  the 
Cycloid  is  double  that  of  the  generating  circle.  For  the 
rectangle  BI AL  being  four  times  the  area  of  the  semicir- 
cle AFL,  leaves  BDAL  equivalent  to  double  that  space  ; 
but  the  same  relation  subsists  on  the  opposite  side  of  the 
diameter  AL,  and  consequently  the  whole  surface  BDAC 
of  the  curve  is  double  the  area  of  the  generating  circle. 


PROP.  III.     PROB. 

To  find  an  aliquot  part  of  an  angle  by  the  ap* 
plication  of  this  curve. 

Let  it  be  required  to  find  (fig.  176.)  any  part,  suppose 
the  third,  of  the  angle  AON. 

About  O  describe  a  generating  circle  and  construct  the 

Companion  of  the  Cycloid,     Draw  the  ordinate  KNM, 

from  which  cut  off  the  third  part  KP,  draw  PQ  paral- 

el  to  the  diameter  and  terminating  in  the  curve,  then  draw 
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BPQ  paraUei  to  the  bftM  and  cutting  the  circle  in  Kt 
join  OP»  and  the  togle  AOP  is  the  third  part  of  AON. 

For  the  arc  APN  being  equal  to  the  ordinate  KNM> 
the  arc  AP  is  equal  to  QO  or  KN,  the  third  part  of  that 
ordinate. 

ScAtdium*  Pursuing  the  analogy,  it  is  obvious,  that  the 
Companion  to  ike  Cycloid  must  include  a  succession  of  wa- 
ving branches,  extending  on  the  same  side  of  the  diame- 
ter of  the  generating  circle.  The  ordinates  corresponding, 
for  instance^  to  the  absciss  AK,  are  AM,A»2,AM^Am', 
AM^',  Am'',  &C.  equal  to  the  arcs  AR,  ARLS,  and  these 
continually  augmented  by  a  whole  circumference.  It  hence 
follows,  that  the  section  of  the  same  angle  involves  as  many 
different  results  as  the  number  of  the  divisions. 


The  Cycloid  has  afforded  the  finest  scope  for  the  exer- 
cise of  the  Modern  Geometry.  Its  properties  are  beauti- 
ful, prolific,  and  highly  important  in  the  Theory  of  Dy- 
namics. This  curve  seems  to  obtrude  itself  on  our  ob- 
servation ;  and  Aristotle  has  incidentally  noticed  it,  in  allu- 
ding to  the  paradox,  that  a  nail  on  the  rim  of  a  wheel  de- 
scribes a  longer  line  than  the  axle.  The  Cardinal  Cusano 
proposed  the  Cycloid  for  the  quadrature  of  the  circle,  and 
Galileo  contented  himself  with  mentioning  it  in  vague  and 
general  terms.  Roberval  was  the  first  who  assigned  the 
simpler  properties  of  this  curve.  In  les^,  he  discover- 
ed its  area ;  but  Fermat  and  Des  Cartes  immediately 
solved  that  problem,  and  likewise  applied  tangents  to  the 
cnrve.  Roberval  resumed  the  investigation,  and  struck 
ont  his  expeditious  method  of  drawing  tangents  generally, 
by  tracing  the  diagonal  of  a  compound  motion.  Torri- 
celli,  the  very  ingenious  inventor  of  the  Barometer,  ap- 
parently unconscious  of  what  had  been  already  done  on 
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the  sot^ect,  wrote,  in  1644>|  shortly  before  his  premittiiv 
death,  a  neat  (jleometricri  Tracts  ^DubrtciDg  the  chief  pio* 
pertieft  of  the  Cycloid. 

Other  mathematiciaiis  ttow  entered  At  career  of  disix^ 
very.  Wallis  made  considerable  advances ;  but  the  grait 
Pascal,  by  a  challenge  in  1658,  drew  the  attention  of  the 
scientific  world  to  the  highet*  properties  of  the  CyckMcL 
This  was  partly  answered  by  Slosinsi  Wreo,  Wallis,  and 
Lalooere. 

The  name  of  Haygens  has  derived  ubfiidnig  histre^ 
chiefly  from  his  fine  discoveries  on  the  Cycloid.  He  ree> 
tified  or  found  the  length  of  this  curve,  as  early  as  1657 ; 
but  pursuing  his  researches^  he  afterwards  reared  the  beao* 
tiful  theory  of  the  Evolution  of  Cmves^  of  which  the  Cj^ 
cloid  afibrds  so  remarkable  an  exemplification.  He  like- 
wise detected  the  isochronism  of  the  curve,  or  the  singu- 
lar property  that  bodies,  gliding  along  it,  will  descend  from 
any  point  in  the  same  time.  In  the  year  1679,  which  forms 
an  epoch  in  the  history  of  mechanics,  Huygens  combined 
those  discoveries,  and  applied  them  to  the  improvement 
of  the  pendulum,  in  his  Horologium  OsciUatorium  /  which, 
as  a  model  of  clearness,  elegance,  and  geometrical  tasle^ 
still  deserves  the  attentive  perusal  of  the  inqnisilive  sttt« 
dent. 
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vn.    EPICYCLOID. 

Jf,  in  the  same  planey  a  circle  be  conceived  to  roll 
upon  the  drcun^erence  qf  another  circle,  either 
externally  or  internally j  any  point  qf  the  reooh" 

,  ing  drcuwference  will  describe  the  curve  called 
the  Epitrochoij)  or  Epictcuoid^ 


Lbx  a  civcle  (fig.  181.)  wlmte  centre  b  £  tooch  Mwthto 
^UMie  bt  A,  aitd  reyolve  on  tbe  ootoide  of  the  chcomft^ 
rence,  the  point  of  contact  now  carried  round  till  it  re- 
iorft  again  at  F  wiH  trace  an  Epicycloid ;  or^  if  (ke  cirde 
voUs  along  the  inside  of  the  drcvanference,  it  will  traee 
41  curve  of  the  same  kind.  When  tbe  radius  EB  or  E'B 
it  an  aliquot  part  of  tbe  radiue  OB,  tbe  Epicycloid,  after 
l^peated  accesiions  to  the  circumference  of  the  larger  di^ 
(^ey  must  evidently  recommeiice  the  series  at  the  same 
point  A« 

DEFINITIONS. 

1  •  The  circle  of  revolmion  is  called  the  Generating  dr^ 

tie. 
^  Hm  circle  on  whose  circumference  the  revolution  is 

performed)  is  termed  tbe  Fundamental  Circle* 
8.  The  portion  AF  of  the  circumference  of  the  fundamental 

circle  on  which  the  Epicycloid  resls^  is  called  its  Base. 
4.  Any  segment  AB  of  the  base  is  an  Abscisst  to  which 

the  chord  BC  or  BC  joining  its  extremity,  or  the  point 

of  incident  cootacti  with  the  tracing  point,  is  an  Ordi" 

nate. 
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PROP.  L    PROB. 

Given  the  generating  and  fundamental  circles 
of  the  Epicycloid,  to  find  the  ordinate  correspond- 
ing to  a  given  absciss. 

Let  AB(fig.  181.)  a  portion  of  the  eircumferenceof  the 
fundamental  circle  whose  centre  is  O,  be  an  absciss  of  the 
Epicycloid,  and  it  be  required  to  find  the  corresponding 
point  C  or  C^  of  the  curve. 

Join  OA,  and  EC  or  BC,  draw  OE  or  OE'  through  B 
the  point  of  incident  contact,  make  BE  or  BE'  equatto 
the  radius  of  the 'generating  circle,  and. describe  it  from  £ 
ov  E',  and  lastly  join  EC  or  WC\         r 

From  the  nature  of  the  curve,  the  aie  AB  of  the  fun- 
damental oirde  must  be  equal  to  the  arcs  BC  or  BC ;  and 
therefore  the  radius  of  the  generating  ctrdle»  BE  or  BE^ 
is  to  BO,  as  the  angle  AOB  to  BEC  or  BEC.  Hence 
make  the  angle  BEC  or  BEC  to  AOB  as  the  radius  of 
the  generating  to  that  of  the  fundamental  circle,  and  C  pr 
C  will  be  the  corresponding  points  of  the  Eicterior  or  In» 
terior  Epicycloid. 

This  construction  is  always  effected  geometrically,  if 
the  radius  EB  be  an  aliquot  part  of  OB.  When  the  arc 
AB  becomes  equal  to  the  semicircumference  of  the  gene> 
rating  circle,  the  points  C  or  O  will  evidently  coincide 
with  D  or  D%  the  vertex  of  the  curves  and  occupy  the 
remotest  or  the  nearest  position  in  reelect  to  the  centre  of 
the  fundamental  circle. 
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PROP.  II.    THEOR. 


A  line  drawn  through  any  point  of  an  Epicy* 
doid  perpendicular  to  the  corresponding  ordinate, 
is  a  tangent  to  the  curve. 

If  a  perpendicular  be  erected  at  C  or  C  (fig.  1 8 1  and  184.) 
to  the  chord  CB  or  C'B  joiniiig.the  correiponding  contact 
of  the  two  drdesy  it  will  toadi  the  Epiq^id. 

For,  instead  of  those  cirdes,  conceive  two  polygons  con* 
sisting  of  nomerotts  sides  all  eqaal  to  B&.  The  genera^ 
ting  pofygon  wooid  then  describe  a  series  of  minute  ar- 
eolar arcs  baTiBg  the  suooessiYe  points  of  contact  &r  their 
centres.  The  extremity  C  of  the  chord  BC  would  fits!  torn 
on  the  point  J3  and  next  on  b.  The  tangent  to  the  minuta 
arcs  thus  traced*  and  which  finally  melt  into  the  Epicydoid* 
is  hence  the  perpendicular  to  their  radius  BC  or  BC'. 

Cor.  The  tai^pent  lo  the  Epicgrdoid  may  be  considered 
as  an  extauion  of  the  supplemental  chord.  For  the  an- 
gle BCD  or  BCTX  bebg  contained  in  a  semicirde  is  a 
right  angle,  and  consequently  the  supptemental  chord  DC 
or  D'C^  which  is  perpendicular  to  BC  or  BCV  must  touch 
the  curve. 

PROP.  III.    THEOR. 

The  radius  of  the  fundamental  circle  is  to  twice 
the  sum  of  the  radii  of  both  circles  in  the  Exte- 
rior Epicycloid,  but  to  their  difference  in  the  In- 
terior Epicycloid,  as  the  supplemental  chord  in 
the  generating  circle  is  to  the  length  of  the  cor- 
responding portion  of  the  curve  from  its  vertex. 

Let  FO  (fig.  iO^.)  be  the  axis  of  the  curve,  and  B  the 
contact  of  the  generating  circle  in  its  oblique  position, 
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irom  the  centre  O  desowbta  circla  tln'oiigfa  C  to  I,  draw 
the  chords  BC  and  FI  and  the  supplemental  chords  DC 
and  Gl;  then  OB  it  to  twice  tl»tDV  crfOB  aad  B9v  or 
SOE;  94  GI  qv  DC  t»  tfae  arc  GC  of  the  l£xMfiar  £4^ 
cycloid,  and  as  OB  to  20E'  aa  D'C  to  tfie  arc  KC  of  the 
Interior  Epicycloid. 

For  conceiving  the  circllea  a»  beA^re  to  Im  onfy  polygons 
composed  oTRiBumerable'aldes  B6|  the  traeiag  chord  BC 
of  the  exterior  generating  circle,  in  turaing  aboot  B  tSk 
the  proximate'*point  d  falls  on  the  moUml  tangonlt  will 
first dcM^be  an  mgle  eqimHo  BEft;  and*  wiBMKldeierihs 
an  angle  e€fcai  to  BO^  m  bringing  fbat  pcte^  to  tiM 
circumference  of  the  ftindamental  circle.  In  tfie  Batoviov 
Eptcyclord,  therefore,  the  chord  BC  describes  at  every 
stage  an  angle  CBc,  equal  to  the  sum  of  the  eleietuijp 
angles  BEb  and  BOb, 

But  in  tracing  the  Interior  Epicycloid,  the  chord  BCy 
does  not  carry  the  proximate  point  so  finr  as  the  miitual 
tangent,  but  stops  at  the  circumference  of  the  fmdarooBtal 
circle.  The  angle  OBc^  is  in  this  case,  therefore,  onlj 
the  diflerence  of  the  elementary  angtes  BOI  aodk  BSf^ 
Now,  very  small  angles  being  as  their  sines,  the  an* 
gles  BK)b  and  EiO  and  E'AO  are  evidently  as  OB  to 
OE  or  OE',  their  opposite  sides.  But  these  angles  be- 
ing formed  at  the  centres  O,  and  E  or  E',  of  the  circles, 
oqnal  apgles  at  the  drcumfirrence  wGvAd  atati4  on  doable 
arcs.  Make  CdzsBbj  and  having  joined  the  chord  CM 
and  the  supplemental  chord  D4f  it  follows,  that  OB :  20E 
or  aOE' : :  C3  :  Cc  or  C'c',  and  thersfore  OB  is  to  20E 
or  20E^,  as  the  aggregate  of  the  increments  Cd,  which 
constitute  the  supplemental  chord  CD,  is  to  the  cumulative 
amount  of  the  elementary  arcs  Cc  or  CV  which  compose 
the  arc  CG  or  CK  of  the  Epicycloid. 
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Cc/ir.  \.  Henot  OB  !•  to  «0£  or  fOE",  as  twice  die 
vened  sine  of  \M  tiktt  correapoDding  arc  BC  in  tbt 
geiMTitiBg  enroll  is  to  the  portion  AC  of  the  E|riej>» 
cMd.  For  OB  :  SOi:  ot  SQE'  :  :  CD  :  CG|  mad 
likewise  OB  :  20E  or  20E'  ;  :  BD  :  ACQ,  wheaos 
OB  :  fiOE  or  ^Olf : :  BD~CD  :  AG;  bat  the  difference 
between  the  soppleBBOBtal  chord  and  the  diameter  BD  is 
evidently  twice  the  Teraed  sine  of  half  the  arc  BC. 

Cmr,  S.  If  the  diameter  of  the  generating  circle  be  an 
aliquot  part  of  tbe  diameter  of  the  faodamental  circle,  the 
wbole  epiejcMdnt  circuits  ave  capable  of  being  expNastd 
geometflealtf  bi  terais  of  thoae  lines.  For  let  BE  be  da* 
noted  by  1,  and  BO  by  n;  then  n :  %mi=%  : :  9  :  A0| 
or  n  :  2ii=i=2  :  :  4 :  AGH«    Wheneethe  length  of  e«eb 

j,  and  the 

extent  of  the  series  of  those  arcs  chtstering  round  the  fun- 
damental drcle  is  equal  to  8(n=fc:] .) 

Cor.  8*  Let  n^  1,  and  8  (-y-J  =♦  16  j  or  the  length  of 

4inExteiior  EpicydaiddescrSied  by  9  etpqle^boutanequal 
ciide  is  9  times  tb^ir  diamet^*  Tbif  is  the  caustic  curve 
pvodoced  by  reflexion  fro«a  a  circla  when  the  radiant 
point  lies  in  the  opposite  circumference.  (See  Jig*  183.) 
Tbe  Interior  Epicycloid  in  this  case  evidently  degenerates 
into  a  point,  and  accord vigly  S{n^\)szO. 

Juei  n^:9t  and  the  length  of  tbe  Exterior  Epicycloid  is 

3/^X.  j  s  li,  or  6  times  tbe  dSameter  of  its  generatipf 

circle.  This  is  the  caustic  curve  of  parallel  rays  in  the  circle. 
fSeeJlg.lS2f  where  the  half  Epicycloid  onfy  is  represented.) 

\ 

=4>|  or  the  diameter  of  the  iundamentel  cirele  which  is  then 
actually  traced. 
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Let  nssS,  and  the  extoit  of  tfae  Bkltrior  Epii^dcMd  19 
lOif ,  of  its  three  clostered  branches  amoaals  to  S2 ;  the 
Gorrespondiog  lengths  of  the  Interior  Epiqrdoid,  ^  and  <tf 
its  repeated  bends  are  S^  and  16,  or  the  half  es  of  the  fi»r- 
mer. 

'  Let  it=:.4,  and  the  lengths  of  the  Exterior  and  Interior 
Epicycloids  will  be  respectively  5  and  S  dmes  the  diameter 
of  the  generating  cirde^  as  in  fig.  181. 

When  n  becomes  indefinitely  great,  8/— ^  j  =  8,   or 

the  length  of  this  Epicycloid,  whether  Exierior  or  Interior^ 
is  equal  to  four  times  the  diameter  of  the  generating  drde  ; 
the  curre  now  passes  into  the  common  cycloid,  the  fiinda- 
mental  circle  expanding  into  a  straight  line. 

PBOP.  IV.    THEOR. 

As  the  radius  of  the  fundamental  circle  is  ta 
that  radius  joined  to  twice  the  sum  or  twice  the 
difiTerence  of  the  radii  of  both  circles,  so  is  any 
segment  of  the  generating  circle  to  the  cone* 
spending  segment  of  the  Exterior  or  Interior  'Epi* 
cycloid. 

Let  the  generating  circle  roll  from  A  to  B,  (fig.  204.) 
then  as  OB  is  to  20E+0B  or  SOB+^BE,  so  is  the  dr- 
cular  segment  CMB  to  the  segment  ABC  of  the  Exterior 
Epicycloid;  but  as  OB  to  2AE+OB  or  SAB— 2BE,  so 
is  the  circular  s^ment  C'NB  to  the  segment  ABC  of  the 
Interior  Epicycloid. 

For,  assuming  the  proximate  point  &/  it  was  shown  that 
the  arc  B6  is  to  Cc,  or  the  angle  BC&  to  CBc,  as  OB  to 
2OE  or  2OE' ;  wherefore  the  elementary  sector  BC6  is  to 


CBc  in  the  Mine  radoj  and  ocnueqnoiUjr  OB  is  to  tfaetnin 
of  OB  and  80E  or  20£^  aft  BCfi^  to  the  compound  accre- 
acenoe  BCc6  or  BCW.  But  the  accamuIatiTe  sectors 
BCft  form  the  droolar  segment  BMC,  and  the  elementaiy 
spaces  BCci,  BCV6  compose,  by  their  aggr^ation,  the  seg- 
ment  ABC  or  ABC^  of  the  exterior  or  interior  epicycloid ; 
whence  OB  :  30B+2BE  :  :  BMC  :  ABC,  and 
OB  :  30B— 2BE  : :  BNC :  ABC'. 

Cor.  When  the  radius  of  the  generating  circle  is  an 
aliquot  part  of  the  radius  of  the  fundamental  circle,  the 
endre  epicycbudal  qNtce  may  be  expressed  nnmerically  in 
tenns  of  the  areaa  of  those  circles*  Lei  BEssl  and  OB 
sn  J  the  surface  of  the  Exterior  and  that  of  the  Interior 

Epicycloid  will  be times,  and times,  the  area 

of  the  gtoerating  circle,  and  consequently  the  agglomerate 

qpiqrdoidal  spaces  clustered  about  the  fundamental  circle 

win  be  Sii+8  and  Sn-— 8  times  that  same  area.    Suppose 

n= 1,  and  the  Exterior  Epicycloid  must  contain  five  times 

as  much  space  as  the  generating  circle.  (See  fig.  18S.)    Let 

n:s2,  and  the  Exterior  Epicycloid  will  be  quadruple,  and 

the  interior  only  double  of  the  generating  circle.   If  its=5, 

the  duster  of  Exterior  and  Interior  Epicycloids  will  respec* 

lively  amount  to  1 1  and  5  times  the  area  of  the  generating 

drde.    When  n=:4,  the  clustering  of  epicydoidal  spaces, 

exterior  and  interior,  will  be  14  and  10  times  greater  than 

the  generating  drde^  or  each  of  those  spaces  will  be  Si  and 

8i  times  that  circle.  (See  fig.  181.) 

If  n  be  considered  as  unbounded,  both  the  expressions 

3n+2       ,  $n—2     .„ ,  ,       ^  .  . 
and  — -  will  become  equal  to  3  ;  so  that,-  when 

the  l4>icydoid  passes  into  a  common  Cycloid,  it  contains 
only  triple  the  area  of  the  generating  circle. 


97^  GEOUEVRY  Ot  CUEVES. 


PROP.  V.    THEOR. 

ThQ  sum  or  difference  of  the  radius  of  the  fbn-' 
cUmental  circle  and  twice  the  radius  of  the  ge- 
nerating circle,  is  to  the  sum  or  difference  of  twice 
the  radius  of  the  fundamental  circle  and  twice 
the  radius  of  the  generating  circle,  as  any  chord 
of  this  eircle  i&  to  the  corresponding  radiu9  of 
eurrataie  of  the  Ek^terior  or  Interior  EpicyeloiiL 

.  Let  BC  (fig.  906.)  be  the  poiHioB  of  the  tracing  cbwdt 
and  B  the  ceqtre  of  the  circle  which  oecolet^  at  C  or  C^ ; 
then  OB+2BE  :  5SOB+2BE : :  BC :  RC,  in  the  Exterior 
Epn^jreloid »  and  OB-^2BE  :  dOB-*^B£  : :  BC :  RC, 
hi  the  Interior  Epiojoloid. 

For  assuming  the  proximate  point  b^  and  aarigning  Ilia 
elementary  arc  O  or  CV  as  befci«v  ^  tracing  chords 
Be  and  Be  or  B^^  most  be  perpendicidar  to  th^^  ourva  aft 
the  pointo  C  and  c  or  c',  and  conseqoeiitlj  bekig  eotiteiid* 
ed  backwards,  they  wilt  mast  hi  R  w  If,  the  centre  of 
the  osculating  circle.  Wherefore  in  the  triangle  dCB^  as 
Bd  or  BC  19  to  dR  or  CR,  so  is  the  sine  of  die  angk 
BRd  to  the  siae  of  the  angle  RBif  or  CBtf ;  hot  the  su 
of  snch  minute  angles  are  as  the  angka  tbemselves^ 
consequently  BC  Is  to  CR  as  the  angle  BB4f  or  the  ex^ 
cess  of  the  angle  CBd  above  BdRf  i»  to  the  angle  CBif  or 
CBc.  Bat  the  angle  CBc  is  to  B^/R  or  Bii&  as  the  laiDute 
aro  Cc  is  to  Bft,  and  therefore  the  angle  VBLd  is  to  CB^ 
or  BC  is  to  CR,  as  the  excess  of  Cc  above  Bft  is  to  Cr. 
Now,  it  was  shown,  that  BbiCc::  OB  :  SOE,  an4  con* 
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aequenUy,  Cc—Bb :  Cc : :  20E— OB,  or  OB+2BE :  20E, 
or  20B+2BE;  an^ BO»  CR ; :  OB+9% :  SOB+^BE, 
in  the  Exterior  Epicycloid. 

Tke  MUM  rcatooing  appMet  txy  the  loCevior  Epi^grdftid^ 
since  Bft :  CV : :  OB  :  20E',  and  hence  CV-»-B6 :  CV :  2 
20E'— OB  or  OB-^2BE  ;  20E,  or  20B^2BE,  where- 
Ibre  BQ  :  C'R' : :  OB— «BE  :  30B— 2BE. 

CSpr.  Suppose  the  radius  BE  or  BE'  of  the  goneratiog^ 
dtde  =3  ]» the  radius  of  the  fandamental  circle  ss  n^  and 
the  tracsDg  choid  of  die  generating  circle  =?  c ;  thea  tbe- 
radins  of  curvature  belonging  to  the  Exterior  and  Interier 

Epicycloids  will  be  expressed  by  c,       ^   and  <r. 


If  lis;;! „  the  radii  of  curv«turein  ib«  ]&Kt^ior  and  Io«> 
terior  Epicycloids  are--  c.and  -  c.    (See  fig.  18S.) 

Wbm  » :?  d»  the  radiuA  of  currstwre  in  ib«  EKtarior  Spi'* 

cycloid  is  -^c ;  but  in  the  Interior  Epicycloid  it  becomes 

infinite^  the  curve  now  dageqeiativg  into  a  straight  jjinea 
the  redoubled  diameter  of  the  fimdamantal  circle. 

Un^^i^  the  radii  of  curTatore  of  both  Epi^doida  are 

-C|  and  4tc.     Such  are  those  represented  in  fig.  206. 

5 
If  n=4,  the  radii  of  curvature  are  respectively -r-e,  and 

Sc.  fSee&g^.  ISl.) 

When  n  becomes  indefinitely  large^  these  Epicycloids 
pass  into  the  common  cycloidi  of  which  the  radii^  of  cur- 
vature is  2C|  or  twice  the  tracing  cb^rd,  as  has  been  alreadi 
shown. 
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PROP.  VI.    THEOR. 

The  Involute  of  an  Exterior  Epicycloid  is  a 
similar  curve* 

Suppose  a  thread  fastened  at  A  (fig.  184.)9  the  origin  of 
the  Exterior  Epicycloid  ACG,  and  hent  along  the  convex 
side  of  the  curve  as  far  as  the  vertex  G»  were  again  to  un- 
fold itself,  the  extremity  H  would  describe  another  simi- 
lar Epicycloid. 

For  let  the  generating  circle  arrive  at  B,  and  the  tan- 
gent to  the  Epicycloid  at  the  point  C,  or  the  evolving 
diread,  will  form  an  extension  CDH  of  the  supplemental 
chord  DC  equal  to  the  Epicydoidal  arc  CG ;  but  OB  is 
to  20E,  or  to  the  sum  OB  and  OD  as  CD  to  CG  or 
CDH,  and  by  division  OB  is  to  OD  as  CD  is  to  DH. 
Draw  HI  parallel  to  BC,  and  the  triangle  DHI  being 
consequently  similar  to  DCB  is  right-angled  and'contain« 
ed  in  a  semicircle,  of  which  let  K  be  the  centre.  Bat, 
from  the  property  of  parallel  and  diverging  lines,  CD :  DH 
: :  BD  :  DI ;  whence  OB :  OD  :  :  BD  :  DI,  and  alter- 
nately OB  :  BD  :  :  OD  :  DI,  and  by  composition 
OB  :  OD  : :  OD  :  01.  If,  therefore,  a  circle  be  describ- 
ed from  the  centre  O  through  O  and  D,  the  circle  IHD 
win  bear  the  same  relation  to  it  that  the  circle  BCD  has 
to  ABF.  But  the  roHing  of  the  circle  DHI  upon  DG 
traces  the  same  curve  as  the  unfiling  of  the  thread 
CDH ;  for  the  radius  OB  is  to  OD  as  the  arc  CD  is  to 
DH,  and  as  the  arc  BF  is  to  DG,  consequently,  since  the 
arc  CD  is  equal  to  BF,  the  arc  DH  most  be  equal  to 
DG.  ♦ 
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To  obUun  the  involute,  therefore^  describe  a  fandatQeQ- 
Ul  circle  finom  the  ceatre  O  ^rougkthe  vertex  0»  and 
make  OF  :  OO  :  :  BD  :  DI,  the  diameter  of  the  genera^ 
ting  cirdcy  which  is  to  roll  upon  DO. 

Scholium.  If  the  centre  O  be  conceived  to  be  infinit^y 
remote,  the  ratio  of  OB  to  OD  will  mei^  into  diat  of 
equality,  and  the  new  generating  circle  will  become  equal 
to  the  former;  the  roBulting  curve  will  hence  be  similar 
and  equal  to  ACG,  but  described  on  a  paralld  rectilineal 
base.    Such  is  the  iqvolute  of  the  ooipmon  Cycloid. 

The  Cycloid  may  thus  be  always  considered  as  merdy 
the  extreme  limit  of  the  Epicycloid,  from  which  it  d^ves 
by  simplification  all  its  elegant  prqperties. 

The  Epicycloid  likewise  indudes  the  Caustic  Cwvcy  pro- 
duced* by  the  reflexion  of  Ughl  from  the  drcumference  of 
a  drde.  When  .the  rays  issuing  irom  any  point  fiiU  iqwa 
the  concavi^  of  a  cicde,  the  several  reflected  pendls  are 
collected  into  a  series  of  brilliant  points. or  ^s,  which 
form,  by  their  assemblage,  a  bright  curved  track. 

First  J  SuppoBe  parallel  rays  to  strike  the  interior  diw 
comference  of  a  semidrde^  and  let  it  be  required  to  find 
the  path  of  their  concourse  after  they  hafVe  suffered  reflex- 
ion. Draw  the  diameter  AOC  (fig.  182.)  at  rig^  eo^ 
to  the  adjacent  rays  RE  and  re,  and  erect  the  perp^dicu* 
lar  radius  OD,  join  the  points  of  inddence  I  and  i  with  the 
centre  O ;  the  reflected  rays  IF  and  .«F,  making  the  angles 
EIF  and  EiF  equal  to  OIR  and  O^,  will  meet  in  a  fi> 
cus  F.*  Wherefore  the  angles  RIF  and  riF  wiU  be  the 
double  of  BIO  and  n'O,  and  since  RE  and  n  jure  paral- 
lel, the  difference  IFf  of  their  indinations  is  hence  double 
of  the  central  angle  EO^.  But  a  drcle  being  described 
through  the  three  points  I,  i  and  F,  and  conseqiiently 
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tooriiilig  the  pr imary  drcle  in  I»  the  angle  I£>  at  the  Cten- 
IffH  E  bdng  dosble  of  the  attgle  IFi  at  the  dKttH&reiM^ 
HUM  te  £^r  tifodi  freaiter  thati  lOfc  WhMice  1I10  radius 
EI  is  the  fourth  part  df  OI»  which  it  thoa  biaeoted  in  Gw 
With  00|  itbarefbre,  as  a  radiasf  deKrifaatba  interior  acmi- 
eiitle  BHl,  and  the  angla  FIO  being  eqwd  to  the  inddent 
«n|le  OiR»  is  equal  to  the  dtcmate  angle  lOH  or  GOH; 
whenoe  the  aro  OF  interoepted  by  the  tagle  GIF  at  the 
mnvakhtdoM  is  eqaal  to  the  arcGH  kiteroqpted  by  the 
angle  OOH  nt  the  oeotae  of  a  tnrck  Iviitee  Mdias  OB  la 
tmaa G£.  If ^e snail cirde^  thep^fiore^had tolled oa the 
outride  of  the  qnadcant  BGIt  whea  it  ^ined  the  contatt 
G|  its  tracing  point  wooU  have  oecori^  ja  F«  Whence^ 
the  chain  of  foci  which  constitutes  the  caustic  curve  of 
pavaM  rays  is  the  Siaterior  £4ucycloid  ALBFC  tmcad  on 
the  aemicironnferenee  of  a  circle^  hanng  the  aame  oenire 
as  the  fsrimafy  cixcle  but  only  half  the  radios  by  alMotker 
mch  fltiil  otia^half  smaller. 

Nevt^  8i]g[>pose  Ae  radiant  point  R  (fig«  IBS,)  to  lie  in  the 
circumferenoe  of  die  fximaxy  circle*  ERtend  the  diametar 
AOD,  joia  the  points  of  iocidenDe  I  and  i  with  the  cen- 
bre  O,  and  draw  IF  aod  iF  nuikitig  the  angles  OEF  and 
Of  Fjeqiial.to  RIF  and  RtF,  and  their  eonoourse  F  will  be 
the  fbois  of  the  incident  mys  RI  and  Bt.  The  aAgle  IFV 
oiiist  eddentfy  be  the  excess  of  twice  the  ai^le  IBi  above 
IRh  that  isi  the  triple  of  IRt$  and  oonaequenily  the  dia- 
meter IG  of  the  ckde  which  centaitta  Ihe  afi^le  I£b  or 
passes  through  the  three  poiau  I,  1  end  F»  is. the  third 
pert  of  the  diaineter  BD  of  the  primal^  circle.  Where* 
lore  the  radii  EI  and  EG  ate  each  the  thiid  of  OI  or  OA 
and  A  cude  described  widi  the  radius  OG  is  equal  to  the 
chrde  GFL  Bat  the  angle  BOG  is  double  of  ORE»  and 
GEF  is  dasible  of  the  espial  angle  OIF }  whMoe  these  equal 


central  angles  BOG  and  GEF  intercept  equal  arcs  BG 
and  GF.  .  The  circle  GFI  having  the  third  part  of  the 
diameter  of  the  primary  circle,  and  rolling  on  the  circum- 
ference of  an  equal  circle^  will  describe  an  Exterior  Epicy- 
cloid RIFBR,  which  is  the  caustic  curte  belonging  to  the 
radiant  B. 


The  extension  of  the  principle  of  Ae  Cydoid  naturally 
gav*  rise  to  the  £picyclo{d»  This  curve  was  immedlalely 
rendered  subservient  to  the  puiposes  of  Practical  Media- 
nics;  the  Danish  Astronomer,  Romer,  to  whom  we  are 
indebted  for  tlie  fin^  discofvery  of  the  pro|pressive  mdion 
of  li^itf  having  proposed  it,  during  his  residence  at  Pariri 
as  the  proper  form  of  Che  teeth  if  wheels*  The  reotiica^ 
tk»  of  die  Epicycloid  appeared  in  the  fitsl  edition  of  the 
Prineipia  in  1687.  Its  qimdratttre,  indicated  by  Caswdl» 
was  afterwards  demonstrated  by  Halfey«  Bot  the  blgli^ 
properties  of  the  curve  were  discovered  before  the  close  of 
the  scfventeentb  osfttury^  by  the  ilostrious  John  BcnKNiUL 
Lahtre,  in  IfO^^  conqwsed  a  difihse  general  tfftatise  on 
E|>icyckMds^ 


The  Camtic  CSmtm^  which  may  be  considered  as  adAlo^ 
goofe  or  soppleraentary  to  the  Epacyekiids>  were  invented  by 
Tschimhaiisi  who  likewise  dete<^ted  several  of  th^r-  moiw 
remarkable  propertiesb  Buit  the  activity  aod.peneCratioli 
of  John  BemonHi  soon  esfaausted  the  sulgect. 
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VIIL    PARABOLOID. 

If  a  curve  assume  Jbr  its  absciss  and  ordinate  the 
terms  qfa  continued  pri^^tUm^  qf  which  tliejirst 
is  a  given  Une  or  parameter^  it  mUej^hUntamare 
general  farm  qf  the  FarabolOf  which  is  ther^nv 
catted  a  Paejmolow. 

y 

To  aToid  the  maltipGdty  of  details,  I  shall  only  adect 
the  most  remarkable  of  these  canres;  whose  ordinate 
is  the  second  of  two  mean  proportionals  inserted  be* 
tween  the  parameter  and  ihe  correspondtfig  abscise  and 
whidi  has  commonly  teceiTed  hence  the  name  of  the 
Sem4}Mcal  Parabola. 

Let  AB  (fig.  194.)  be  an  absciss,  and  PB  the  parameler; 
if  the  continued  proportion,  PB  :  QB  :  :  QB  :  RB  :  : 
RB  :  AB  be  pursued,  and  the  ordinate  BC  made  equal 
to  RB  die  third  term,  this  species  of  Paraboloid  wiU  be 
formed. 

If  the  second  term  QB  should  change  its  position  into 
Q'B,  the  suoceeding  terms  will  be  alternately  transposed ; 
while  the  third  term  RB|  which  corresponds  to  BC  or  WOf 
will  retain  its  place,  the  fourth  term  AB  will  be  thrown  to 
the  other  side,  forming  the  absciss  AB^  Hence  the  curve 
consists  of  two  branches  standing  upon  the  axis,  united  in 
a  common  vertex,  but  extending  ind^nitely  in  opposite 
directions. 
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'oidU  Utejbtt  term  qf  a  contkmed  pr^pmrt^ 
Ae  same^  tie  teetmd  retewe  a  mkmU  oeeesmM^  the  syeoeed' 
ing  terms  mil  euquire  incrementSf  as  their  double^  Mpkf  4v* 

ThetemiB  (fig.  196.).  AB»  CD,  £F»  OH,  &c  of  a  eon- 
linoed  proportion  wonid  evidently  amoge  tbenielfiea  at 
mntiially  equal  dittapce^  AC>  CE,  EG^  fte.  in  a  Igg^aritfl- 
mic  cnrve.  If  the  eecond  tent  CD  sbbnU  be  miflwiaiti?d 
to  cif,  a  new  set  of  terms  £/!  gA»  &c.  would  arise»  whicb  oo- 
copy  likewise  equal  intervals  A^*,  ce^  eg^  tic ;  consequently 
the  diqplacemenU  £c»  Ggft  &C.  jnnst  be  dqabl^  triple^  &G.  f^ 
£c.  But,  from  the  proper^  of  the  logarithmic  curves  the 
anbtangent  TE  is  to  the  several  ordinates  CD,  EF,.  GH, 
Sec  as  the  displacements  Cc,  Er^  Qg,  &c.  to  the  incra- 
ments  nd,  te^  yg^  &&»  or  alternately  TEis  to  O:,  £r,  Og^ 
kc  as  CD>  £F»GHf  to  isi^  f^»  y^i  &a ;  whasabre  these 
sadeessive  ai^pnents  id^  s^t  yg^  flBc*  are  pn]|)orlienal  to 
CD,  SEP,  SOH>  ftc 


PROP.L    THEOR. 

A  tangent  to  the  Riraboloid  me^ta  Ae  axia  at 
a  distance  beyond  the  vertex^  equal  to  half  of  tiie 
corresponding  absciss. 

Let  the  straight  line  CD  (fig.  194.),  touching  the  Para- 
boloid at  the  poini  C,  be  produced  to  meet  the  axis  in  D ; 
the  exterior  portion  AD  of  the  subtangent  will  be  equal  to 
half  of  the  part  AB  included  within  the  curve. 

2b 
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For  draw  the  proximate  ordinate  bc^  and  conndor  CD 
as  a  secant  joining  the  contignous  summits  C  and  c,  Snoe 
8C  and  SAara^  tile  weond  and  dwd  l«rms  of  a  fiotttiBOi^ 
propcMtton,  of  whieh  die  given  fmBaneker  is  the  fim  teI■^ 
^Kir  iooNOMiits /fc  and  C^  an,  tgrtlie  prnrtilinfl  Inwina. 
M  SBC  and  SBA.  Bot,  fifom  similar  triangles,  ^ciCfii: 
•BC  :<K>>  aad  wansagaently  BC  :  BD  : :  SBC :  SBA; 
^iriMnfei*  %BDs>9B\  tmd  BAstAD  or  ADsfBA. 

iwrtkn  AD  mostbe  half  af  die  abadsB  BA. 


P80P.II.    THEOR. 

f  i 

l%eiu-ea  of  tiie  Ptotboloid  is  three^ffiUi  jwrlsof 
its  circumscribing  rectangle* 


Aay  segment  BAG  {fig.  iMi)  ef  Ae  xnr«t 
<tfiree*4Mi  paf^  of  the  ^Nice  rontnineil  by  the 
scribing  rectangle  AOCB. 

For  draw  the  tangent  CD,  extend  the  rectangle  DECB^ 
assume  the  proximate  ordinate  iCf  aAd  oamplete  the  lectaii- 
gle  Decb. 

The  complements  Ce  and  C&  of  the  paralMognuns  oon« 
•titnted  vpom.  Ac  diagonal  CD  ane  egaindent ;  but  the 
demedtary  rectangle  CIg  is4o  C^  as  GC^.  to  Ci;>  or  as  BA  to 
BD9  that  is»  as  2  to  8.  Wherefore  the  rectangle  Cg  u 
two-third  parts  of  Cif  and  consequently  its  accmnnlalad 
amounts  or  the  exterior  .space  ACQ  is  equivalent  to  two- 
thirds  of  the  s^;ment  ACB  i  whence  this  area  itsdf  must 
be  three*fiftbs  of  the  wjl^ele  circumsqribing  rectang^ 
AOCB. 


PttiQJP.  IIL    THEOR.  ' 

■ 

The  Paraboloid  is  the  evolute  of  the  common 
parabola. 

The  centres  of  all  the  circles  which  otcuhle  wMi  the 
parabola  range  themselyes  in  a  Pkrabokrid ;  or  if  a  threid 
applied  to  this  curvei  and  extencled  to  «  certain  dhteiioe 
beyond  its  rertex,  be  then  nnfolded,  it  wffl  descifte  ihe 
coDimon  parabofau 

Let  HAE  (fig.  195.)  be  a  paraboh^  of  wUdi  F  is  dieib- 
cns.  The  radias  of  curvature  at  the  vertex  A  bdng  half  of 
the  parameter  of  the  axis^  if  FD  be  made  equal  to  AF,  the 
point  D  will  be  the  centre  of  osculation.  To  find  an  oscnla* 
ting  circle  to  any  other  point  C  of  the  corvci  «inof9  it  cots  off 
a  chord  equal  to  the  paramiBter  of  the  corresponding  ^Ba» 
meter,  make  CM  equal  to  double  the  focal  distance  FC^ 
and  erect  the  perpendicdar  MOr  which  will  meet  die  ex- 
tended normal  CO  in  O  the  centre  of  that  circle.  It  onljr 
remains  to  be  proved  that  O  is  a  point  of  die  Paraboloid* 

For  draw  the  tangent  CT  of  the  parabda»  and  firom 
T  erect  TL  perpendicular  to  the  axis,  meedng  OC  pro- 
doced  in  the  point  L ;  draw  likewise  OHI  parallel  to  the 
axist  catting  the  perpendiculars  DH  and  CBI  in  H 
and  I. 

From  the  property  of  a  tangent  of  the  parabola^  FT  is 
equal  to  FC  and  to  FO ;  whence  TO  is  double  of  FC,  and 
therefore  equal  to  CM  or  10.  Tlie  ri^ht  triangles  LTO 
and  CIO  having  the  side  TO  equal  to  lO,  and  the 
oblique  angle  TLG  equal  to  its  alternate  angle  ICO^  are 
hence  equal ;  wherefore  the  hypotenuse  LO  is  equal  to  ^ 
radius  of  curvature  CO,  or  taking  CO  from  both>  the  s^* 
raent  LC  is  equal  to  GO. 
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AgfiUf  tinoe  the  sabnonnid  BO  and  AD  the  ndin  of 
irertical  cunretore^  are  eadi  equal  to  liie  ■emlparamcter  of 
the  axifli  take  away  tlie  cominon  part  BDf  and  DO  re* 
mains  equal  to  AB  and  oonBcquently  equal  to  half  of  the 
tobtangent  TB.  Wbereforei  from  the  property  of  parat 
Id  and  diverging  lines,  GK  is  the  half  of  LC  or  of  GO^ 
ilftdhwceSKirlikewiaetbehalfofOEL  But  this  oon. 
stilatas  the  distinguishing  character  of  the  Paraboloidy  to 
vUch  OK  is  tbeo^for^  a  tangent*  and  OH  and  DH  an 
ordinate  and  abtffisft 

.  The  ordinate  and  absciss  of  the  Paraboloid  are  eaaly 
Saapd*  For  HK  beioig  the  triple  of  DK»  it  is  evident  th^ 
OH  mu4t  be  the  triple  of  AB  the  absciss  of  the  para- 
bola^ Again,  since  LC  is  equal  to  GO,  it  is  evident  that 
LN.must  be  equal  to  BI  or  DH ;  but,  frqm  similar  trian* 
g^es,  BG  or  2AF :  BC :  ;  FB  or  2AB  :  LN,  or  alternately 
AF :  AB  : :  BC  :  LN  or  DH,  the  absciss  of  the  Para- 
bolpid*. 

•  c 

.  The  parameter  of  the  Paraboloid  may  likewise  be  as- 
signed. Since  DH :  AB : :  BC :  AF,  therefore  DH :  S AB 
^  OH  ;  :  BC  :  SAF,  and  oonsequentlj  DH*  :  OH*  : : 
BC*  or  4AF.AB  :  9AF*  :  :  «AB  :  9AF  :  :  SAB  or 
4;rB  t  18AF  or  9BG :  :  4LC  or  4G0  :  9CO :  : 
l^GQ  :  S7CO.  But  GO  being  two-thirds  of  OK,  ISGO 
is  equal  to  SOK ;  whence  DH* :  OH' : :  80K  :  S7CG : : 
80H  :  S7BG.  Make  8AV=27BG }  whence  8  to  S7,  as 
BG,  the  semiparameter  oi  the  axis,  to  AV,  and  DH* :  OH* 
t :  80H  :  8AB : :  OH  :  AV.  Wherefore  AV  is  the  pa- 
iQimeter  of  the  carve,  being  the  first  term  of  a  continued 
Bfoportion,  of  which  OH  and  DH  are  the  third  and 
fimt^  terms. 


w^ 
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»1 


To  detertniiie  the  length  of  any  portioiir  of ,  the 
FiEU^oloid. 


Let  it  be  required  to  meastlre  im  are  OD  (fig;  195.)  cf 
file  Paraboloid. 

Since  the  ercdutldto  of  s  line  from  th^^curre  weuld  dB- 
scribe  a  parabola^  it  is  erident  that  tbe  arc  OD  most  be 
eqaal  to  the  excess  of  the  radius  of  curratnre  OC  above 
the  radius  DA  of  the  circle  osculating  at  the  vertex  A^  or 
the  semiparameter  of  the  axis.  It  only  remains  to  find 
the  parabola. 

From  similar  triangles,  KH :  OH : :  BC :  B6,  and  con- 
sequently KH» :  OH* : :  BC»:  BG*:  :BTor2DG:  BG. 
Wherefore^  produce  the  absciss  HD  till  DK  be  equal  to 
the  half  of  it,  and  draw  the  tangent  OK  to  the  Paraboloid ; 
make  DK*  :  DG*  : :  2DG  :  BG,  erect  the  perpendicu* 
lar  BC  to  meet  the  production  of  OK  in  Cf  and  from  OC 
cut  oJF  CQ  equal  to  BG ;  the  remainder  OQ  is  the  mea- 
sure of  the  length  of  the  arc  OD. 

But  the  rectification  of  the  curve  pay  be  performed 
more  directly.  For  having  drawn  the  tangent  OK  as  be- 
fore^  take  BO  equal  to  eight^twenty  seventh  parts  of  the 
parameter  AV»  and  erect  the  perpendicular  BC ;  or  make 
BTsSDO,  and  let  fidl  TC  perpendicular  upon  OK. 


The  Paraboknds  appear  to  have  been  first  proposed  in 
Italy  by  Cavalleriy  who  gave  their  quadrature  in  his  Eser^ 
cUaiianes  Matiematiaej  published  in  1647.  Roberval  and 
Fermat  made  simQar  advances  in  France.    A  Dutch  ma- 
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ihenuitieiaiii  Van  Heuraet,  disooTeredf  aboat  the  same  time, 
tlie  rectification  of  the  SemuCubic  Parabola^  by  the  iogeni- 
ooi  prooedore  of  tramformiog  it  into  another  cnnre.  Fep- 
aatt  and  WiBiam  Vtal^  a  papBof  Dfc  Wdlis,  avrWed  at 
the  fame  condnsion  by  different  methods.  Bat  to  Jolm 
Bernoulli  we  oire  the  fine  diflewery ,  ttot  the  evolatioD  of 
HiUs  onw  pt^dmm  die  ooQunpn  pfyfUwla,  His  elder 
taeodrar  JittBie%  endowed  with  nearly  eqaal  1^11%  adiievad 
jtfklOM  tba4<4litian  oC  a  physical  probiem  propoaed  by 
.like  gvaat  LeSmita^  and  devQAonstrated  that  this  Paraboloid 
haa  the  remarkaUe  property  oi  parOfientric  isochnrnkm^  or 
that  it  win  constrain  a  body  gliding  along  it  to  make  an 
wifonn  vertical  descent. 
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If  apomt  starting  to  the  right  or  the  l^grmbi(d^ 
bf  bend  its  course  towards  4i  straight  line  given 
by  position^  m  such  a  manner^  that  the  tangent 
qf  the  angle  qf  defiexim  be  constantfy  prcpm^ 
Honed  to  the  length  of  the  track  ;  it  will  describe 
a  curve  called  the  Catenajly. 

Let  AB  (fig.  185.)  be  a  horizontal  linei  to  which  DCO  is 
perpendicular  ;  and  conceive  the  point  C»  darting  at  first 
parallel  to  DB  or  DA»  should  incessantly  deviate  from  this 
directioni  8ucb»  that  a  giv^n  line  OC  be  to  CF,  the  ^ath 
lraced»  as  radius  to  the  tangent  of  TFE»  the  angle  of  de- 
flexion at  Fy  or  the  angle  which  a  line  touching  at  Fma&es 
with  the  parallel  EF ;  the  curve  thus  extended  on  both 
sidesy  firom  C  to  B  and  from  C  to  A,  will  form  the  Cate* 
nary. 

DEFINITIONS. 

1.  The  horizontal  line  AB  is  called  the  Ba$e  of  the  Ca- 
taiary»  and  the  vertical  DC  iu  AUitude. 

2.  The  exteDaion  DO  of  the  altitude  is  termed  the  Axis^ 
its  eKtreniity  the  yertex^  and  the  given  exterior  scginent 
OC  the  Parameter. 

S.  A  line  £F  piurallel  to  the  base  and  terminating  in  the 
cnrve>  is  called  an  Ordinate^  ^  which  the  interior  i^g^ 
mcnt  C£  is  i^  AbsoissM 
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PROP.  I.    PBO& 

At  a  given  point  in  the  Catenary  to  a|^y  a 
tangent^  and  find  the  length  of  die  arc  intercept- 
ed fran  the  vertex* 

Let  it  be  required  to  measore  the  arc  CF  (fig.  185.)  of 
the  corvei  and  draw  a  straight  line  that  shall  touch  at  its 
extremity  F« 

From  the  vertexi  and  perpendicular  to  the  azi%  let  CL 
be  erected  equal  to  the  catenarian  arc  CF,  and  join  OL. 
By  the  nature  of  the  curvci  OC  is  to  CF  <Mr  CL9  as  radius 
to  the  tangent  of  the  angle  of  deflexion  £FT»  and  conse* 
quently  the  angle  COL  must  be  equal  to  EFT.  Assume 
tiie  proximate  ordinate  ef^  dmwfy  parallel  to  eE,  make 
Id  equal  to  the  minute  arc  ^  join  O^,  and  having  made 
Oa  equal  to  it^  join  Ix.  The  elementaiy  right-angled  tri* 
angle  F^  is  equal  to  La/,  for  the  hypotenuse  Ff  is  equal 
to  Li  by  construction,  and  the  oblique  asgleyTf  has  been 
proved  to  be  equal  to /La;  whence  the  ndej^  or  Ee  is  equal 
to  La.  But  commencing  fiom  the  vertex  Q  the  aggte- 
gate  portions  Ee  compose  the  absciss  CE,  while  the  cor- 
respondiag  elementary  segments  La  evidently  form  the 
esceas  of  OL  above  OC;  and,  therefore,  having  from  the 
centre  O,  and  with  the  radius  OQ  described  a  circle,  CE 
wiH  be  equal  to  HL,  and  OE  to  OL.  Join  EH,  and  the 
triangles  COL  and  HOE,  having  a  common  angle  LOE 
contained  by  equal  sides,  are  equal ;  whence  EHO  b  a 
right  angles  and  EH  touches  die  circle  $  but  the  angle 
HOE  being  equal  to  /Ff ,  the  complementary  angle 
OEH  is  equal  to  Tff^  and  therefore  EH  is  parallel  to 
the  tangent  FT  applied  to  the  Catenary  at  F. 


A  simpli;  oonstniction  is  hence  indicated.  From  the 
centre  O  with  the  parameter  OC  of  die  carve  as  a  radios 
describe  a  cirdet  to  iHiich  apply  the  tai^gent  EH,  and 
coiBpkte  the  paialUpgnun  H£FT  i  then,  from  what  has 
been  demonstrated^  FT  toadies  the  caryp  at  F*  and  mast 
measare  the  length  of  the  intervening  catenarian  arc  CF. 


PROP.  11.    THEOR- 

The  ordinates  of  an  equilateral  hyperbola,  which, 
with  the  same  vertex  as  the  Catenary^  has  the.pa- 
ranieter  for  its  semiaxis,  are  equal  to  the  €006^^ 
sponding  arcs  of  this  curve. 

Let  CGI  (fig.  ise.)  be  a  branch  of  an  eqdhilenil  fay« 
perbola  constrocted  on  the  azb  GD^  and  having  O  finr  its 
centre ;  any  ordinate  EO  inil  be  equal  to  the  interdepted 
arc  CF  of  the  catenary. 

For  OS  beuig  equal  to  OQ,  die  iquare  of  EOis,fiom 
the  property  of  the  hyperbola^  equivalettt  to  the  rectangle 
nnder  SE  and  EC  the  external  segments  of  tl»  diameter 
CS  $  bnt  this  rectangte  it  eqnivalait  to  the  sqaaxe  of  the 
tangent  £H  to  the  circle.  Wherefore  the  tqnare  of  B8 
is  equal  to  the  square  of  Efl,  and  the  ordinate  EO  itsslf 
is  equal  to  EH,  that  is,  to  the  catenarian  aie  CF. 

Car.  Hence  the'interrening  segment  F6  is  eqoal  lothe 
excess  of  the  arc  CF  above  its  ordniate  EF.  This  sbomb 
in  the  case  of  small  arcs  is  nearly  as  the  square  of-  SC^ 
and  consequently  the  demtien  FO  augniedts  at  first  as 
the  square  of  EC 
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PROP.  III.    THE0R. 

The  rectangle  under  an  ordinate  and  the  panh 
meter  of  the  Catenary,  is  equivalent  to  twice  the 
corresponding  hyperbolic  sector. 

Let  CG  (fig.  197.)  be  a  portion  of  the  eqoilaterBl  hyper- 
bola ^plied  to  the  catenary  ;  join  the  eztremi^  G  with 
the  centre  O,  and  draw  the  eecnpomid  ordinate  EFG; 
Ae  rectangle  contained  by  CE  and  OC  is  donUe  the 
wpBoe  iachided  by  the  sector  COG. 

Tor  draw  tha  tangent  OH  to  the  didf^  let  UI HK  per- 
peniiailav  to  Ike  aan^  and«KM  pevpMdiciilav  to  the  ia» 
diant  OO9  jmn  OH  and  I^G^  and  assQawg  the  prasimate 
ordinate  eg^  drawy^  and  gy  perpendicular  to  EG^  and  gm 
petp^adipular  to  OG« 

From  the  proper^  of  parallel  and  diTerging  linear 
KAl  :Ja>i:  gmzgy  or>;  but  the  triangle  HKE  is  si- 
nular  to  F^,and  therefore  KD :  KH :  :y^  :  Ff  i  wfaenoe^ 
by  ODoapoiition  KM  :  KH : :  ^m  ;  F^.  Again»  the  trian- 
^ OAIK beii« e?idendy  sinular  to  OEG,  KM  :OK:: 
£G  or  EH :  06$  the  triangles  OKH  and  OHE  aie 
likewise  similar,  and  OK ;  KH  :  :  OH  or  OC  :  EH| 
irtieaee^  by  compounding  the  analogiesy  KM  :  KH  :  : 
mi.:  OGf  and  by  identity  of  ratios  OC  :  OG  : :  £m :  Ff. 
Wherefore  the  rectangle  under  the  parameter  OC^  and 
^oncMment  S9  of  the  ordinate.EF,  is  equirakiit  to  the 
wnrtiglft  ander  OO  and  gm^  or  to  doable  the  elementary 
fAai^  QgGi  but  the  rectangles  onder  OC  and  the  se- 
ven} portions  of  the  ordinate  compose  the  total  rectangle 
under  OC  and  EF,  while  the  triangles  Qf  G  fill  up  the 
whole  hyperbolic  sector  COG*  The  rectangle  OC9  £F  is 
therefore  double  of  that  sectoral  space. 


PROP.  IV.    THEOR. 

Hie  rectffldgle  contained  by  the  parameter  and 
an  ordinate  of  the  Catenary^  is  equal  to  the  natural 
logarithm  of  the  ratio  of  the  parameter  to  the  sum 
of  the  parameter,  the  absciss,  and  the  arc  of  the 
curve. 

Let  EQ  (fig.  198.)  b^  assumed  on  the  axis  eqaal  to  tiie 
length  of  the  catenarian  arc  CF ;  then,  the  parameter  OC 

« 

representing  unit,  the  rectaitgle  OC,  £F  is  expressed  by 
<he  natoral  logarithm  df  the  ratio  of  00  to  OQ. 

For  oonstmct  die  equilateral  hyperbola  NOP,  hanog 
its  vertex  and  centre  at  C  and  O;  the  asymptotes  OR 
and  OS  will  consequently  form  half  right  angles  on  dther 
side  of  the  axis  OD.  Join  Q6,  and  produce  it  to  Ii,  and 
draw  CK  and  6M  parallel  to  QL  and  OL« 

Because  EQ  was  made  equal  to  CF,  it  is  equal  to  EG, 
and  therefore  QEG  is  a  right^ngled  isosceles  triangle  j 
whence  GL  and  CK  are  both  perpendicular  to  the  a- 
symptote  OS.  But,  from  the  property  of  the  hyperbola, 
the  rectangular  space  KCGL  is  equivalent  to  the  sector 
COG,  and  is  the  natural  logarithm  of  the  ratio  of  OK 
to  OL,  when  OK  or  CK  represents  unit.  That  ratio  is 
evidently  the  same  as  ratio  of  OC  to  OQ ;  but  an  asymp- 
totic space  similar  to  KCGL,  and  having  OC  substituted 
lb?  CK,  would  be  augmented  in  the  duplicate  ratio  of  OC 
to  OK,  and  would  consequently  be  doobled.  Wherefare, 
the  rectangle  OC,EF  which  is  double  the  sector .COG^  is 
expressed  numerically  by  the  logarithm  of  the  ratio  of  OC 
to  OQ,  when  OC  represents  unit. 

Oor.  From  the  property  of  pa¥ailei  and  diverging  lines, 
OM  is  to  OC  as  GL  to  CK,  that  is,  from  the  property  of 
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tba a9ii4>lote»  as  OK  to  OL  or  OC  to  OQ;  wbertfiire 
OM :  OQ:  :OC*  :  OQ%or  OCi  OQ  : :  VOM  :  VOQ, 
ndthe  rectaagja  OC»£F  is  henc^  aqoivaleDl  to  half  ihe 
aatoral  IflgMithm  of  the  ratio  of  OM  to  OQ.  This  loga> 
rithm  lolght  consequently  be  represented  by  half  the  inter* 
val  oil  the  logarithmic  curve  (fig.  169.)  between  ordinates 
equal  to  OM  and  OQ.  The  ordinates  LN  or  OM»  OC; 
and  OQ  or  OH  must  thus  be  equidistant  from  OC| 
wJKOce  the  rectapgle  OC,OI  is  equal  to  OC»EFj».wd  the 
a^ginent  01  is  therefore  equal  to  the  ordinate  EF  of  the 
Catenary.  AgaiUf  sinee  M6Q  is  a  rightnuigled  isosceles 
triaiigle»  EM  is  equal  to  I^Q,  and  consequently  FG  is 
eqpial  to  FH* 

Henee  an  ensy  practical  method  of  describing  the  Gate* 
IUM7<  Construct  (fig.  188.)  a  logarithmic  curve  LCH» 
haariog  its  subtangent  equal  to  the  ordinate  OC9  and  £bna 
an  equal  and  similar  curve  ia  an  opposite  direction  GCK9 
draw  any  compound  ordinate  IGH  to  both  curves^  and 
bisect  the  .difference  GH  in  F,  which  will  be  a  point  in 
the  Catenary.  A  multitude  of  points  so  found  will  mar|: 
the  trace  of  that  curve. 


PROP.  V.    THEOR. 

The  exterior  catenaxiaa  space  is  equivalent  to 
the  rectangle  under  the  parameter,  and  the  exr 
cess  of  the  length  of  the  curve  above  the  ordi- 
nate. . 

If  the  rectal^  ECFL  (fig.  186.)hecompleted»  the  space 
LCF  intercepted  belwem  it  and  Ihe  curve  will  be  eqoiva- 
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lent  to  tlie  rectangle  onder  OC  tte  pBT$miii»  and  tlie  ex<» 
Mts  of  the  cftlefiarian  arc  CF  above  its  ordinate  EF. 

For,  with  tfie  parameter  as  a  radius  desoribe  the  drde 
SHC,  and  comtntct  the  eorrespoiidrhg  eqellgtemd  hy- 
perbola. It  n  evident^  that  the  element  Vf  of  the'  enrre 
is  eqnal  to  Gy,  the  variation  of  the  hyperbolie  ordinate ; 
bot  since  the  elementary  triangle  F^  is  simihr  to  £HO» 
Ffor  Oy :  Ff  :  :  OE  :  OH  or  OC|  and  consequently 
Oy— F*  :  F^  :  :  CE  :  OC;  whetfefore  CE.Ff sOC 
(Gy— >Ff }.  But  the  aggr^^ate  of  the  dementarjr  rectan- 
gles C£.Ff  or  Flif  forms  the  exterior  space  LCF,  and 
the  collected  rectangles  nnder  OC  and  the  difference  of 
Gy  and  Ff  compose  the  rectangle  und^r  OC  and  the 
excess  of  EG  or  CF  above  EF;  the  exterior  sjjace  of 
the  cat»ary  is  therefore  equivalent  to  the  rectangle  un- 
der OC  and  FG9  <^  under  OC  and  the  excess  of  the  arc 
CF  above  its  ordinate. 

Car.  !•  Hence  the  catenarian  space  ECF  is  equivalent 
to  the  excess  of  the  rectangle  OE,EF  above  OCjCF.  For 
the  exterior  qpace  LCFsOCFGs  OCCF—OCEF, 
and  consequently  the  interior  space  ECF=EC»EF4> 
OC.EF— OaCF= OE.EF— OGCF. 

Cor.  2.  Considering  the  curve  as  iqpproaching  to  a 


parabola^  the  exterior  space  LCF  =:  — ^ —  ;    whence 
OC.3FGsCE.EFt  and  OC :  EC : :  EF  :  SF6  nearly. 

PROP.  VI.    THEOR. 

liie  radius  of  curvature  corresponding  to  any 
point  of  the  Catenary,  is  a  third  proporttoiial  to 
its  parameter/  and  the  line  compounded  of  the 
parameter  and  the  absciss. 
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If  there  bedrawn  from  th^  point  F  (fig.  187,)  of  tlie  Ca<< 
tenary  a  penMMKeidar  to  the  tai^nt^  or  s  nomal  FQ^ 
and  firoot  the  praKimate  point /another  nmnaljfQ,  they 
-mSl  wuxt  ia  Q»  die  oanlie  of  am  iwn^rtii^  ciid^  aad 
OC :  OE  : :  OE ;  FQ. 

Parallel  to  those  norfluilsy  dmw  OL  and  O;  to  meet  CLi 
the  perpendiciilar  to  the  axis  at  the  vertex  C^  and  frooi 
the  oMdtre  O  describe  liie  minute  arc  UK. 

The  righti-angled  triangle  OCL  is  obrionsly  simihur  to 
the  elementary  triangle  DJ|  aad  oonseqa^Btly  OC :  OL  or 
OE  : :  LX  :  LZ  or  Fy:  But  the  very  acnte  triangles  F^ 
and  LOL  being  likewise  similar,  UK  :  Ff  :  :  OX  or 
OE  :  FQ ;  whence  OC :  OE : :  OE  :  FQ. 

Cor.  1.  If  LR  be  drawn  perpendicular  to  OL»  it  wfll 
intercept  a  portion  of  tlie  axis  OR  equal  to  FQ,  the  radiua 
of  curvature. 

Cor.  2.  Since  OLR  is  a  right-angled  trianglei  OC :  CL 
;  :  CL ;  CR;  whence  the  excess  CR  of  the  radius  of  cor- 
vature4d>ove  the  parameter  OC,  is  a  third  proportional  to 
this  parameter  and  the  length  of  the  intercepted  arc  CF. 

PROP.  VM.    THEOS. 
Every  Catenary  is  a  portion  of  a  similar  curve. 

If  ACB  and  KLM  (6g.  189.)  be  any  two  Catenariea^ 
they  belong  to  similar  curves. 

For  make  the  absciss  CD  to  the  absciss  LN  as  the  pa« 
rameter  OC  to  the  parameter  PL,  draw  the  oidiiiates  DH 
and  KM  and  the  proxunate  ordinale  di  and  nin»  and  9fh 
ply  the  tangents  DH  and  NQ  to  the  parametric  circles. 
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Since  OC  :  CD : :  PL  :  LN*  by  cw^poftition  OC  w 
OH : OD: :  PL  or  PQ :  FM,  and coBie^nntiy  tberi^ 
angled  tmmf^  QHD  and  PQN  oie  omilar;  but  tbete 
triangleB  afe  likewiie  iimilar  to  the  elemsntaiy  tnanglpi 

i/OimDd  fflfftMt  for  DH  and  NQ  are  parallel  to  die  ■<- 
imlea^gmeDtsBftandMmofthecttrvet.  Whence theafl^- 
gregate  aides  i/i,  jA,  B5,  andi»f6»ffrM  and  Mm,  that  i%  the 
abeciflsfle  CD  and  LN»  the  ordinates  DB  and  NM,  and 
the  brandies  CB  and  LM  of  these  cnrwi  aie  all  pvopor* 
lioned  to  the  parameters  OC  and  PL.  The  paimnie(Br  4s 
dins  an  indeK  to  Ae  Catenary,  as  it  is  to  the  parabelaf 
boA  of  whidi  may  be  prolonged  to  any  extent 


The  Caienofy  has  its  name  from  Catena^  a  chain  i 
being  the  curve  which  a  regular  and  very  flexible  chain 
will  assume^  if  suspended  loosely  from  both  ends.  It  seems 
to  have  been  first  noticed  by  the  famous  Galileo^  who  pro- 
posed it  as  the  figure  of  an  arch  of  equilibration}  bat  on- 
fortunately  mistook  it  for  a  Parabola.  In  fact,  the  Cate- 
nary, near  its  vertex,  diflfers  insensibly  from  that  corve^ 
bat  afterwards  deviates  more  considerably.  The  tangent 
of  the  angle  of  deflection,  which  in  the  Catenary  is  pro- 
portional  to  the  length  of  incurvation,  may  be  shown  to  be 
proportional  to  the  ordinate  in  the  Parabola.  But  the  or- 
dinate commences  in  a  ratio  of  equality  to  the  curve» 
and  then  contracts  with  increasing  rapidity  j  hence  the 
Parabola  diverges  faster  from  its  axis  than  the  Catenary. 

The  error  of  Galileo,  in  confounding  those  two  curves, 
was  not  perceived  till  Joachim  Jnngius,  in  1669,  ascertain- 
ed, by  actual  experiment,  that  the  Catenary  is  neither  a 
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ParaboFa  nor  an  Hyperbola.  It  was  in  169I|  that  the  pe- 
jietrating  genim  of  James  Bemodli  disoorered  the  trae 
nature  of  the  catenarian  curve.  A  simihur  investigatioii 
was  soon  produced  by  John  Bernoulli,  fay  Huygena»  and 
by  Leibnitz.  This  latter  phikMopher,  whose  powers  of 
iuTention  and  stores  of  learning  were  alike  transcendant, 
discovered  the  fine  relation  of  the  Catenary  to  the  Logs- 
ridmiic  Cnrre. 

The  most  difficult  properties  of  the  Catenaiy  were  rfr- 
▼ealed  before  the  dose  of  the  seventeenth  century.  This 
curve  is  entitled  to  particular  attention,  not  only  because 
it  throws  light  on  the  theoiy  of  arches,  but  because  it  ap- 
plies directly  to  the  construction  of  suspended  bridges^ 
which  are  now  deservedly  coming  into  repute. 
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X.  TRACTORY, 

If  a  given  straight  tine  have  one  end  drawn  along 
an  extended  Une  given  by  positionj  the  other  end, 
Allowing  its  path  or  direction^  will  trace  out  a  curve^ 
culled  the  Tmjctrxx  or  Tractoht. 

Let  PT  (fig.  1 90.  and  1 9 1 .)  be  a  straight  line  of  a  deter- 
minate lengthy  of  which  the  end  T  is  drawn  along  the 
straight  line  SOT  given  by  position ;  the  other  end  P,  con- 
strained to  pursue  the  same  trackt  will  describe  a  Trao- 
tory* 

The  nature  of  the  curve  coniiBts  in  having  every  tan- 
gent PT  of  the  same  length.  The  Tractory  must  henoe 
include  four  branches  which  stretch  indefinitely  either  way 
on  both  sides  of  the  directjiig  line,  and  rise  into  two  cusps 

at  their  conjunction,  when  the  tangents  become  verticil. 

« 

DEFINITIONS. 

1.  The  extended  straight  line  SOT  on  which  the  tangents 

restf  is  called  the  Aais^ 
S.  When  the  tangent  acquires  a  vertical  position  OC^  it 

is  termed  the  BadiuSf  its  extremity  O  being  the  centre. 
8.  A  circle  described  from  the  centre  of  the  curve  through 

the  cusp  C  is  called  the  Generating.  Circle^ 

PROP.  I.    THEOR. 

» 

The  subtangent  of  the  Tractory  is  equal  to  the 
corresponding  ordinate  of  the  generating  circle, 

2  c 
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From  thepoiat  P  in  the  curve  {fig.  190.)  draw  PN  per- 
pendicular to  the  axisy  and  PKH  parallel  to  it  and  meet- 
ing the  circumference  of  the  generating  circle;  then  wil 
KH  be  equal  to  the  subtangent  NT. 

For  join  OHf  and  the  right-angled  triangles  OKH  and 
PNT»  having  the  hypotenuse  OH  equal  to  OC  or  FT, 
and  the  side  OK  equal  to  the  opposite  side  PN  of  the  pa- 
rallelogram  OKPN  are  equal*  (L  21.  Geom.)  and  con- 
sequently the  base  KH>  or  the  ordinate  to  the  circle,  b 
equal  to  the  subtangent  NT. 

Cdr.  I.  Hence  the  compound  line  PKH  is  equal  to 
ONT;  for  KH  being  equal  to  NT,  add  to  each  of  them 
the  equal  segments  PK  and  ON,  and  the  sum  PH  is  equal 
toOT. 

Cor.  2.  Hence  the  tangent  FT  of  the  tractory  is  al- 
ways parallel  to  the  corresponding  radius  OH  of  the  ge- 
nerating circle.  For  the  angles  KOH  and  NPT  being 
equal,  and  the  sides  OK  and  PN  parallel,  the  other  sides 
OH  and  FT  must  be  likewise  parallel  (L  S9.  Oeom.) 

PROP.  IL    THEOR. 

The  space  included  between  the  radiusi  the 
axis,  a  portion  of  the  curve,  and  a  tangent  of  the 
Tractoiy,  is  equal  to  the  area  of  the  correspond- 
ing sector  of  the  generating  circle* 

Having  applied  a  tangent  FT  (fig.  191  Ot  and  drawn 
PKH  parallel  to  the  axis  of  the  curve;  the  mixtilineal 
qmce  OCPT  is  equivalent  to  the  drcular  sector  COH. 

For  assume  the  proximate  point  p^  draw  the  tangent 
pt  and  the  parallel  ;£^  and  join  OH  and  Oh.  Since  the 
radii  OH  and  Oh  are  equal  and  parallel  to  the  tangents 
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and  pt^  the  elementary  triangle  HOA  may  be  consi* 
dered  as  equal  to  TPt  or  Tpt ;  wherefore  the  amonnt  of 
all  the  triangles  HOk  which  form  the  sector  COH  is  equi« 
Talent  to  the  aggr^ate  of  the  triangles  T^C  which  com-* 
poae  the  mixed  space  OCPT. 

Car.  Hence  the  quadrant  COR  is  equivalent  to  the 
indefinite  space  included  between  the  radius^  the  asymptote 
and  the  extending  curve.  Hence  also  the  whole  space 
comprehended  by  the  four  branches  of  the  tractory  is 
equivalent  to  the  generating  circle. 


PROP.  III.    THEOR. 

The  segment  of  the  axis  intercepted  between 
the  centre  and  a  line  touching  the  Tractory,  is  ex- 
pressed by  the  natural  logarithm  of  the  ratio  of 
the  radius  to  the  cotangent  of  half  the  comple* 
inent  of  the  corresponding  arc  of  the  geiiera,tiiig 
circle. 

Assmning  the  radius  OC  (fig.  191«)  as  uniti  any  por- 
tion OT  of  the  axis  will  be  denoted  by  the  natural  loga. 
rithm  of  the  ratio  of  radios  to  the  cotangent  of  half  the 
complement  of  the  arc  CH,  or  the  tangent  of  half  the 
compound  arc  SCH. 

For  join  S,  where  the  circle  cuts  the  axis,  with  the  pro- 
ximate points  H  and  h.  The  elementary  triangles  HSh 
and  tSI  are  similar,  since  they  have  the  same  vertical  an- 
gle, and  the  angle  HAS,  standing  on  the  compound  arc 
SCH  equal  to  iTS,  which  is  subtended  by  the  arcs  CH 
and  SC  or  SC;  whence  SH  :  Si  or  SI :  :  m  :  I/;  but 
SH  :  SI  :  ;  OK  :  OJ,  and  consequently  OK  :  OI :  : 


396  OEOMETRY  OF  CURVES. 

Hk  :  It,  or  alternately  OK  :  HA  : :  01 :  lu    Agun,  tbe 
minute  elementary  triangles  Hlh,  pwBf  and  trT  are  all 
evidently  similar  to  HKO5  and  therefore  similar  to  each 
other ;  whenee  HA  :  hi  or  Ft  :  :T^:  Tr  or  F)p,  and  al* 
ternately  HA  iTtiiFTiFp;  but  Pt  :  P/>  ::OK;  OH, 
and  hence  HA :  T^  : :  OK :  OH»  or  OK :  HA : :  OH  :  Tu 
Now  since  OK  :  HA  :  :  OI  r  I/,  consequently  01  :  It :  : 
OH  or  OC  :  T/,  or  alternately  01  :  OC  :  :  K  :  Tt. 
Wherefore  01  and  Oi,  if  planted  at  the  points  T  and 
tf  would  be  proximate  ordinates  of  a  logarithmic  carve 
having  OC  for  its  subtangent,  and  hence  the  absciss 
OT  is  equal  to  the  natural  logarithm  of  the  ratio  of 
01  to  Oa     But  or  is  the  tangent  of  the  angle  RSH 
at  the  circumference  of  the  circle^  and  consequently  the 
tangent  of  half  the  arc  RH,  the  complement  of  CH.  * 
Againi  the  radius  being  ame  an  proportional  between  the 
tangent  and  the  cotangent,  the  ratio  of  OI  to  OC  is  the 
same  as  the  ratio  of  radius  to  the  cotangent  of  half  the 
complement  of  CH.    The  proposition  is  therefore  estfr* 
blished* 

Cor.  Since  OK  :  OC  :  :  HA  :  T^ ;  the  incremenU  of 
the  segment  OT  are  always  inversely  as  the  cosine  of  the 
arc  CH;  wherefore,  if  that  arc  represent  the  Latitude^  the 
corre^Mnding  line  OT  will  exhibit  tbe  Meridional  part% 
Mercator's  Projection. 

PROP.  IV.    THEOR. 

The  Tractory  is  the  involute  of  the  Catenary, 
which  has  the  radius  for  its  parameter. 

If  a  thread  attached  at  some  distant  point  B  (fig.  190.) 
of  a  Catenaryi  and  bent  along  the  convexity  of  the  curve 
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to  the  vertex  C,  be  then  gradually  unfolded,  its  expand- 
ing end  will  trace  a  Tractory,  whose  radius  is  the  parame- 
ter OC. 

Let  the  mditia  of  curvature  come  into  the  position  FP, 
draw  FT  perpendicular  and  F£  parallel  to  ROS>  apply 
the  tangent  EH  to  the  generating  circle,  and  join  FH 
and  FT. 

From  the  property  of  the  CAtenary,  the  straight  line 
EH  which  touches  the  circle  is  equal  to  the  arc  FC  of  the 
curve,  and  is  parallel  to  its  tangent  FP ;  but  the  radius  of 
carvature  FP  is  equal  to  the  arc  FC,  from  which  it  has 
heen  unfidded,  and  is  therefore  equal  to  EH ;  whenpe  EP 
and  HF,  which  join  those  equal  and  parallel  lines,'  are 
themselves  equal  and  parallel  "Wherefore  OT,  being 
likewise  equal  and  parallel  to  EP,  the  figure  OEPS  is  a 
parallelogram  whose  opposite  sides  PT  and  OE  are  equal 
and  parallel ;  but  since  FP  and  PT  are  parallel  to  EH 
and  £0,  the  contained  angle  FPT  is  equal  to  HEO, 
and  is  therefore  a  right  angle ;  whence  the  line  PT,  be-* 
ing  perpendicular  to  the  radiant  FP,  must  coincide  with 
minute  portion  of  the  circle  or  element  of  the  curve  at 
P,  and  this  tangent  is  equal  to  OH  or  OC  the  parameter 
of  the  Catenary.  But  such  is  the  genesis  of  the  Tractory, 
which  is  hence  the  involute  of  the  catenary. 

Scholium.  A  Tractory  being  traced  mechanically,  the  se- 
ries of  points  may  be  thence  readily  found  in  the  Catenary ; 
for  erect  any  perpendicular  TF  to  ROS,  inflect  TP  to  the 
curve  equal  to  OC,  and  at  right  angles  to  it  draw  PF  to 
meet  TF  in  F,  which  must  evidently  be  a  point  in  the  ca« 
tenary. 

An  instrument  might  therefore  be  constructed  that  shall 
combine  the  mechanical  construction  of  the  Tractory  and 
of  the  Catenary,     Let  a  thin  bar  of  wood  or  bra^s  SG 
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(fig.  220.)  about  two  feet  longi  with  a  groove  raimtiig 
along  the  middle,  have  a  perpendicular  arm  OT  j^n^ect* 
ing  about  four  and  a  half  inches  each  way ;  to  this  frame 
18  annexed  a  similar  piece  MPSPFi  of  which  the  single 
arm  PS  is  eight  inches  long,  with  holes  about  half  an 
inch  apart  drilled  from  the  middle  to  1^  having  a  veiy 
small  sharp-edged  wheel  at  P,  turning  about  an  axis  in 
the  same  plane,  but  at  right  angles  to  P8 ;  one  of  those 
holes  being  passed  over  a  steel  pin  fixed  at  8,  in  the  di- 
rection of  the  groove  OS,  and  a  fine  pencil  secured  by  a 
slider  being  inserted  in  the  concomnse  of  both  grooves  at 
R,  the  instrument  is  fit  for  action.  By  sBding  OST 
along  the  side  of  a  drawing  board,  and  pressing  the  smaQ 
wheel  at  P,  it  wiH  describe  a  Tractory,  while  the  paic3 
carried  in  the  intersecticm  of  the  perpendiculars  PF  and 
S6  will  trace  the  Catenary. 

Such  an  instrument,  with  proportionally  shorter  arms, 
would  be  useful  to  Architects,  by  fnaUing  them  to  sketch 
festoons  correctly. 


The  Tractory  was  first  proposed  by  the  celebrated  Huy- 
gens.  It  may  be  considered  as  derivative  from  th^  Cate- 
nary, of  which  it  is  the  involute.  John  Perks,  in  England, 
likewise  demonstrated  its  leading  properties,  under  the  ap- 
pellation of  the  Equitangential  Curve,  John  Bernoulli  dis- 
covered that  it  is  TatUochronous  in  a  medium  resisting  as 
the  squares  of  the  velocity,  or  that,  in  such  a  medium, 
bodies  would  efiect  their  descent  from  any  point  of  thi^ 
curve  in  the  very  same  portion  of  time. 

The  relation  of  the  Tractory  to  the  Meridional  Projec- 
tion of  the  Globe  is  very  remarkable,  while  the  facility  of 
tracing  the  curve  mechanically  brings  it  closer  under  our 
observation. 
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XL   MAGNETIC  CURVE. 

^f  the  radiants  Jrom  two  given  poles  revolve  ivith 
angular  velocities  proportional  to  their  varying 
lengUtSj  Ae  point  qf  mutual  intersection  will  trace 
the  Magnetic  Curve. 

■ 

Let  AC  and  BC  (fig.  199  and  200.)  be  two  radiants 
which  tarn  aboat  the  poles  A  and  B^  and  let  them  in  the 
same  instant  move  into  the  proximate  positions  Ac  and 
Be ;  if  the  angle  CAc  be  to  CBc  as  AC  ta  BC,  the  points 
C  and  c  will  occupy  a  Magnetic  Curve. 

DEFINITIONS. 

1.  The  straight  line  which  joins  the  two  poles  is  called  the 
Base  of  the  curve,  and  its  extension  the  Axis, 

%  The  angles  BAC  and  ABC  which  the  radiants  make 
with  the  base  are  called  the  Polar  Armies* 

It  is  obvious,  that  the  Magnetic  Curve  will  assume  tv^o 
distinct  forms  according  as  its  radiants  turn  in  the  same 
or  in  opposite  directions.  In  the  latter  case,  both  the 
polar  angles  augmenting  at  the  same  time,  the  curve  will 
consist  of  a  single  concave  arc ;  but  in  the  former  case,  the 
angles  from  the  one  pole  increasing,  while  those  from  the 
other  are  diminbbing,  the  curve  will  divide  and  spread  it- 
self into  two  branches.  The  one  species  of  curve  is  hence 
Cowoergent^  as  in  fig.  199,  and  the  other  Divergent^  as  in 
fig.  200. 
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FBOP.  L    THEOR. 

llie  sines  of  the  angles  which  a  tangent  forms 
in  the  Magnetic  Curve  with  the  radiants  drawn 
to  the  point  of  contact,  are  proportional  to  the 

squares  of  those  lines. 

« 

Let  TC  (fig.  199  and  200.)  touch  the  curve  at  the  point 
C,  and  make  the  angles  TCA  and  TCB  with  the  corre- 
sponding hidiants )  then  will  sin  TCA  t  iin  TCB  :  : 
AC* :  BC*. 

For  assume  the  proximate  point  e^  to  which  inflect  the 
i^adiants  Ac  and  Be,  make  BD  equal  to  AC|  and  from  A 
and  B  describe  the  minute  arcs  ca^  Cj3|  and  Dd. 

The  arcs  m  and  Dd  are  obviously  the  measures  of  the 
elementary  angles  CAc  and  CBc,  and  consequentlyi  from 
the  genesis  of  the  curve,  ctt  :  Dd  : :  AC  :  BC  i  bat,  since 
the  sectors  CBjS  and  DBd  are  similar,  Dd  :  C^  :  : 
BD  or  AC  :  BC ;  wherefore,  by  composition  of  ratios, 
ca  :  C|3  t :  AC' :  BC*.  Again  the  right-angled  elemen- 
tary triangles  ccta  and  C^a  having  a  common  vertical  an- 
gle, arc  similar,  and  m  x  ac  :  :  C|3  :  Ca,  or  alternately^ 

e»\  C^iiact  Ca  $  whence,  by  identity  of  ratios,  ac  s  Ca 
: :  AC  :  BC.  Now,  in  the  triai^e  Cot,  ac  i  Ca:  x 
sin  cCa  or  an  TCA  :  sin  Cca  or  sin  TCB  i  wherefore^ 
sin  TCA  !  sin  TCB : :  AC* :  BC«. 

Con  1#  Hence  a  tangent  cuts  the  extended  base  into 
segments  which  are  as  the  third  powers  of  the  correspond* 
log  radiants.  For  draw  A£  parallel  to  BC,  and  the  tri^ 
angle  EAC  being  similar  to  caC,  AE  :  AC  :  :ca:  Ca  ; : 
AC*     BC* ;  wherefore,  AE  :  BC ;  :  AC'  :  BC»  •,  but, 
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finm  the  property  of  parallel  and  divergii^  lilies^  A£ :  BC 
:  t  AT  :  BT,  and  consequenUy  AT :  BT  : :  AC  :  BC*. 
In  %i  199  and  200^  the  radiants  AC  and  BC  are  as  two 
to  tluee;  whence  TA  t  TB: :  S :  27.  Wberefbret  AT  in 
fig.  199.  is  8-19  parts  of  AB ;  but  in  fig.  200»  it  is  equal 
only  to  8-85  parts  of  the  same  distance. 

Cor*  3.  Hencei  if  tangents  be  drawn  from  any  point  in 
the  axis  to  dilferent  magnetic  curves  constituted  upon  the 
same  base»  the  points  of  contact  will  lie  in  the  circumfe- 
rence of  a  given  circle.  For  T  being  A  given  point,  the 
ratio  of  AT  to  BT,  or  that  of  AC  to  BC  is  given,  and 
consequently  the  ratio  <^  AC  to  BC  is  given,  and  the  Ich 
ens  of  C  (Geom.  Anal.  III.  18.)  is  a  given  circle.  In  the 
illustrative  figures  201  and  202,  where  the  radiants  AC 
and  BC  areas  two  to  three,  the  distance  AX  of  the  circle 
of  contact  is  two-fifths  of  AB,  and  its  radius  six-fifths. 
The  correspondence  with  theory  in  these  delineations  is 
sufficiently  striking. 

Scholium.  The  method  of  applying  a  tangent  to  the 
Magnetic  Curve  is  hence  easily  perceived.  In  the  Con- 
vergerd  Curve,  the  tangent  CT  lies  beyond  the  nearer  pole  \ 
but,  in  the  Divergent  Curve,  CT  falls  within  the  poles. 
The  former  species  of  curve  is  therefore  always  concave  to* 
wards  its  bas^  while  the  latter  is  convex. 

Since  Ca :  ca  : :  BC^ :  AC%  the  little  spaces  Ca  and  ea 
in  the  direction  of  the  poles  A  and  B,  are  inversely  as  the 
squares  of  the  distances  CA  and  CB.  These  spaces  may 
therefore  represent  the  forces  of  magnetic  attraction  or  re- 
puhion  emanating  from  A  and  B.  An  attraction  Ca  com- 
bined with  a  repulsion  ac  would  produce  the  oblique  direc- 
tion Cc  (fig.  199.);  while  the  same  attractive  force  con* 
joined  with  another  attraction  ca'  would  give  the  result 
Cc  (fig.  200.).    Hence  very  short  needles  or  iron-filings, 
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subject  to  those  attractiye  or  repuUvv  powers^  but  aDowed 
to  arraoge  themsdveB  fireely»  will  poalooe  into  the  demcn- 
tary  portions  of  the  c«me>  If  A  and  B  be  dissimilar 
poles,  the  onrv^  bdog  oomposed  of  projecting  portions  C^ 
will  exhibit  the  conyergent  form  i  but  if  these  poles  be 
similar,  the  curve,  consisting  of  minate  ledined  poctioost 
will  become  divergent. 

PKOP.II.    THEOR. 

The  sum  of  the  cosines  of  the  polar  angles  in 
the  Convergent  Magnetic  Curve,  but  their  diffe- 
rence in  the  Divergent  form  of  the  curve,  remains 
constant. 

The  cosines  of  the  angles  BAG  and  ABC  (fig.  199.) 
compose,  by  addition,  a  certain  invariable  amount  at  eveiy 
point  of  the  curve ;  but  in  fig.  200.  the  cosines  of  the  po- 
lar angles  have  always  the  same  difference  throughout  each 
branch  of  the  curve. 

For,  let  fall  upon  the  axis  the  perpendiculars  e:^^  ^n^l 
DdQ,  and  draw  the  parallels  a^  and  icL  The  elementary 
triangle  cP(t  is  evidently  similar  to  the  rightFangled  trian- 
^e  AFcf  and  etc  :a^  zx  Ac  or  AC  :  e¥^  but  the  tri- 
angles DS  and  BF£;  being  likewise  similar,  J}i^  id:  : 
BC  or  Be  :  cF.  By  alternating  both  analogies,  etc:  AC: : 
ap  :  cF,  and  Bi  :  BC  ::id:  CFj  but  ac  and  Dip  bemg 
the  measures  of  the  variation  of  the  polar  angles  B  AC  and 
ABC,  are  as  the  radiant  AC  to  BC,  consequently  a<p  :  rF 
::id:  cF,  and  a(p= Jrf,  orfF=:Gg.  Now,/F  (fig.  199.) 
^s  the  diminution  which  the  cosine  AF  suffers  in  the  move- 


laeiit  of  the  radiant  AC  fioooi  the  point  C  to.C|  «nd  tlie 
eqoal  poriiDn  id  w  ilie  equal  ioerease  whicb  ooftine  BO- 
reoevrea  ia  the  oorMpondiag  acbanceof  the  radiant  BQ* 
Whertfoie,  the  eo^inea  AF  and  ^BG  mast  roaintiiin  die 
same  amonni  throoghoat  the  Convergent  Curve. 

In  the  pifeigttt  Carve  (fig*  MO.)  af  lie«  on  the  other 
aide  of  the  peipen£cahir  cF,  the  cosines  of  the  polar  an- 
gles BAC  and  ABC  both  receive  equal  increments/'F' 
and  &g^f  as  the  radiants  expand  from  c  to  C,  and»  oon- 
aeqoentfy,  those  cosines  AF^  and  BGK  must  have  always 
the  tame  diffirende. 

SdtcUtm.  It  is  hence  easy  to  trace,  through  any  point  C^ 
a  Magnetic  Curve  whose  poles  are  given.    From  A  and 
BAOy  with  a  radius  (fig.  199  and  200.)  equal  to  half  their 
distance^  describe  two  semicirclesi  draw  AC  and  BC  to  cut 
Uie  circumference  in  the  points  H  and  I>  from  which  let 
iUl  the  perpendiculars  HK  and  IL,  take  any  segment  KQ 
and  make  LR  equal,  to  it,  either  on  the  same  or  on  the  op- 
posite side  according  as  the  curve  is  Convergent  or  Diver- 
gent, erect  the  perpendiculars  QM  and  RN  to  meet  the 
circles,  and  inflect  the  radiants  AMP  and  BRN,  whose 
intersection  P  will  be  a  point  in  the  curve.     But  if  Lr 
(fig.  200.)  be  made  equal  to  OQ,  and  the  perpendicular 
m  erected,  the  radiant  6n  will,  by  its  intersection  with 
the  radiant  AM,  assign  the  point  p  in  the  other  branch 
of  the  curve. 

When  the  radiant  BC  coincides  with  the  astis,  the  ra- 
diant AC  win  become  a  tangent  to  the  curve,  and  will  con- 
sequently mark  the  direction  of  its  origin.  To  find  this, 
make  KS  equal  to  LO,  either  on  the  same  side  as  in 
fig.  199,  or  on  the  opposite  side  as  in  fig.  200 ;  erect  the 
perpendiculars  SV  to  meet  the  circle,  and  SV  will  be  thq 
radiating  tangent. 
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Bat  a  system  of  IMhgiietie  Oiiras  may  be  eonstmclad 
more  expeditiously.  Divide  the  nufios  of  the  .drdes  into 
any  eren  namber  of  equal  partsy  suppose  tvdF^  ctect 
oidinates  from  all  the  points  of  extended  seetion»  and  dnw 
radiants  through  their  summits.  Suppose  the  radiants  of 
the  pob  A  (fig.  199.)  to  be  reckoned  from  X  to  Y»  and 
those  of  B  from  X  to  Z.  For  the  Convergent  Curves  the 
intersection  of  the  radiant  1  from  the  pole  A^  with  the  ia« 
diant  1  from  the  pole  B»  will  assign  Ae  limit  of  the  curve 
nest  the  aw;  the  intersection  of  the  radiants  9  and  1  from 
A  with  the  radiants  1  and  t  from  B  will  mark  two  points 
in  the  next  curve ;  the  intersection  of  the  radiants  S,  2, 
and  1  from  A  with  the  radiants  !»  fi^  and  S  from  B  will 
give  three  points  in  the  curve  beyond  it  \  and  the  intersect 
tion  of  the  radiants  4, 8^  2,  and  1  from  A»  with  the  radiants 
1$  2y  S,  and  4  from  B,  will  trace  another  exterior  curve. 
In  this  way*  the  process  may  be  pursued  through  the 
whole  series  of  curves^  the  corresponding  initial  and  final 
tangents  being  the  succeeding  radiants  2|  S^  4,  5,  &c. 
from  the  poles  A  and  9* 

For  the  Divergent  Curve^  the  intersections  of  the  ra- 
diants 1»  2,  S,  4,  5»  &c  from  the  pole  B,  with  the  radiants 
St  S,  4»  5»  6,  &c.  from  the  pole  A,  will  mark  the  first 
branch  from  O  towards  Y ;  the  intersections  of  the  same 
radiants  with  the  radiants  S>  4^  5,  6,  ?»  &c«  will  trace  the 
next  branch  ;  and  the  intersections  of  still  the  same  ra» 
diants  with  the  radiants  4,  5,  6,  ?>  8,  ^c.  will  assign  the 
third  branch.  This  procedure  is  easily  carried  oUf  and 
a  similar  mode  will  assign  the  opposite  branches.  The 
radiante  1,  2,  3,  4,  5|  &c.  from  A  will,  by  their  intersec- 
tions with  the  radiants  2,  %  4>  5;  6,  &c.  from  B,  with  the 
radiants  3^  4,  5, 6,  7,  &c.,  and  with  radiants  4,  5, 6, 7, 8,&c. 
will  trace  out  the  successive  diverging  curves  from  O  to  Z. 


Hie  tangents  to  aU  these  corves  at  A  and  B  are  the  pre- 
ceding radiants  6,  1»  2,  Sy  &c« 

The  figores  201  and  202  were  rednced  frooft  curves  ac« 
tually  ddineated  in  this  way>  omitting  only>  fi>r  the  sake 
of  distinctness^  some  of  the  initial  and  intermediate  curves* 


The  Magnetic  Curve  is  formed  ezperimenteUy  by  strew* 
ing  fine  iron-filings  or  very  short  bits  of  iron  wire  on  a 
smooth  sheet  of  paper,  or  on  athin  plate  of  glass  laid  over 
a  magnetic  bar,  or  over  the  interval  between  the  similar 
poles  of  two  opposite  bars.  By  a  slight  agitation  to  fa- 
vour their  mutual  arrangement,  those  minute  ferruginous 
fragments  will  dispose  themselves  into  the  Convergent  or 
Divergent  Curves  now  investigated. 

These  curves  have  been  regarded  with  wonder  by  a  cer- 
tain class  of  dreaming  philosophers,,  who  did  not  hesitate 
to  consider  them  as  the  actual  traces  of  an  invisible  fluid, 
perpetnally  circulating  between  the  poles  of  the  magnet* 
Such  a  crude  notion  scarcely  deserves  a  moment-s  notice  i 
but  the  entire  conformity  between  theory  and  experiment 
in  the  representadon  of  the  Magnetic  Curves  corrobo- 
rates the  results  of  other  observations»  and  proves^  that 
the  forces  of  magnetic  attraction  and  repulsion  follow,  in 
their  graduating  intensities^  ihe  great  law  of  gravitation^ 
and  are  inversely  as  the  squares  of  the  distances  of  the 
peles  or  centres  of  action. 
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XII.    CURVE  OF  SINES. 

If  the  arcs  of  a  circle  he  assumed  as  Abscissa^  to 
which  the  correspotf^dif^  mes  we  ordinatesj^  Ae 
summits  of  these  will  mark  out  the  Cubvjs  qf 

SlJ^ES. 

Let  the  arcs  of  a  circle,  of  which  O  (fig.  20S.)  is  the 
centre,  and  OC  the  radius,  be  extended  along  the  axis  AB» 
and  perpendiculars,  erected  equal  to  the  corresponding 
sines,  will  exhibit  a  line  called  the  Curve  of  Sines* 

This  curve  will  evidently  rise  to  an  elevation  OL  eqnal 
to  the  radius  of  the  generating  circle,  then  descend  from 
its  vertex  till  it  cross  the  axis  at  a  distance  OB,  equal  to 
O  A  beyond  the  centre,  and  form  a  similar  curve  below ; 
it  will  next  reappear  above  the  axis,  and  continue  to  re- 
peat the  same  train  of  convolutions. 

PROP.  I.    PROB. 

To  apply  a  tangent  at  any  point  of  the  Curve 
of  Sines. 

Let  it  be  required  to  draw  a  line  touching  this  curve  in 
the  point  F  (fig.  20S.) 

Assume  the  proximate  pointy^  and  draw  FGI  and^' 

parallel,  and  FE,  GH,  fph  and  gy  perpendicular  to  the 
axis. 
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Hie  dementary  triuigley^F  being  sinilar  to  FET^ 
J^ipV  II  FE :  ET ;  bat,  from  tbe  genesis  of  the  corre, 
the  minate  aqpnent  ^F  is  eqaal  to  the  elementary  arc  O^ 
of  thedrcl^  and  consequently y^  or  gy  :  G^  ::  F£ :  ET. 
Kow  the  elementary  triangle  gyG  is  similar  to  OHO,  and 
gy  :  Gg  : :  OH  :  OG ;  wherefore  FE  :  ET  : :  EH  :  OG, 
and  the  snbtangent  ET  is  hence  given. 

A  simple  construction  results.  Make  OK  equal  to 
OH,  join  CK,  and  paraDel  to  it  draw  FT,  which  will 
be  the  tangent  required.  For  the  triangle  TFE  is  ob- 
viously similar  to  KOC»  and  consequently  FE :  ET  :  : 
OK  or  OH  :  OC  or  OG. 

Cor.  At  the  point  A^  the  cosine  OK  or  OH  is  equal  to 
the  radius  OL,  and  hence  the  curve  at  its  origin  crosses 
the  axis  at  the  inclination  of  half  a  right  angle. 


PROP.  11.    THEOR. 

The  area  of  any  segment  of  the  Curve  of  Sines 
is  equivalent  to  the  rectanglie  under  the  radius  pf 
the  generating  circle^  and  the  corresponding  vers- 
ed sine. 

Tie  space  AEF  (fig  20S«)  inclosed  by  the  portion  of 
die  curve  AF^  and  its  absciss  and  ordinate  AE  and  £F,  is 
equivalent  to  the  rectangle  under  the  radius  OL  and  the 
Tersed  sine  CH. 

For  the  elementary  triangles  Gyg  being  similar  to  GHO9 
Og  or  F^  :  Gy  :  :  OG  or  OL  :  GH  or  FE,  and  conse- 
quently F^'FEsGy.OL,  wherefore  the  eggr^te  of  the 
rectangles  F^,FE  or  of  F^eE  is  equal  to  the  accumulated 
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redan^ef  Gy.OL.  Bat  the  elementary  apacea  F^eE  com- 
pose the  segment  AEF  pf  the  corvei  and  the  rectangles  un- 
der the  radius  and  the  increments  67  make  up  the  rect- 
angle under  OL  and  the  versed  sine  CH*  Wherefore  the 
area  of  the  segment  AEF  is  equivalent  to  the  rectangle 
under  OL  and  CH, 

Cor»  Hence  the  area  of  half  the  curve  AOL  or  OLB 
is  equivalent  to  the  square  of  the  radius  OL  or  OLFD9 
and  the  area  of  the  whole  curve  is  equivalent  to  the  rect- 
angle under  the  radius  OL  and  the  diameter  CD* 


The  Curve  of  Cosines  is  only  a  slight  modification  of  the 
Curoe  of  Sines.  Take  LR  equal  to  the  circular  arc 
LV,  and  make  the  ordinate  RS  equal  to  the  cosine  OI9 
and  the  Curve  of  Sines  will  be  converted  into  a  Curve 
of  Cosines,  commencing  at  the  vertex  L,  and  Redoubling 
along  the  extended  axis  OB, 


If  the  Curve  of  Sines  have  its  ordinates  diminished  or 
augmented  in  the  same  ratio^  it  will  be  changed  into  the 
Harmonic  Curve.  This  mutation  is  represented  in  fig.  204* 
where  the  ordinates  of  the  Curve  of  Sines  are  augmented 
by  one*  third,  and  likewise  subdivided  into  thrte  equal 
portions.  It  is  evident,  that  the  areas  of  segments  of 
these  curves  will  be  changed  in  the  same  ratio;  and  it 
will  also  follow,  that  tangents  drawn  from  any  point  in 
the  axis  to  the  several  curves  will  make  their  contacU  in 
a  stj^aight  line  perpendicular  to  the  axis. 
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XIII.    CURVE  OF  TANGENTS. 

I/fJrom  a  given  point  in  an  extended  line^  segments 
be  taken  equal  to  the  arcs  of  a  given  circle,  and 
perpendiculars  erected  equal  to  the  corresponding 
Tangents,  their  vertices  will  be  in  'ofhat  is  thence 
called  the  Cur  ve  qf  Tangents. 

On  the  extended  line  AB  (fig.  192.)  let  any  portion  AE 
be  taken  eqaal  to  the  arc  C6  of  a  given  circle,  and  from 
the  point  of  section  E  draw  the  perpendicular  EF  equal 
to  the  tangent  CT ;  the  locus  of  point  F  will  be  the  Curoe 
qf  Tangents. 

«     DEFINITIONS- 

1*  The  given  circle  is  termed  the  Generatitig  Circle. 

2.  The  extended  line  AB  is  called  the  Axis,,  any  segment 

AE  being  an  Absciss,  and  the  perpendicular  EF  its.  Qr- 

dinate. 

This  curve  commencing  at  A,  must  evidently,  in  the 
first  quadrant,  shoot  indefinitely  along  the  middle  ordinate 
OM ;  but,  on  the  second  quadrant,  it  will  re-appear  on, the 
opposite  side,  bending  gradually  from  the  ordinate  ON  till 
it  reach  B  at  a  distance  beyond  O  equal  to  AO ;  it  will 
then  stretch  obliquely  upwards,  forming  a  branch  similar 
to  the  portion  at  its  origin,  and  will  afterwards  repeat  the 
same  series  of  unlimited  arcs. 

2  n 
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PROP.  L    PROB. 


To  draw  a  straight  line  that  shall  touch  at  a 
given  point  of  the  Curve  of  Tangents. 

Let  it  be  required  to  apply  a  tangeot  atthe  point  F 

^,  19S.)  of  the  curvje.    Assume  the  proximate  pointy 

and  draw  the  secant /FSs  draw  also  F^  and^  paralld 

to  AO  and  OM>  make  the  minute  arc  Og  equal  to  F^ 

extend  Og  to  meet  CT  in  t^  and  erect  T^  perpendicular 

toOT. 
The  dementaiy  triangle  tTr  being  similar  to  TOC»  it 

follows,  that  T^  :  Tr ::  TO :  OC;  and  CP  being  drawn 
perpendicular  from  the  right  angle  Cy  TO :  OC : :  TC :  CPy 
and  consequently  T/  :  Tr  : :  TC :  CP.    Again,  from  the 

property  of  parallel  and  diverging  lines,  Tr  i  Og  i  : 
TO  :  GO  or  OC ;  but  PQ  being  let  fall  perpendicular  to 
AO,  TO  :  OC : :  CP  :  PQ.  Wherefore^  by  compodtion 
of  ratios,  T^  :  G^ : :  TC :  PQ,  the  elementary  triangle  F^ 
being  similar  to  SEF,  ff  or  ^T  :  F<^  or  Gf  :  :  FE  or 
TC :  ES,  and  consequently  TC  :  PQ : :  TC :  ESy^'and  the 
subtangent  ES  is  equal  to  tha  assigned  part  PQ. 


PROP.  11.    PROB. 

To  find  the  area  of  any  portion  of  the  Curve  of 
Tangents. 

Let  it  be  required  to  measure  the  space  AFE  (fig.  IM.) 
indnded  between  the  curre,  its  axisy.and  an  ordinate  FE. 


CURVE  OT  TANGENTS. 


4fll 


Since  the  elementary  triangle  gGy  is  similar  to  OTC 
Gy  :  G^:  :  CT  :  OT,  and  OT  :  6y  =  CT.G^.  But  the 
minute  arc  G^  is  equal  to  the  difference  F^  of  the  proxi- 
mate dbscisue^  and  CT  is  equak<^  the  ordinate  £F ;  where- 
fore the  rectangle  OT,  Gy  is  equivalent  to  EF,F^  the 
element  of  the  curved  space.  Extend  the  perpendicular 
GH  on  the  opposite  side  till  HL  be  equal  to  OT,  and 
draw  tbe  parallel  gyhl;  the  rectangle  HLJ^  is  hen<^  equi- 
valent to  the  elementary  rectangle  GHAy  of  the  oanrei  and 
therefore  the  space  KCHL  is  equivalent  to  AEF.  But 
OT  or  HL  :  GO  or  OC  :  :  OC  :  OH,  and  HL.OH= 
OC* ;  whence  the  curve  KL  is  a  rectangular  hyperbola,  of 
which  O  A  and  ON  are  the  asymptotes.  This  space*  KCHL9 
the  measure  of  the  curvilineal  area  AEF,  is  thus  given. 

Cor.   Let  the  base  AB  be  denoted  by  25,  the  radios 
OCby  r,  and  the  absciss  AEbyjr;  then  the  orduate  EF 


tsirtaiu^.  Again,  the  curvilineal  spAce  AEF,  b^g 
equivalent  to  the  hyperbolic  surface  KCHL^  is  expressed 
by  r  ldg.(^-^y 
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XIV.    CURVE  OF  SECANT& 

Jf^  from  a  given  point  in  an  extended  Une,  segments 
be  taken  eqiuil  to  the  arcs  of  a  given  circle^  and 
perpendiculars  erected  equal  to  the  correspimding 
Secants,  their  vertices  will  lie  in  the  Curve  of 
Secants. 

On  the  extended  line  AB  (fig.  193),  let  the  segment  AE 
be  taken  equal  to  the  arc  CG  of  a  given  circle,  and  from 
the  point  E  draw  the  perpendicular  EF  equal  to  the  &- 
cunt  OT ;  the  locus  of  F  will  be  the  Cttrve  of  Secants. 

This  curve  will  evidently  begin  at  I,  the  top  of  a  per- 
pendicular AI|  equal  to  the  radius ;  it  will  then  bend  gra- 
dually upwards  till  it  vanishes  into  space  along  the  middle 
perpendicular  OM ;  but  it  will  next  form  a  similar  brandi- 
on  the  other  side  of  OM,  descending  from  indefinite  re- 
moteness till  it  falls  into  K,  corresponding  to  the  point  I. 
These  two  branches  resting  on  the  axis  will  be  repeated 
through  all  the  successive  semicircles: 

DEFINITIONS. 

1.  The  ^ven  circle  is  termed  the  Generating  Circle. 

2.  The  extended  line  AB  is  called  the  Axis,  of  which  any 
segment  A  E  is  an  Absciss^  land  the  perpendicular  £F 
an  Ordinate. 
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PROP.  I.    PROB. 

At  any  point  in  the  curve  of  secants  to  apply 
a  tangent. 

Let  it  be  required,  through  the  point  F,  (fig«  198.)  to 
draw  a  straight  line  that  shall  touch  the  curve. 

ThrOtigh  the  proximate. point/* extend  the  line  of/TS^ 
draw  Ff  andj^  parallel  to  AO  and  OM,  make  the  ele« 
nentary  arc  Gg  equal  to  F^,  project  the  secant  Ogri^  and 
erect  Tr  perpendicular  to  OT. 

It  is  obvious,  thatfp  or  tr  iF^orGg::  EF  or  OT :  SE; 
but,  having  drawn  OR  perpendicular  to  OT  and  meet- 
ing TC,  triTtiiOT'.ORj  and  T^  :  Gg  : :  OT  :  OG 
or  OC  :  :  OR :  CR ;  whence,  by  compounding  these  ana- 
logies, tr  :Gg  i:  OT :  CR ;  and  consequently  OT  :  CB, 
: :  OT :  SE,  and  CR  is  equal  to  the  subtangent  SK 


PROP.  II.    PROS. 

To  find  the  area  of  any  portion  of  the  Curve  of 
Secants. 

Let  it  be  required  to  measure  the  area  of  the  space  in- 
tervening between  the  origin  of  the  curve  (fi^.  193.),  and 
the  ordinate  corresponding  to  the  secant  OT. 

Draw  GN  to  the  extremity  of  the  perpendicular  diame* 
ter  MN,  make  OL :  OH : :  OT :  LP  ^  assume  likewise  the 
proximate  ^ant  O/,  join  gN,  and  make  Ol  :  OH  : : 
Ot :  Ip. 
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.  Considering  the  elementary  arc  Gg  as  coincident  with 
the  tangent  at  G,  the  triangles  ONg  and  LN/  are  sioii* 
lar;  for,  having  the  same  vertical*  angle,  the  angle  NgG 
standing  on  the  arc  GCN  is  equal  to  the  angle  VU 
snfatended  by  the  two  arcs  CG  and  ND»  wiiich  are  toge* 
ther  equal  to  GCN.  Wherefore  NL  :  Ng  or  NG :  : 
UiOg;  but,  from  the  property  of  paraUd  and  diverging 
fiaes,  HL :  NG  : :  OL :  OH,  and  conseqoen^y,  OL :  OH 
::JJ:  Qg.  Now,  by  oonstrodion,  OL:  OH ::  OT:  LP, 
imd  by  identity  of  ratios  OT  :  LP  : :  L2  :  Gg;*  whence 
OT.G^=3LP.L/.  But  the  rectangle  OT.Gg  is  an  dement 
fif  the  curve,  and  therefore  LP.L/,  or  the  minute  space 
PL/jp,  is  likewise  such  an  element  Again,  from  the  pro- 
perty of  paralld  and  converging  lines,  OH :  OG  or  OC : : 
OC  :  OT,  and  OH,OT=OC*  j  but  since  OL  :  OH  : : 
QT  :  LP|  it  fc^ows,  that  the  rectangle  OL^LP  is  equiva- 
lent to  OH.OT,  and  therefore  to  the  square  of  OC  or  CK. 
"Wtierefore  the  curve  KP  is  a  rectangular  or  equilateral 
hyperbola,  which  has  O  for  its  centre,  and  OC  and  ON 
for  its  asymptotes.  The  area  of  a  portion  of  the  curve 
of  secants  is  hence  measured  by  the  hyperbolic  qmce 

KCLP. 

'Scholium.  It  is  evident  that  OL,  the  absciss  of  the  hy- 
perbola, is  the  tangent  of  the  angle  ONL  or  of  half  the 
complement  of  the  arc  CG.  Whence,  if  CG  be  denoted  fay 
a,  OC  by  r,  and  the  ratio  of  the  diameter  to  the  dfcnm- 
ference  of  a  circle  by  1 :  s- ;  the  area  of  the  curve  of  se- 
cants corr^ponding  to  the  arc  CG  will  be  eiqpressed  by 

r'  log,  tan.  — ~ — •    If  a  were  to  mark  the  length  of  the 

4r 

arc  in  degrees,  the  radius  being  reckoned  unit ;  the  ex- 
pression for  the  curvilineal  area  would  become  simply 


CURYB  OF  SECAIiTft.  415 

log.  tan.     -— —  9  the  known  measure  of  the  meridioDal 

extension  according  to  Wrighi's  or  Mercator's  projectioii 
of  the  «phm;.  In  that  deUnefttioUt  where  the  several  me« 
ridiana  are  represented  hy  parallel  lines,  while  the  relative 
proportions  of  the  degrees  of  latitude  and  longitude  are 
pr^pervedi  all  the  vertical  divisions  on  those  meridians  are 
enlarged  in  the  inverse  ratio  of  the  cosine  of  the  latitudCf 
or  ia  the  direct  ratio  of  its  secant  The  length  of  this  ar- 
tificial meridian  is  therefore  as  the  area  of  the  curve  of 
secaotSy  and  is  hence  denoted  by  the  logarithmic  tangent 
pf  an  aro  composed  pf  45  degrees  and  half  the  given  arc. 
The  same  conclusion  is  derived  from  the  prop^ty  of  the 
Trm^tory. 


The  Corves  or  Fignres  of  Sine^  Tangents  and  Secants 
appear  to  have  been  st^gcsted  by  the  mode  which  Edward 
Wright  t9ok  to  form  \Jie  Meridional  Parts,  by  continiially 
adding  the  soccfssive  secants  of  every  minute  of  the  qua- 
drant The  extension  of  the  meridian<  by  his  projectioii 
must  evidently  be  proportional  to  the  area  of  the  curve  of 
secants ;  but  the  beautiful  property  that  this  area  is  express* 
ed  by  the  logarithm  of  the  cotangent  of  the  semi-arc  was 
first  discovered  by  our  famous  countryman  James  QregOfrjf 
and  dempnstrated  in  his  Exercitationes  Geometrka^  pub- 
lished at  London  in  1668. 

These  curves  had  attracted  the  notice  of  Mathematicians 
early  in  the  seventeenth  century,  and  their  general  proper- 
ties were  gradually  brought  into  view.  If,  instead  of  the 
area  themselves,  their  complements  or  supplements  be  as- 
sumed, the  resulting  figures  will  continue  essentiaUy  the 
same,  only  affected  by  slight  changes  in  the  ramification. 
In  the  curv6  of  sines,  the  successive  branches  are  formed 
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equally  on  both  sides  of  the  axis;  in  the  carve  of  cosines, 
a  whole  branch  lies  on  the  one  side  and  two  half  branchea 
occapy  the  other  side  of  the  axis. 

The  Companion  of  the  Cycloid  h  fbndamentally  the  same 
as  the  Curve  of  Sines.  For  through  the  centre  of  the 
generating  circle  draw  (fig.  176.)  AOC  parallel  to  the 
base,  and  let'  OK  be  any  other  parallel ;  ttien  AO  is  equal 
to  the  quadrant  BE,  and  GK  is  equal  to  the  arc  BI; 
consequently  AF  is  equal  to  the  arc  lES,  and  the  perpeiidi>- 
cular  GF  is  equal  to  IH  its  sine.  Wherefore,  on  the  ez- 
taided  axis  AOC,  the  abscisses  being  taken  equal  to  tlie 
arcs  of  the  generating  circle,  the  correq^onding  ordinatea 
are  equal  to  their  sines* 

The  very  ingenious  Dr  Brook  Taylor  discovered  that 
the  Harmonic  Curve,  or  the  curve  which  a  musical  string 
assumes  in  the  act  of  vibration,  is  only  a  prolonged  carve 
of  sines,  having  all  its  ordinates  diminbhed  after  the  same 
varying  ratio*  This  beautiful  result*^  he  demonstrated  in 
his  profound  work  on  Increments,  which  appeared  in  1716« 
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XV.    EQUABLE  SPIRAL. 

J^  a  straight  line  twolve.  unifbrm^  about  its  Mtre^ 
ndty^  a  point  "which  travels  likewise  tm^brmly 
along  it,  will  describe  the  Equable  Spibal. 

Let  (fig.  209.)  the  straight  line  PABCD  turn  always 
uniformly  about  its  extremity  P$  a  poin^  which  advanoei 
along  it  likewise  by  an  uniform  motion  and  arrives  succes- 
sively at  A,  B,  C,  D,  &c.,  and  at  a,  b,  c,  d,  &C.9  will  trace 
out  the  curve  called  the  Equable  Spiral.  * 

DEFINITIONS. 
1.  The  point  P  about  which  the  line  revolves  is  called  the 

Pole. 
3.  The  portion  of  the  revolving  line  intercepted  between 

the  pole  and  the  cui^e  is  termed  a  Radiant. 
3.  The  primary  position  of  the  revolving  line  forms  the 


PROP.  I.    THEOR. 

The  radiant  of  the  Equable  Spiral  ii  propor- 
tional to  the  smgle  which  it  has  described. 

For.  while  the  revolving  line  (fig.  210.)  passes  into  the 
position  PB|  and  measures  out  the  angle  APB>  the  tra- 
cing point  advances  by  a  corresponding  movement  from 


4  IS 


GEOMETRY  OF  CURVES. 


P  to  B ;  the  angular  and  progressive  Bpacea  are  henoe 
proportional  to  the  time  of  descriptiop,  and  thereGwe 
proportional  to  each  other. 

As  the  radiant  continually  augments,  so  the  angle  aboot 
the  pole  acquires  a  similar  increase.  At  every  revolatioiit 
the  radiant  gains  equal  accessions,  (fig.  209.)  AB,  BC,  BD^ 
&c^  and  each  of  these  portions  mnit  be  to  the  radiant  as 
four  right  angles  to  the  elapsed  angle. 

Con.  A  right  angle  being  denoted  by  1,  and  any  other 
elapsed  angle,  whether  greater  or  less  than  a  circuit,  by  p, 
th^.mri'^ponding  radiant  being  expressed  by  B,  while  r 
denotes  the  radiant  of  a  whole  revolution  $  then  wiU 

R  =  r* 


^ 


PROP.  11.    PROB.     . 

To  divide  a  given  angle  into  any  nuodber  of 

equal  parts,  by  help  of  the  Equable  Spiral. 

Let  it  be  required  to  divide  a  given  angle,  suppose  into 
liiree  equal  pans,  by  the  application  pf  this  Spiral* 

Draw  the  radiant  PB  (fig.  210.},  making  with  the  aiis 
of  the  Spiral  an  angle  APB,  equal  to  the  given  angle,  trw 
sect  PB  in  the  points  F  and  O,  and  from  P  as  a  centre 
describe  the  arcs  FH  and  GI,  and  draw  the  radiants 
PH  and  PI,  which  will  divide  the  angle  APB^  into  the 
equal  angles  APH,  HPI  and  IPJ^. 

For,  by  the  hist  proposition,  PA :  PG : :  APB :  APH, 
and  PF  being  the  third  part  of  PA,  the  angle  APH  must, 
be  one-third  of  APB.    Agidn,  PA  :  PG  : :  APB  :  API, 
and  PG  being  two-thirds  of  PA,  the  angle  API  most  like- 
wise be  two-third  parts  of  APB. 


EQUABIX  SPI RAL.  4 1 9 


PROP.  III.    THEOR. 

The  subtangent  to  any  point  of  the  Spiral  is 
equal  to  the  arc  of  a  circle  described  by  the  ra- 
diant. 

If  the  line  BT  (fig.  210.)  touching  the  Spiral  in  the 
point  Bf  be  produced  to  meet  the  perpendicular  PT|  this 
subtangent  will  be  equal  to  the  elapsed  arc  AB^  deacri* 
bed  by  PB  as  a  radius. 

For  draw  the  proximate  radiant  Vb,  and  describe  the 

minnte  arc  F|3.  The  elementary  triangle  Bfib  is  evident- 
ly sinular  to  the  right-angled  triangle  PTB,  and  ther^re 
|3^  the  increment  of  the  radiant  PB,  is  to  |3B,  the  incre* 
ment  of  the  elapsed  arc  ABP»  as  PB  to  PT»  the  snbtan- 
gent ;  bn^  firoBi  the  first  proposition,  fib  is  to  |3Ef  as  the 
radiant  PB  itself  is  to  the  elapsed  arc  AB,  and  conse* 
qaently  PB  is  to  AB  as  PB  to  the  subtangent  PT, 
which  must  thus  be  equal  to  the  elapsed  arc  AB. 

Cor.  Hence  at  the  termination  of  the  firsts  second^  third 
and  fourth,  &c.  revolutions,  the  corresponding  subtanp 
gents  are  as  the  series  of  square  numbers,  If  4y  9,  and  16^ 
A4U I  for  the  second,  third,  fourth,  &c.  subtangents  are 
#qual  to  two,  thre6,  four,  &c.  circumferences,  whose  radii 
are  fit  the  same  time  doubled,  tripled,  quadrupled,  &c.  la 
general,  the  radiant  of  a  complete  revolution  being  deno- 
|ed  by  r,  Uie  angle  elapsed  in  refer^ice  to  a  right  angle 
by  9,  and  the  circumference  of  a  circle  whose  diameter  is 
unit  by  w ;  then  will  the  subtangent  corresponding  to  one 
revolution  be  2Tr,  and  the  subtangent  corresponding  to 
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any  other  polar  angle  will  be  2^r.|— )  =  — .  ^*,  or  ex- 
pressed  in  terms  of  its  radiant  R,  the  sttbtaogent   is 

2 


PROP.  IV.    THEOR. 

If  the  Equable  Spiral  be  divested  of  its  radiating 
structure,  it  will  become  transformed  into  a  para- 
bola of  the  same  corresponding  dimensions. 

Let  there  be  always  taken  (fig.  211.)  half  of  the  subtan- 
gent  PT  for  the  absciss  KM,  and  the  radiant  PB  itself  for 
the  ordinate  ML,  and  a  parabola  will  arise  which  is  equal 
in  every  respect  to  the  Equable  Spiral 

For  draw  the  normal  BE,  and  let  PA  bd  the  directioo 
of  the  axis.  Call  the  radiant  of  the  first  revolution  R,  the 
circumference  of  a  circle  described  by  it  C,  the  circamfe- 
rence  of  the  circle  described  by  the  radiant  PA  being  c* 
From  the  genesis  of  this  Spiral,  c  is  to  the  arc  ABy  or  the 
subtangent  PT,  as  R  Is  to  PA,  and  alternately  c  is  to  R 
as  PT  to  PA ;  but  the  right-angled  triangles  TPB  and 
BPE  being  similar,'  PT  :  PA  :  :  PA  :  P£  •,  and  conse- 
quently c  is  to  R  as  PA  to  PE,  or  alternately  c  is  to  PA 
as  R.  to  PE.  But  the  circumference  c  is  evidently  to  its 
radius  PA  as  C  to  R,  and  therefore  C  :  R  :  :  R :  P£  i 
whence  C  and  R  being  both  given,  the  third  term  PE  of 
the  proportion  is  likewise  a  given  line*  Now,  the  right* 
angled  triangle  TBE  being  divided  by  a  perpendicukr^ 
PB*  =  PT.PE=iPT.2PE;  whence  PB  and  the  half  of 
PT  arc  the  absciss  and  ordinate  of  a  parabola  which  has 
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2P£  for  its  parameter  or  PE  for  its  semiparameter.  In 
this  paral]oIa»  MN  and  MO  are  equal  to  the  tangent 
BT  and  normal  PE,  the  sabtangent  MM  is  double  of  the 
absciss  KM,  and  the  subnormal  MO,  being  equal  to  PE, 
is  the  semiparameter. 

Cirr.  Hence  conversely,  if  the  absciss  KM  of  the  para- 
bola be  divided  into  minute  spaces  K/z,  ab^  be,  &c.  and  or- 
dinates  erected  from  the  points  of  seetion,  and  diagonals 
drawn ;  the  sectors  Kfjjagy  ghh^  &c.  being  placed  together 
aboat  P,  will,  form  the  representing  spiral,  which  must 
therefore  contain  half  the  parabolic  space  KLM. 

PROP.  V.    THEOR. 

The  length  of  a  portion  of  the  Equable  Spiral 
is  the  same  as  that  of  an  arc  of  the  corresponding 
parabola. 

Make  the  circumference  of  a  circle  (fig.  212.)  to  its  ra-* 
dius,  as  the  first  radiant  PA  to  PE  or  MO  the  .semipara- 
meter  of  the  parabola,  in  which  insert  the  ordinate  ML 
equal  to  the  radiant  PB ;  then  will  the  part  of  the  spiral 
line,  sweeping  from  its  pole  to  the  point  B,he  equal  to  the 

parabolic  arc  KiL.  .  . 

» 

For  assume  the  proximate  radiant  P6,  and  make  the  or- 
dinate ml  equal  to  it.    The  elementary  triangles  B/3&  and 

LXZ,  being  similar  to  the  equal  triangles  TPB  and  NLM, 
and  having  also  the  equal  sides  fi>  and  X/,  are  therefore 
equal,  and  hence  the  element  W)  of  the  spiral  is  equal  to 
the  element  L/  of  the  parabolic  arc.  \Vherefore  the 
spiral  branch  PB,  which  results  from  the  addition  of  B6,  is 
equal  to  the  curved  line^KL,  which  likewise  proceeds  from 
the  corresponding  accessions  of  U. 
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PROP.  VI.    THEOR. 


The  space  included  by  a  radiant  of  the  Equable 
l^iral  is  the  third  part  of  the  area  of  the  elapsed 
circular  sector. 

The  space  between  spiral  sweep  and  the  radiant  PB 
(fig.  2l2)y  is  the  third  part  of  the  area  of  the  sector  APB. 

For  the  elementary  triangles  PBi  of  the  spiral  is  evi- 
dently half  of  the  elementary  rectangle  Lm  of  the  parabobt 
and  therefore  the  spiral  space  is  half  of  the  parabolic  seg- 
ment KML,  or  eqo^l  to  the  exterior  segment  KQM,  and 
is  consequently  the  third  part  of  the  circumscribing  rect- 
angle KQML.  But  this  rectangle  is  equivalent  to  the 
sector  APB  $  for  the  side  ML  is  equal  to  the  altitude  FA 
or  PB|  and  KM  is  equal  to  the  half  of  AB  the  circnlar 
base.  Whence,  the  spiral  space  PB  is  the  third  part  of 
the  area  of  the  circular  sector  ABP. 

Cor.  Hence  the  whole  spaces  described  by  the  radiants 
of  the  Equable  Spiral  at  the  end  of  the  ftrstt  second,  thirds 
and  fonrth  revolutions^  &c.  are  as  the  series  of  aqoares 
1^  4|  9, 16|  &c.»  and  therefore  the  intervening  spaces  are 
as  the  successive  odd  numbers  S,  5,  7j  &c. 


PROP.VIL    PROB. 

To  find  the  circle  of  osculation  at  any  point  of 
an  Equable  Spiral. 

Let  it  be  required  to  describe  (fig.  213.)  a  circle  that 
shall  osculate  with  the  Spiral  at  the  point  B. 
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Let  BT  be  the  tangent,  and  BE  its  normal  a^d  ae- 
sume  the  proximate  point  b  and  the  corresponding  tan- 
gent bt  and  normal  be*  The  sabtangenls  being  always 
equal  to  the  elapsed  arcs,  the  excess  ir  of  P^*  above  PT  is 
equal  to  the  excess  of  the  proximate  arc  ab  above  AQ. 
Bnt  this  excess  must  be  composed  of  B^  and  of  the  excess 
of  the  arc  am  above  AB ;  make  ti  equal  to  B/9^  and  join 
T^.     It  is  obvious  that  the  radius  PB  is  to  the  arc  AB  or 

the  subtangent  FT  as  fib  to  r6^  the  excess  of  ate  above 
AB ;  bnt,  the  elementary  triangle  bfi"^  being  similar  to 
BPT»  PB  is  to  PT  as  fib  to  B<s,  which  is  hence  equal 
to  T0^  the  increments  rt  of  the  subtangent  being  thus  dou- 
ble of  r^  or  B/3. 

The  right  angled  triangle  BPT  isv  evidently  similar  to 

T^tf,  and  therefore  BT  :  PT  :  :  /tf ;  Tr,  or  alternately 
BT  :  rtf  : :  PT ;  Tr  %  whence  the  minute  angle  TBtf  is 
equal  to  TP/  or  BP6.  But  this  angle  is  likewise  equal  to 
BE&,  for  the  triangles  "Rfib  and  BPE  being  similar, 
BP :  BE : :  B^ :  Bi,  and  alternately  BP  :  B^s : :  BE  :  B& ; 

wherefore  if  TBtf  had  been  the  whole  increment  whidi  the 
tangential  angle  received,  the  normals  from  B  and  b  would 
have  then  met  in  £,  and  assigned  this  point  as  the  centre 
of  the  osculating  circle*  But  the  angle  made  by  the  tan- 
gent receiving  a  larser  increment  TB^,  the  normals  BE 
and  be  acquire  an  equal  inclination  B5&,  and  therefore  thqr 
unite  sooner  and  indicate  a  greater  curvature* 

Produce  TP  till  £Q  be  equal  to  P£,  and  upon  BE  let 
fall  the  perpendicular  QR.  It  is  obvious  that  the  triangles 
PBE  and  BEQ  are  similar  to  Tr6  and  T6t ;  whence  BE 
is  to  BR  as  T6  to  Tc,  and  as  the  angle  TB^  or  BE&  to 
TBf  or  B56 ;  but  the  angle  BE6  is  to  Hsb  as  BS  to  BE, 
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and  therefore  BE :  BR : :  BS :  BE,  or  alternately  BR :  BE 
: :  BE :  BS. 

Hence  the  centre  of  curvature  is  readily  found ;  for, 
perpendicular  to  the  radiant,  draw  PE  to  meet  the  normal, 
and  produce  it  to  an  equal  distance  EQ,  let  fidi  the  per* 
pendicular  QR,  and  make  BS  a  third  proportional  to  BR 
and  BE ;  the  point  S  is  the  centre  of  the  osculating  circle. 

Cor.  Hence  the  radius  of  curvature  at  any  point  B  of 
this  Spiral,  is  very  nearly  equal  to  a  perpendicular  BV  let 
fidl  upon  the  axis. 


The  Equable  Spiral  was  first  proposed  by  Conon  of 
Samos  to  his  friend  Archimedes,  who  displayed  the  re- 
sources of  his  mighty  genius  in  the  spring  of  Geometrical 
Science  by  disclosing  the  chief  properties  of  the  curve.  It 
is  hence  commonly  named  the  Archimedean  Spiral.  The 
very  curious  property  of  its  assimilation  to  the  Parabola 
was  discovered,  before  the  middle  of  the  seventeenth  cen- 
tury, by  Gregory  of  St  Vincent 
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XVL   HYPERBOLIC  SPIRAL. 

Ifijrom  a  point  in  a  straight  given  hy  position^  arcs 
he  described  of  a  given  lengthy  the  locus  of  their 
extremities  is  the  Reciprocal  or  Hyperbolic 
Spiral. 

Let  AB,  CD,  EF,  &c.  (fig.  214.)  be  arcs  all  oF  the  same 
length  described  from  the  point  P,  their  summits  A,  £, 
&c.  will  mark  out  the  Reciprocal  or  Hyperbolic  Spiral. 

DEFINITIONS. 

1.  The  centre  P  of  the  succdssive  arcs  is  called  the  Pole 
of  the  curve. 

2.  The  straight  line  PF  on  which  those  arcs  are  construct- 
ed  is  called  the  Arts. 

3.  A  straight  line  P£  drawn  to  any  point  B  of  the  curve 
18  a  Radiant^  a  perpendicular  EI  to  the  axis  an  Ordi" 
nate^  the  intercepted  portion  PI  being  the  correspond- 
ing absciss.  ' 

4.  By  an  extension  of  analogy^  a  perpendicular  PT  erect- 
ed from  the  pole  to  meet  a  tangent  AT,  may  be  called 
a  Subtangenf. 

3  £ 
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PItOP.  I.    THEOR. 


The  radiants  of  the  Hyperbolic  Spiral  are  in- 
versely as  the  angles  which  they  make  with  the 
axis. 

Let  (fig.  214.)  PA  and  PC  be  any  two  radiants  of  the 
curve  s  then  PA  will  be  to  PC  reciprocally  as  the  angles 
6PA  and  DPC,  or  as  the  angle  DPC  is  to  the  angle 
CPA. 

For  the  concentric  sectors'  BPI  and  DPC  bemg  stmi- 
lar>  PI  or  PA  is  to  PC  as  the  arc  BI  is  to  the  arc  DC; 
whicbs  from  the  nature  of  the  curve^  is  equal  to  B A ;  con- 
sequently PI  is  to  PC  as  BI  to  BA,  that  is,  as  the  angles 
BPI  or  DPC  is  to  the  angle  BPA. 

Cor.  Hence  a  given  angle  may  be  divided  into  any  Dum- 
ber of  equal  parts.  Thus,  let  it  be  required  to  trisect  the 
angle  APB.  Take  PF=3PB,  describe  the  arc  FE; 
again,  make  PB  :  PD  :  :  2  :  3,  describe  the  arc  DC,  and 
join  PC.  Tlie  three  angles  APC»  CPE  and  EPF  aie 
evidently  all  equal. 

Scholium.  Hence  the  radiants  and  the  angles  which  they 
make  with  the  axis,  stand  in  the  same  relation  to  the  ab^ 
scissa^  and  the  ordinates  of  the  hyperbola  applied  to  the 
asymptote*  The  name  9f  Reciprocal  or  Hyperbolic  Spiral 
is  therefore  sufiiciently  appropriate.  As  the  radiants  ex* 
pand,  they  become  always  less  inclined  to  the  axis  of  the 
curve.  This  spiral  must  hence  bend  continually  to  a  pa* 
rallelism  with  the  axis,  from  which  its  distance  can  never 
exceed  the  length  of  an  arc  AB.  If,  therefore,  a  per- 
pendicular DO  be  made  equal  to  AB,  the  parallel  GH  will 
be  an  asymptote  to  the  curve. 
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PROP.  IL    THiJOIL 

A  subtangent  to  the  Hyperbolic  Spiral,  is  equal 
to  the  length  of  the  constituent  arc. 

w 

Let  AT  (fig.  214.)  t6uch  tlie  curve  at  A  and  meet  PT 
a  perpendicular  to  the  radiant  PA ;  the  segment  PT  will 
be  equal  to  the  length  of  any  intercepted  arc  AB. 

For  assume  the  proximate  radiant  Pa,  and  describe  the 
arc  aaC.  The  right-angled  triangle  APT  is  obviousry 
flimilar  to  the  elementary  triangle  Aua,  and  consequently 
PA  :  PT  : :  a«  :  aA»  or  alternately  PA  :  aa  : :  PT :  aA. 
But  «PB  and  aFb  being  concentric  sectors,  Pa  or  PA  is 
to  Pa  aa  the  arc  aB  to  ab  or  AB»  and  by  division  PA  is 
to  aa  as  AB  to  aA*  Whence^  by  identity  of  ratios^  PT 
is  to  aA  as  AB  to  the  same  aA,  and  therefore  PT  is 
equal  to  the  arc  AB. 

Cor.  Hence  the  tangent  of  the  deflexion  of  the  curve 
from  a  radiant  is  proportional  to  the  angle  which  the  ra- 
diant itself  makes  with  the  axis.  For  AP  being  the  ra- 
dius, PT  is  the  tangent  of  the  deflexion  PAT,  while  the 
arc  AB,  which  is  equal  to  it,  measures  the  angle  BPA. 

PROP.  III.    THEOR. 

« 

Any  sector  of  the  Hyperbolic  Spiral  is  equiva- 
lent to  half  the  rectangle  under  a  radiant  and  the 
length  of  the  constituent  arc. 

The  space  inclosed  from  the  origin  of  the  curve  to  the 
radiant  PA  (fig.  214.)  is  equiyalent  to  half  of  the  rectan- 
gle under  thi)  radiant,  and  AB  or  P6. 
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For  draw  the  proximate  radiant  P«,  and  from  the  pole 
describe  the  minute  arc  a&,  and  erect  PT  perpendicular 
to  the  tangent.     The  elementary  triangle  APa  is  eqaivE- 
lent  to  half  the  rectangle  under  its  base  PA  and  the  al- 
titude aA  ;  but  the  right-angled  triangle  Ana  being  eri- 
dently  similar  to  PAT,  PA :  PT  : :  aa  :  aA,  and  PT.a» 
=  PA.eKA.     Wherefore  the  elementary  triangle  APa  is 
equivalent  to  half  the  rectangle  under  the  constant  subtan- 
gent  PT  and  Aa  the  increment  of  the  radiant.     The  col- 
lective amount  of  APa^  or  the  spiral  space  limited  by  the 
radiant  PA,  is  hence  equivalent  to  half  the  rectangle  un- 
der PT  and  the  whole  extent  of  the  spiral  from  its  origiOf 
or  equivalent  to  the  right-angled  triangle  APT. 

Cor.  Hence  the  spiral  space  included  between  the  ra- 
diant PA  and  PC,  and  between  this  and  the  radiant  PE, 
are  equivalent  to  the  rectangles  under  PT,  and  the  ex- 
cess of  PC  above  PA,  and  of  PE  above  PC- 


PROP.  IV.     THEOB. 

If  the  Hyperbolic  Spiral  were  divested  of  its 
radiating  structure,  it  would  be  converted  into  an 
equal  Logarithmic  Curve,  having  the  same  sub- 
tangent,  but  the  radiants  changed  into  ordinates. 

If  the  radiants  PA  (fig.  214.)  were  placed  perpendicu- 
larly to  the  base  CA  (fig.  170.)  and  at  mutual  intervals 
equal  to  aa,  their  summits  would  range  in  a  Logarithmic 
Curve  representing  the  Hyperbolic  Spiral. 

For  the  elementary  triangles  Aaa  and  mpM  would  evi* 
dently  be  equal,  and  likewise  the  right-angled  triangles 
APT  and  MBR ;  consequently  the  subtangent  BB  would 
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be  equal  to  PT  and  therefore  constant,  which  U  a  distin* 
guishing  property  of  the  Logarithmic  Curve. 

The  length  of  thi«  cunre  is  hence  equal  to  that  of  the 
Hyperbolic  Spiral,  and  the  intenral  between  two  ordi- 
nates  is  equal  to  the  arc  intercepted  between  the  corre- 
sponding radiants.  The  area  of  the  Logarithmic  Curve, 
however,  is  double  of  the  corresponding  space  in  the  spi- 
ral ;  for,  being  equivalent  to  the  rectangle  under  BM  and 
BR,  it  is  double  of  the  triangle  MBR  or  APT,  the  mea- 
sure of  the  space  described  by  the  radiant  PA. 


The  Hyperbolic  Spiral  appears  to  be  the  invention  of 
James  Bernoulli.  Its  properties  are  not  numerous,  but 
they  serve*  to  mark  the  contrast  and  analogy  of  a  class  of 
related  curves.  The  Logarithmic  Spiral  had  been  de- 
monstrated in  the  Principia  to  be  the  Trajectory  which 
corresponds  to  an  attractive  force  inversely  as  the  cube  of 
the  distance.  James  Bernoulli  discovered  that  the  Hyper- 
bolic Spiral  would  have  answered  the  same  law.  Such  is 
the  confusion  which  would  have  resulted  in  the  System, 
whether  the  planets  were  scattered  by  spreading  convolu- 
tions, or  were  carried  away  nearly  in  determinate  direc* 
tions  through  boundless  space. 
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XVIL    LOGARITHMIC  SPIRAL, 

ff  an  extended  straight  line  turn  tmyhrmfy  about 
its  extremity^  a  point  which  is  carried  along  it, 
with  a  celerity  proportioned  to  the  distance  Jrom 
that  centre,  will  describe  the  Logistic  or  Logj- 
BiTHUic  Spiral. 

Let  the  indefinite  line  (fig.  215.)  PALY  revolve  oai* 
formly  about  a  fixed  point  P,  while  another  point  A 
either  advances  or  recedes  on  that  line,  hot  with  a  oeieriljr 
always  as  its  distance  from  the  oonaioD  centre  <^  motion ; 
it  will  trace  out  the  Logistic  or  LogarUhmic  Spiral. 

When  the  point  A  advances  along  the  revolving  liaei 
it  i^  obvious,  that  the  spiral  most  swell  eontiniially  ont* 
wards ;  but  when  that  tracing  point  recede%  the  curve  will 
perpetually  contract  in  a  constant  appwttimation  to  the 
centre. 

DEFINITIONS. 

I.  The  centre  of  revolution  is  called  the  Pole  of  the  Lo- 
garithmic Spiral. 

d.  Any  straight  line  drawn  from  the  pole  to  a  point  in  the 
curve  is  called  a  Radiant, 

S«  The  complement  of  the  angle  which  a  tangent  makes 
with  the  corresponding  radiant  is  termed  the  Angle  of 
Deflexion. 


i_ 


Radiants  which  form  equal,  angles^ ,  about  the 
pole  of  the  Logarithmic  Spiral,  ^e  continued 
proportionals. 

Let  (fig.  215.)  the  polar  angles  ABP,  BPC,  CPD,&c.  be 
all  equal ;  then  will  PA  :  PB : :  PB :  PC  :  :  PC  :  PD,  &c. 
For  make  PxsbPA,  Py =PB,  Pr = PC,  &c.  Since  the  an- 
f^im  of  revobdon  are  equal,  the  linear  spaces  xBf  ycy  zdf 
dcc^  described  in  the  same  time,  by  the  motion  oFthe 
point  along  the  radiant,  must  be  proportional  to  the  dis- 
tances Px,  F^,  Vzf  from  the  pole  ;  or  P^ :  jfB  :  :Py  :  yC 
I  I  Vzi  zD.  Whence  by  composition  Pa?  or  PA  s  PB  t : 
Vy  or  PB  2  PC  J :  P«  or  PC  :  PD,  &c. 

Cor.  ).  It  is  evident,  that  if  equal  angles  A  Pi,  6Pc,  cPdi 
8cc.  be  retraced,  the  radiants  PA,  P6,  Pc,  P^^  ftc.  wQl 
firm  a  descending  progression  which  is  likewise  in  conti- 
noed  proportion. 

Cor.  2«  The  angles  about  the  pole  are  thus  the  logarithms 
of  the  ratios  of  the  successive  radiants,  and  hence  the  naaoie 
bestowed  on  this  curve. 

PROP.  II.    THEOR. 

The  tangent  at  any  point  of  the  Logarithmic 
Spiral,  makes  a  given  angle  with  the  correspond- 
ing radiant. 

Let  the  straight  line  AT  (fig.  216.)  touch  this  spiral  at 
the  point  A ;  then  will  the  angle  PAT  haVe  invariably 
the  same  magnitude. 
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For  ocsttining  another  radiant  PB,  draw  the  pronmate 
radiants  Pa  and  Pb^  making  equal  elementary  angles  APa 
and  BP6)  and  describe  the  minute  arcs  A»  and  B|3. 

Since  the  angles  APa  and  BVb  are  equal,  the  radiants 

PA  and  PB  must  have  received  increments  cuz  and  /36  pro- 
portional to  themselves ;  but  the  elementary  sectors  being 

similar,  PA  is  to  PB  as  the  minute  arc  Aa  to  Ej|3«  Where- 
fore Acs  :  B/3:saa:j36,  and  alternately  A«  laaii  B^:^; 
consequently  the  right«angled  triangles  Ana  and  B|36 
are  similar^  and  the  angle  Aatt  is  equal  to  Bi(3.  Whence 
the  tangents  at  A  and  B»  which  indicate  the  flexnres  of 
the  Spiral,  make  equal  angles  with  their  corresponding 
radiants  PA  and  PB. 

Cor.  Hence  the  angle  APB  exhibiting  the  logarithm  of 
the  ratio  of  PA  to  PB,  if  PA  represent  unit,  the  arc  AC 
described  from  P  will  express  the  kig^thm  of  the  ra- 
diant PB. 

Scholium.  It  is  obvious  that  the  greater  is  the  oUiqiiity 
of  this  spiral,  the  more  rapidly  will  its  radiants  acquire  ex- 
tension. While  the  logarithm  of  PA  receives  the  incre- 
ment A«,  the  radiant  itself  gets  the  accession  esa  $  but  cur 
is  to  to  aA  as  radius  to  the  tangent  of  the  angle  flkxA  or 
PAT,  which  the  curve  makes  with  the  radiant,  and  con- 
sequently the  tangent  of  this  angle  indicates  the  modulus 
of  the  system  of  logarithms  which  belongs  to  the  particu- 
lar spiral. 

The  scale  of  these  logarithms  depends  thus  on  the  mag- 
nitude of  the  tangential  angle.  When  that  angle  is  half 
a  right  angle,  as  in  fig.  216.  the  subtangent  PT  being  now 
equal  to  the  radiant  PA,  the  spiral  will  exhibit  the  ATa- 
tural  Logarithms.  In  general,  if  PA  denote  the  unit,  the 
corresponding  subtangent  PT  must  express  the  moduba 
of  the  System  of  logarithms. 
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Let/  denote  iWUuigwt  of  the  angle  PAT»  read  Retiy 
two  radiants  PA  and  PB»  a  the  measure  in  degrees  of . 
their  indoded  angle  APB»  and  r  the  circamlerenee  of  a 
drele  whose  diameter  is  1 :  then  the  natural  logarithm  of 


H  a 

—  3C9?.  Tzr^^  Suppose  the  carve  to  cut  its  radiants  at  half 

r  180 

p 
right  angles^  and  the  natural  logarithms  of  — j  at  the  end 

of  a  half  or  of  a  whole  revolution  will  be  3.1415926  and 

6.283 185Sy  the  ordinary  logarithms  being  1.3643761  and 

9.7287537.     Whence  in  this  species  of  the  curve,  the 

radiants  would  be  multiplied  ia  a  lialf  revolution  23,1478 

timess  and  in  a  whole  arc  535,4916  times ;  and  it  is  easy 

to  compute  that  they  would  be  doubled  at  every  polar 

angle  of  S9^  42'  46^^4.    In  like  manner,  it  might  be  shown, 

that  the  radiants  are  doubled  only  at  the  end  of  an  entire 

eircoit,  when  the  angle  of  deflexion,  or  the  complement  of 

the  obliquity  of  the  spiral,  is  6*  17^41'^,  but  doubled  at  each 

revolotion  when  that  angle  is  12*  26^  30'^ 


PROP.  III.    THEOR. 

The  space  linodted  by  a  radiant  of  the  Logarith- 
mic Spiral  is  equivalent  to  half  the  right-angled 
triangle  formed  by  that  radiant,  the  perpendicu- 
lar to  it  drawn  through  the  pole,  and  the  cor- 
reapondiiig  tangent. 

If  PT  (fig.  211.)  be  drawn  at  right  angles  to  PAf  and 
meeting  the  tangent  AT ;  the  sectoral  space  from  the  ori- 
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ffH^f  t|#  9tM  toU^r^Omt  FA  will  t|eii»tf  of  tJbe  trim- 
gteAPT. 

I^t  Pa  hQ  a  proxiiaate  mUiipU.wd  9^  pArdM  lo 
APs  wbw  the  ieoloral  vpaoe  beoon^^s  augeieiitied  by  tikt 
elementary  triangle  APa,  the  right-angled  triai^le  APT 
erected  upon  the  radiant  PA  passes  into  a  similar  triangle 
erected  upon  Pa  or  the  approximating  perpendicular  ap. 
The  triangle  APT  therefore  acquires  the  increment  PAop 
or  APflep,  of  which  the  increment  APa  of  the  sectoral 
space  is  evidently  the  one  half. 

Cor.  1.  Heno^PA  is  to  PT  as  ^PA*  to  the  space  from 
the  origin  of  the  spiral  to  the  radiant  PA,  and  therefore 
4AP  is  to  PT  as  PB^— PA>  to  the  space  included  belireen 
any  two  radiants  PA  and  PB. 

Cor.  2.  If  the  spiral  traverse  its  radiants  at  half  right 
angles,  (fig.  216.)  the  triangle  APT,  having  equal  skfes 
PT  and  AT,  will  contain  half  the  area  of  the  square  of 
PA,  and  consequently  the  sectoral  space  will  be' equivalent 
to  a  square  described  upon  the  half  of  the  radiant  PA. 

PROP.  IV.    THEOR. 

The  length  of  the*  Logarithmic  Spiral  frooi  its 
origin  is  equal  to  the  tangent,  limited  by  a  per- 
pendicular to  the  terminating  radiant  through  the 
pole. 

The  curve  winding  from  the  pole  to  A,  (6g.  2U.)  is 
equal  to  the  tangent  AT,  as  determined  by  PT  drawn  at 
right  angles  to  PA. 


For  t&e  demeittiirjr  triangle  Aoi^'being'shiiiUir  toTPA» 
A/i  w  to  flui  as  PT  to  PA }  bat  PA  is  oonsposed  of  the  incre* 
ments  (ta,  and  consequently  PT  must  be  the  accumulation 
of  Aa,  which  generates  the  extension  of  the  curve.  The 
spiral  convolution  from. the  po)e  tp  A.ip  therefore  equal 
to  the  tangent  PT. 

Cor.  Hehca  tbo  sectoral  space  is  equivalent  to  tbe  rect- 
angle under  the  length  of  the  spiral  arc,  and  the  fourth  of 
the  perpendicular  PD  let  fall  from  the  pole  upon  the  tan- 
gent AT.  For  this  sectoral  space,  being  half  of  die  area  of 
the  triaqgle  APT,  is  tliere&re  equivalmit  to  the  rectangle 
under  the  perpendicular  PD  and  tbe  fourth  part  of  tke 
base  AT. 


PROP  V.    THEOR. 

The  radius  of  curvature  at  any  point  of  the 
Logarithmic  Spiral  i$  the  normal. 

Let  AN  (fig.  2 11 .)  be  <lrawn  at  right  angles  to  the  tan* 
gent  AT>  and  meeting  tbe  extension  of  a  perpendicular 
PT  to  tbe  radiant  PA  in  N ;  this  point  N  is  tbe  ceptre 
of  the  circle  oscnlating  at  A. 

For  assume  tbe  proximate  point  a,  and  join  aN.    The 

rigbt-angled  triai^le  APN  is  evident^  similar  to  Aaa,  and 
oemequently  PA :  N A : :  Aa  :  Aa,  or  alternately  PA  :  A» 
: :  NA :  Ka.  Wherefore  tbe  elementary  sectors  APos  and 
ANa  are  similar,  and  consequently  the  angle  APa  or  APa 
it  equal  to  ANa.  But  since  tbe  tangential  angle  remains 
ooBstant,  tbe  normals  from  A  and  a  must  have  the  same 
inclination  as  the  radiants  PA  and  Va  \  whence  aN  is  a 
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ndrmal)  and  the  point  N,  where  those  perpendicnfaun  AN 
and  dH  meet,  is  the  centre  of  the  cirde  which  oncnlafi^ 
at  A. 

* 

PROP.  VL    THEOR. 

The  Involute  of  the  Logarithmic  Spiral  is  the 
same  curve. 

If  a  diread  lapped  about  the  Logarithmic  Spiral  from 
P  to  A  (fig.  317,  and  218.)  be  unfolded,  it  will  prodoce 
the  very  same  curve. 

.For  the  developed  line  AT  is  evidently  the  radios  of 
the  circle  osculating  the  involute  at  T ;  and  consequently 
its  tangent  TV  is  a  perpendicular  to  AT.  Wherefore  the 
angle  PTV  is  the  complement  of  PTA,  and  is  hence  equal 
to  the  given  tangential  angle  PAT.  But  such  is  the  cha- 
racteristic property  of  the  Logarithmic  Spiral,  and  conse- 
quently this  involute,  expanding  with  the  same  angle,  is 
only  a  copy  of  the  original  curve,  though  extended  farther 
in  the  ratio  of  its  radiant  PT  to  PA. 

Scholium.  The  Logarithmic  Spiral  may  be  described  me- 
chanically, by  help  of  an  instrument  founded  on  the  prin- 
ciple of  the  equality  of  the  angles  which  this  curve  makes 
with  its  radiants.  A6  (fig,  208.)  is  a  straight  bar  of  brass, 
three  quarters  of  an  inch  broad,  one-eighth  thick,  and  per- 
haps a  foot  in  length.  It  Is  divided  longitudinally  by  a 
groove,  and  terminated  by  a  circular  piece  CDE,  within 
which,  a  smaller  circle  of  bell-metal  is  lodged,  having  a 
steel  wheel  with  a  sharp  edge  and  about  one  quarter  of  .an 
inch  in  diameter,  implanted  in  the  centre  at  right  angles 
to  its  plane.     The  quadrant  CD  is  marked  with  fine  di- 
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visiaoMf  and  the  iaterior  drcLe  being  tnrned  into  anj  gWea 
obliqae  direction  is  then  secured  by  the  pressure  of  two 
opposite  screws.  A  strong  pin  P  being  stucic  into  the 
drawing  boardt  and  the  groove  of  the  ruler  passed  over 
itf  the  head  A  is  made  to  advance  under  a  gentle  pres- 
snre,  the  wheel  shaping  its  progress  while  BE  glides  close 
along  P. 

This  instrument  would  evidently  be  of  considerable  use 
to  Architects,  for  describing  Scrolls  and  Folutes^  which  in 
ordinary  practice  are  not  drawn  after  any  correct  principle. 
The  circle  CDE  is  the  same  with  that  which  commonly 
occupies  the  origin  of  the  Volute. 

But  a  very  near  approximation  to  the  Logarithmic  Spi- 
ral may  be  derived  from  the  remarkable  property, — that 
the  normal  is  always  equal  to  the  radius  of  curvature — by 
connecting  the  similar  minute  arcs  of  successive  circles.  Let 
a  circuit  (fig.  219.)  be  divided  into  any  number  of  equal 
angles  APB,  BPC,  CPD,  &c.  about  the  point  P.  Begin- 
ning from  the  point  A,  draw  Aa  parallel  to  PF  next  the 
opposite  radiant  PG,  to  meet  the  perpendicular  PD,  and 
from  a  with  the  radius  aA  describe  the  arc  AB  ;  now  draw 
B6  parallel  to  PG  next  its  radiant  PH  to  meet  the  per- 
pendicular P£  in  bf  from  which  point  with  the  radius  bB 
describe  the  arc  BC.  Continue  this'  process  by  describing 
arcs  from  the  successive  centres  c,  d^  €y  &c.  It  is  evident 
that  AOf  Bbj  CCf  Dd^  &c«  are  normals  or  perpendiculars 
to  the  tangents  at  A,  B,  C«  D,  &c.  These  points  are  hence 
accurately  assigned*  and  the  small  aberrations  of  the  Spiral 
arising  from  the  sudden  changes  of  curvature  could  easily 
be  corrected  by  a  slight  touch  of  the  pencil  at  the  various 
inflexions. 

It  is  manifest  that  the  centres  a,  by  c,  dy  &&  of  the  os- 
culating circle  will  mark  out  theEvolute  of  the  curve,  which 
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is  the  vely  sttttie  Spii^U  though  diffisrently  pUced  atid  1 
developed. 

The  figure  thus  produced  by  a  successiofi  of  coalescent 
arcs  described  firom  a  series  of  interior  centres,  exactly  re- 
sembles the  general  form  and  the  elegant  septa  of  the  Nam' 
titusj  which  might  be  adopted  with  great  effect  in  many 
architectural  ornaments. 


Hie  Logarithmic  Spiral  was  first  incidentally  noticed  by 
the  illustrious  Des  Cartes,  who,  irith  his  usual  acutettess 
and  rapidity,  discovered  its  principal  features, — the  equality 
of  the  angles  which  the  curve  makes  mtia  its  radiants,  and 
the  constant  ratio  of  its  whole  preceding  length  to  any  ra- 
diant. The  profound  sagacity  of  Newton  arrived  at  the 
remarkable  conclusion,  that  had  (he  force  of  gravitatioti 
been  inversely  as  the  cubff  instead  of*  the  square  of  the  dis- 
tance, the  planets  would  have  all  shot  ofi^  from  the  sun  in 
•diffusive  Logarithmic  Spirals,  the  eye  of  science  thus 
catching  a  glimpse  of  that  High  Design  which  presides  in 
the  actual  constitution  of  the  Universe.  James  Bemoolli 
investigated  the  more  abstruse  properties- of  this  G^ind, 
and  was  delighted  with  contemplating  \X»  perpetual  renat- 
cence^  or  its  faculty  of  reproducing  constantly  the  same 
curve,  though  transformed  by  evolution,  or  changed  into  a 
caustic,  either  of  reflexion  or  of  refractioil.  Wariiled  vrtth 
the  enthusiasm  of  genius,  he  desired,  in  imitation  of  Archi- 
medes, to  have  the  Logarithmic  Spiral  engraved  on  his 
tomb,  and  directed,  in  allusion  to  the  sublime  tenet  of 
the  Resurrection  of  the  Body,  this  emphatic  inscription 
to  be  affixed-^EADEM  Mdtata  Rescjroo. 
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Note  l..^-Page  184. 

Thb  three  books,  of  which  this  first  treatise  consists,  are 
designed  to  exhibit  a  distinct  and  comprehensive  view  of  the 
mode  by  which.the  Greek  geometers  conducted  their  Analysis. 
For  that  purpose,  I  have  chosen  a  series  of  propositions,  at  first 
extremely  simple,  but  gradually  rising  in  difficulty  as  the  train 
of  investigation  proceeds.  The  first  book,  being  rather  of  a 
miscellaneous  nature,  is  drawn  from  a  variety  of  sources,  and 
now  contains  a  copious  collection  of  the  most  interesting  pro- 
blems. The  31  St  and  S2d  Propositions  exhibit  the  different 
analyses  of  the  two  problems  so  famous  in  the  Platonic  school 
-— ^Ae  irUedion  of  an  angle — and  the  duplication  of  the  eube'^ 
which  led  immediately  to  the  cultivation  of  the  higher  geome- 
try. 

In  the  second  and  third  books,  I  have  endeavoured  to  com- 
prise all  that  relates  to  the  ancient  analysis  in  its  most  improv- 
ed state,  as  extended  by  the  labours  of  Apollonius  and  his 
illustrious  contemporaries.  Without  omitting  any  material 
proposition,  I  have  yet  avoided  the  prolixity  of  pursuing  in 
detail  their  numerous  subdivisions.  Our  system  of  modern 
education,  embracing  such  a  wide  range,  would  scarcely  in- 
deed afford  leisure  for  indulging  in  those  easy  tasks. 

The  method  of  analysis,  so  deservedly  valued  in  the  ancient 
schools,  was  regularly  studied  after  the  Elements  of  Geometry. 
According  to  Pappus,  it  consisted  of  eight  distinct  treatises : 

1.  The  Data — Tn^t  r»9  itimiwf^^in  a  single  book  oi  consi- 
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derri>Ie  length,  but  containiag  propotitions  only  of  the  feiy 
simplest  kind. 

2.  The  Section  of  Ratio^^fn^l  x»yit  Mwflftic-^in  two  books, 
which  Dr  Halley,  with  much  sagacity  and  incredible  labooTf 
restored,  from  a  MS.  in  the  Bodleian  library.  The  object  of 
the  tract  was  the  solution  of  this  problem,  branched  out  into 
a  multitude  of  cases,  and  marked  with  various  limitations : 
**  Through  a  given  point  to  draw  a  straight  line  intercepting 
segpxients  on  two  straight  lines  which  are  given  in  position, 
from  given  points  and  in  a  given  ratio.'*  It  forms  the  first 
four  propositions  of  the  second  book. 

3.  The  Section  ofSpace^'^^i  X^i^  mfrflfAnf^in  two  books. 
Of  these  no  vestige  remained ;  but  Dr  Halley,  guided  by  a 
few  hints  from  Pappus,  very  successfully  exerted  his  ingenui- 
ty in  divining  the  original  structure.  It  was  proposed — 
*<  Through  a  given  point,  to  draw  a  straight  line  cutting  off 
segments  from  given  points  on  two  straight  lines  given  in  posi* 
tion,  and  which  shall  contain  a  rectangle  equal  to  a  given 
space."  This  occupies  the  propositions  from  the  5th  to  the 
10th  inclusively  of  the  second  book. 

4.  The  Determinate  Sectioti — ri^i  ^m^tvfUwm  *\fjA$ — ^in  two 
books.  These  were  also  lost ;  but  Dr  Simson,  assisted  by  the 
attempts  of  Schooten,  has  restored  them  in  the  most  luminous 
manner.  Their  object  was — <<  To  find  a  point,  the  rectangles 
or  squares  of  whose  distances  from  given  points  in  the  same 
straight  line  should  have  a  determined  ratio.  They  form 
Prop.  10. — 18.  Book  II. 

5.  Inclinations — ti^*  nwtmf — ^in  two  books.  It  was  proposed 
— <<  To  insert  a  straight  line,  of  a  given  magnitude,  and  tend- 
ing to  a  given  point,  between  two  lines  which  are  given  in 
position.''  This  problem  was  restored  by  Marinus  Ghetaldus, 
a  patrician  of  Ragusa;  and  other  investigations  were  given  by 
Hugo  d'Omerique,  in  his  ingenious  treatise  on  Geometrical 
Analysis,  printed  at  Cadiz  in  1698.  Two  solutions  of  the  case 
of  the  rhombus,  remarkable  for  their  elegance,  appeared  in 
the  posthumous  works  of  Huygens,  who  was  imbued  with  the 
finest  taste  for  the  ancient  geometry.  I  have  condensed  the 
whole  in  Prop.  24—30.  Book  II. 
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6.  Tangeneiei'-'-^i  Im^^— ^id  two  books.  Of  this  tract 
only  some  lemmas  were  preserved^  which  eoabled  the  cele- 
brated Vieta  in  a  great  measure  to  restore  it.  Some  of  the  cases 
which  had  escaped  him  were  solved  by  Marinus  Ghetaldus ; 
and  farther  improvements  were  made  in  1612,  by  Alexander 
Anderson  of  Aberdeen,  an  ancestor  of  the  Gregorys,  The 
general  problem  occupies  the  remainder  of  the  second  book. 

7.  Plane  Lod^-^wi^iMietn  nri^^v — in  two  books.  The  ob- 
ject was— *<  To  find  the  conditions  under  which  a  point,  vary* 
ing  in  its  position,  is  yet  confined  to  trace  a  straight  line  or  a 
circle  given  in  position."  This  beautiful  train  of  investigation 
was  partly  restored  by  Schooten  in  1650,  though  after  a  sort 
of  algebraical  form.  The  ingenious  Fermat  succeeded  in  be- 
stowing greater  simplicity  on  the  subject.  But  all  these  at- 
tempts have  been  eclipsed  by  Dr  Simson,  whose  treatise  De 
Locu  Plam$9  published  at  Glasgow  in  ITiQ,  is  a  model  of  geo- 
metrical strictness  and  elegance.  The  first  21  propositions  of 
the  third  Book  include  all  the  principal  theorems,  which  1  have 
selected  with  additions.- 

The  six  preceding  branches  of  analysis  were  all  the  crea- 
tion of  ApoUonius  of  Perga,  the  most  assiduous  and  inventive 
of  the  Greek  geometers. 

8.  Porinnf— sn^j  tm  ir$^u^Sf — ^in  three  books,  composed 
by  Euclid.  No  trace  of  these  now  remains,  except  some  ob- 
scure hints  of  Pappus,  rendered  still  more  perplexed  by  the 
corrupt  and  mutilated  state  of  his  text.  The  subject  had 
long  proved'an  senigma  which  it  baffled  the  efforts  of  the  ablest 
and  most  learned  mathematicians  to  unravel.  Fermat  advan- 
ced some  steps ;  but  the  honour  of  completing  the  discovery 
was  reserved  for  our  countryman  Dr  Simson,  whose  restora- 
tion of  the  Pori&ms  was  given  to  the  scientific  world  in  1776, 
in  a  posthumous  volume,  printed  at  the  expence  of  the  late 
Earl  Stanhope.  From  that  work  I  have  extracted  what  seem- 
ed the  best  suited  to  my  purpose;  and  I  have  likewise  availed 
myself  of  the  judicious  remarks  and  illustrations  of  my  late 
distinguished  and  most  lamented  colleague,  Professor  Playfair. 
These  porisms,  with  some  additions,  are  contained  in  Prop. 

22-32.  Book  III. 

2  F 
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The  remaining  propoeilioDS  of  the-  Uurd  book  relate  to  .the 
subject  Isoperimeters  i  which  I  have  treated  with  t|ie  concise* 
ne68  of  the  moderns,  without  departing,  1  hope,  from  the  ri- 
gour of  the  ancient  geometrj. 

Note  2 Page  43. 

It  is  obvious,  that  Prop.  28.  is  the  same,  as  to  find  the  inter- 
section of  a  given  ellipse  with  a  straight  line  given  by  position. 
The  analysis  of  this  problem,  it  may  be  observed,  brings  out 
the  fundan)ental  property  of  Lines  of  the  Second  Order  ;  as 
the  composition  furnishes  another  demonstration  of  the  equa- 
lityof  the  transverse  axis  to  the  sum  or  difference  of  radiants 
from  the  Jbciy  which  may  be  extended  analogically  to  the  pa- 
rabola. 

Note  S.— Page  45. 

This  proposition  is  only  a  very  limited  case  of  the  general 
problem  of  inclinatioyis^  which  occupies  inclusively  from  the 
24th  to  the  30th  Propositions  of  the  Second  Book  of  Analysis. 
The  construction  given  in  the  text  is  immediately  deduced 
from  the  second  solution  of  Prop.  SO.  Book  11. 

Note  4. — Page  49. 

This  and  the  next  problem,  which  has  been  ascribed  to  a 
response  of  the  Delian  oracle,  called  forth  the  powers  oT  the 
ancient  analysis,  and  transcending  the  limits  of  elementary  con- 
struction, led  to  the  discovery  of  some  of  the  higher  curves, 
and  essentially  contributed  to  the  extension  of  geometrical 
science.  For  the  trisection  of  an  angle,  Nicomedes  proposed 
the  conchoidy  the  properties  of  which  are  explained  in  the 
Treatise  of  the  Higher  Curves.  An  elegant  solution  of  the 
problem  is  given  in  Newton's  Universal  Arithmetic,  by  means 
of  an  hyperbola  whose  asymptotes  form  an  angle  of  120*.  It 
constitutes  Prop.  25.  Book  II.  of  the  Geometry  of  Lines  of  the 
Second  Order. 
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Vote  5»f^PBge  5l» 

In  this  proposttioRy  i  have  condensed  and  endeayoured  to 
ih&plify  the  fine  speculations  of  the  Greeks,  respecting  the 
duplication  of  the  cube.  The  first  analysis  is  that  given  by 
HerOy  in  his  Mechanical  Institutions  ;  and  the  variation  of  it 
was  proposed  by  Philb  of  Byzantium.  The  second  analysis  of 
the  problem  was  given  by  Nicomedes,  and  the  third  by  Pap- 
pus of  Alexandria.  In  the  first  and  second  methods,  the  solu- 
tion may  be  performed  by  the  conchoid  ;  in  the  third,  it  is 
efiected  by  the  cissoid  of  Diodes,  as  demonstrated  in  the  Trea- 
tise of  the  Higher  Curves.  Menechmus  solved  the  problem 
in  two  ways-^— either  by  combining  two  parabolas — or  by  com- 
bining a  parabola,  with  a  rectangular  hyperbola.  It  forma, 
Prop.  24.  Book  IL  Geometry  of  Lines  of  the  Second  Order. 

Note  6. — Page  85. 

This  theorem  is  the  only  one  supplied  by  the  Data  of 
Euclid.  Since  the  angle  BDF  is  half  of  the  angle  ABC, 
and  DB  :  BF : :  A  :  tan  BDF,  it  follows  that,  472  .  tan  i  ABC:  : 
(  AB+  BC)' — AC^ :  area  of  the  triangle,  or,  by  decomposition, 
R  :  tan  iABC  : :  (AB  +  BC  +  AC^  (AR+RC-AC^  ^  „^^ 

of  the  triangle.  It  hence  follows  (hat,  assuming  the  for- 
mer notation,  T=zs{s — AC)  tan  ^ABC.  This  property  is  a- 
dopt^d  in  the  last  edition  of  the  Elements  of  Plane  Tr^ono- 
metry. 

Note?.*— Page  101. 

This  and  the  six  preceding  propositions  include  those  cases 
of  the  problem  of  inclinations  which  admit  of  an  elementary 
construction.  The  first  solution  is  borrowed  from  the  geo- 
metrical analysis  of  Hugo  d'Omerique,  and  the  second  from 
the  posthumous  works  of  the  celebrated  Huygens.  To  solve 
the  general  problem  would  require  the  application  of  the 
conchoid. 


Note  8.— Page  ISB. 

This  propositiofiy  extended  to  points  in  different  planes,  fiiiv 
nishes  a  legitimate  demonstration  of  the  remarkable  properqr 
of  projected  masses,  which  forms,  in  Newton's  Prmdpa,  the 
foorth  corollary  to  the  lawa  of  motion  ;  namelj,  that  of  anj 
ijftem  of  bodies  impressed  with  uniform  and  rectilineal  mo* 
tions,  the  centre  of  gravity  either  remains  at  rest  or  traTeb 
uniformly  in  a  straight  line. 

Note  9.— Page  15S. 

It  is  easily  perceived  from  the  mode  of  successive  construc- 
tion, that  the  centre  of  the  circle  which  terminates  this  pro- 
cess must  likewise  be  the  centre  of  gravity  of  the  several 
points.  This  curious  property  is  noticed  in  Huygens'  elegant 
tract,  entitled  Horologium  OsciUatorium^  and  furnishes  ano- 
ther example  of  the  application  of  the  principle  of  the  canser* 
vatio  virium  vivarum^  which  has  such  extensive  influence  in  the 
mutual  action  of  bodies. 

Note  10.~Page  156.     . 

The  porismatic  point  D  is  the  centre  of  gravity  of  particles 
of  matter  situate  at  A,  B  and  C ;  for  MN  being  any  strai^t 
line  drawn  through  D,  the  distance  CG  is  equal  to  the  com- 
bined distances  AH  and  BI,  and  consequently  the  opposite 
efforts  of  those  particles,  to  turn  their  plane,  must,  about  the 
centre  D,  maintain  every  way  an  exact  equipoise. 

The  proposition  might  easily  be  extended  to  any  number  of 
points  in  the  same  plane;  but  it  is  true  universally^  if  the 
points  only  have  a  determined  position.  The  writers  on  Sta- 
tics, however,  have  commonly  assumed,  what  they  were  not 
entitled  to  do,  the  existence  of  an  individual  centre  of  gravity. 
This  fundamental  property  of  matter  is  simply  and  elegantly 
demonstrated  by  the  ingenious  Boscovich,  in  his  Theoria  Pki» 
hsojAue  NaturaliSf  a  work  of  very  great  and  original  merit. 
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Note  11 — Page  175. 

• 

This  problem  was  firsi  proposed  by  Sir  Isaac  NevrtOD,  for 
determiniDg  the  path  of  a  comet»  from  four  obserratioDS  made 
at  given  short  intervals  of  time.  But  uufortuaately  it  was  af- 
terwards found  in  practice  to  give  uncertain  or  even  erro- 
neous results.  This  unexpected  failure  led  Boscovich  to  exA» 
nine  closely  the  circumstances  which  might  affect  the  solu* 
tion,  and  he  discovered  that  the  problem  becomes  indetermi- 
aate  or  porismatic,  in  the  very  case  where  its  aid  is  wanted  to 
guide  astronomical  observatiop. 

Kote  1S«— Page  247. 

It  might  likewise  be  shown^  in  addition  to  these  corollaries, 
that  the  square  of  the  semicon jugate  axis  OB  (fig.  53.)  is  equi- 
valent to  the  rectangle  under  the  normal  CR,  and  the  perpen- 
dicular ON  let  fall  from  tjie  centre  to  the  tangent.  For  the 
triangle  PCR  being  evidently  similar  to  ONS,  it  follows  that 
CP  or  OQ  :  CR  :  :  ON  :  OS,  and  therefore  OQ  :  SO  = 
OR  :  ON ;  but  OB  is  a  mean  proportional  to  OQ,  and  OS  or 
OB*  =  OaOS,  and  hence  OB*  s  CR.ON.  x 

Having  drawn  HL  (fig.  65.)  from  the  centre  of  the  oscula* 
ting  circle  perpendicular  to  the  focal  chord  CF,  the  right- 
angled  triangles  HLC  and  FPC  are  evidently  similar,  and 
CL  :  CH  : :  PF  :  CF  J  :  OB  «  OD.  But  AO.OB=ON.OD, 
and  hence  OB  :  OD  :  :  ON  or  CK  :  AO,  and  CK  :  AO  : : 
CL  :  CH ;  wherefore  CH.CK=AO.CL=:OD^ 

Again,  because  OB*=:CR.CK,  it  follows  that  OB*  :0D^  : : 
CIUCK  :  CH.CK  :  :  CR  :  CH ;  but  it  was  proved  that 
OB  :  OD  : :  CL  :  CH,  or  OB* :  OD*  : :  CL*  :  CH*,  and  there- 
fore CR  :  CL  :  :  CL :  CH,  whence  the  triangles  CRL  and 
CLH  are  similar,  and  RL  perpendicular  to  CF.  From  this 
property  the  centre  of  the  osculating  circle  is  found  by  an  easy 
construction.  For  draw  Cii  at  right  angles  to  the  tangent^ 
let  fall  the  perpendicular  LR  on  the  focal  chord,  and  erect  HL 
perpendicular  to  it ;  the  point  of  intersection  H  will  be  the 
centre  required.  • 
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The  tame  procoM  will  mdently  extend  to  the  parabola ;  for 
the  normal  DM  (fig.  66.)  being  drawn  perpendicular,  and  RL 
parallel  to  the  tangent,  the  perpendicular  LH  to  the  focal 
chord  will  assign  the  point  H,  the  centre  of  osculation.  This 
inference  might  also  be  drawn  immediately  from  the  nature  of 
the  carve,  since  DM  bisects  the  an^le  FDX,  the  triangles 
DLH  and  DXH  are  equal,  and  so  are  DML  and  MDT;  whence 
DX  =  DL  =  TM  =s  2  TF  or  2DF,  the  semiparameter  of  the 
diameter  DX. 

'  The  properties  now  explained  afford  a  simple  investigation 
of  the  laws  of  centripetal  forces.  1.  Let  a  point  C  (fig.  65.) 
describe  an  ellipse  under  the  controul  of  a  force  directed  to 
the  centre  O.  This  centripetal  force  will  then  be  inversely  as 
the  ratios  compounded  of  the  square  of  the  perpendicular  CK 
upon  the  tangent,  and  of  CG  half  the  intercepted  chord  of  the 
equicurve  circle.  But  the  rectangle  CK,OD  being  equivalent 
to  AO,OB  a  given  space,  CK  is  hence  inversely  as  OD ; 
wherefore  the  centripetal  force  is  directly  as  the  square  of 
OD,  and  inversely  as  CG.  But  CO  :  OD  : :  OD  :  CG,  and 
CO*=DO.CG;  whence  the  centripetal  force  being  directly  as 
the  rectangle  CO»GC,  and  inversely  as  the  side  CG,  must  be 
directly  as  the  other  side  CO,  the  distance  from  the  centre  of 
tendency.  This  result  applies  to  the  case  of  rotatory  pendu- 
lums describing  very  small  curves,  which  must  be  eHiptical  if 
considered  as  in  the  same  plane. 

2.  Let  the  point  C  be  carried  in  an  ellipse  by'a  force  ema- 
nating from  the  focus.  The  centripetal  force  will  now  be  in 
the  inverse  ratio  compounded  of  the  square  of  the  perpendi- 
cular FP  and  CL,  half  the  intercepted  chord  of  the  equrcurve 
circle.  But  it  was  proved,  that*  CL.AO -OD' ;  whedce  AO 
remaining  constant,  CL  must  be  proportional  to  OD*.  Where- 
fore the  centripetal  force  must  be  inversely  atf  the  squares  of 
FP  and  OD,  or  in  inverse  duplicate  ratio  of  the  rectangle 
FP,OD.  Now  FP :  CF : :  OB  :  01),  and  FP.OD=FC.OB ;  or, 
OB  being  invariable,  the  rectangle  FB.OD  iS  proportional  to 
FC«  Consequently  the  centripetal  force  is  inversely  as  the 
square  of  FC,  the  distance  from  the  centre  of  attraction ;  being 
the  great  law  which  not  only  guides  the  revolutions  of  the 


planets  about  the  $%^t  but  the  iwolutiaM  of  tbok  MieBitei 
about  themtelTea* 

Note  lS.*-Page  297* 

The  problem,  to  find  the  intersection  of  an  oblique  line  AP 
with  a  given  parabola,  without  describing  the  curve,  was  first 
incidentally  solved  by  Torricelli,  the  famous  inventor  of  the 
barometer.  His  object  was  to  discover  the  point  where  a  ball 
projected  fromia  cannon  with  a  given  eharge  and  in  a  given  di- 
rection, and  therefore  describing  a  parabola  of  which  the  df* 
rectrix  and  a  Cangeni;  are  given,  would  strike  a  plane  having  a 
given  inclination.  The  construction  proposed  by  that  elegant 
geometer,  is -the  same  as  the  second  one  demonstrated  in  the 
text :  For  AL  being  the  line  of  projection,  AI  the  horisontal 
range,  and  AP  the  oblique  plane ;  IN  is  drawn  perpendicular 
to  the  directrix,  NM  parallel  to  the  tangent,  and  MP,  drawn 
again  perpendicular  to  the  tangent,  assigns  the  point  P. 

The  same  conclusion  is  derived  from  the  elementdry  pro- 
perty of  the  parabola*  Since  AL  :  AO  : :  LI  OM  or  LN, 
and  AL  :  AO  :  ;  LN  :  OP;  by  composition  AL*  :  AO'  :  ; 
LI :  OP. 

Note  14.*^Page  267—299. 

Prop.  5.  to  22.  Book  TI.  contains  the  very  curious  and  inte- 
resting theory  of  the  organic  description  of  curves,  on  whicli 
the  genius  of  Newton  flashed  a  sudden  bla^e.  The  subject  was 
ailerwards  pursued  in  its  details  by  Maclaurin  and  by  Braicfci- 
enridge,  but  with  very  little  regard  to  clearness  or  geome- 
trical taste.  The  beautiful  property, — that  if  the  opposite  sides 
of  a  hexagon  inscribed  in  a  Line  of  the  Second  Order  be  pro- 
duced, the  points  of  concourse  will  range  in  a  straight  line,— >- 
which  flows  from  the  same  principles,  was  discovered  by  the 
penetration  of  Pascal,  who  made  it  the  ground  of  a  !<tystem  of 
those  curves,  composed  in  early  youth. 

The  description  of  Lines  of  the  Second  Order  by  the  in:- 
tersection  of  radiants  turning  about  given  poles,  has  lately 
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been  remed  and  extended  by  the  celebrated  Caraot  dnd  aene 
other  French  Mathematicians,  under  the  name  of  Treuuveradi* 
This  mode  of  developing  the  curves,  not  only  sets  them  in  a 
new  light,  but  greatly  facilitates  the  solution  of  various  pro- 
blems, and  may  therefore  improve  the  practice  of  architectore 
and  perspective. 

Note  15 Page  SOS. 

This  corollary  elucidates  the  Theory  of  EquaUons.  it  is 
well  known  that  the  intersections  of  a  circle  with  a  parabola 
determine  the^roots  of  a  biquadratic  equation  iHiich  wants 
the  second  term.  But  the  additive  and  subtractive  roots  jaust 
in  this  case  produce  a  mutual  balance.  Accordingly,  the  or- 
dinates  CR  and  DS  are  together  equal  to  the  opposite  ordi- 
nates  AP  and  BQ. 

Note  16— Page  SS1-SS6. 

The  Conchoid  is  easily  described  mechanically,  by  means  of 
an  instrument  called  the  Trammel  ofNicomedes,  This  consists 
of  a  long  ruler  CDC  (fig.  162,  16S,  164.)  divided  longitodi- 
nally  by  a  groove,  with  a  perpendicular  piece  DP,  having  a  sted 
pin  P,  which  can  be  screwed  at  any  place.  Another  ruler  BAP 
has  a  pencil  that  slides  into  any  situation  B,  a  steel  pin  fixed 
constantly  at  A,  and  then  a  groove  stretching  beyond  P.  The 
pin  P  and  the  pencil  B  being  secured  in  their  proper  places, 
the  pin  A  is  inserted  in  the  groove  CD,  while  the  groove  AP  is 
passed  over  the  pin  P,  and  the  pencil  B  now  traces  the  Con- 
choid, which  is  exterior  or  interior  according  as  B  is  taken 
above  or  below  the  directrix  CDC 

The  portion  of  an  exterior  Conchoid  from  the  vertex  to 
near  its  point  of  contrary  flexure,  is  assumed  by  some  archi- 
tects for  the  outline  of  the  shaft  of  the  Corinthian  column, 
the  directrix  representing  the  axis.  A  large  temporary  Tram- 
mel is  therefore  in  practice  employed  to  trace  the  segment  of 
the  curve. 

THE  END. 
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